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We develop honest and locally adaptive confidence bands for probabil-
ity densities. They provide substantially improved confidence statements in
case of inhomogeneous smoothness, and are easily implemented and visual-
ized. The article contributes conceptual work on locally adaptive inference
as a straightforward modification of the global setting imposes severe obsta-
cles for statistical purposes. Among others, we introduce a statistical notion
of local Holder regularity and prove a correspondingly strong version of lo-
cal adaptivity. We substantially relax the straightforward localization of
the self-similarity condition in order not to rule out prototypical densities.
The set of densities permanently excluded from the consideration is shown
to be pathological in a mathematically rigorous sense. On a technical level,
the crucial component for the verification of honesty is the identification
of an asymptotically least favorable stationary case by means of Slepian’s
comparison inequality.

1. Introduction. Let Xi,...,X,, be independent real-valued random vari-
ables which are identically distributed according to some unknown probability mea-
sure P, with Lebesgue density p. Assume that p belongs to a nonparametric function
class P. For any interval [a,b] and any significance level o € (0,1), a confidence
band for p, described by a family of random intervals C,, o(t),t € [a,b], is said to
be (asymptotically) honest with respect to P if the coverage inequality

(1.1) linrr_1>ioréf;27f) pEn (p(t) € Cpa(t) for all t e [a7b]> >l-a
is satisfied. Adaptive confidence sets maintain specific coverage probabilities over
a large union of models while shrinking at the fastest possible nonparametric rate
simultaneously over all submodels. If P is some class of densities within a union of
Holder balls H(3, L) with fixed radius L > 0, the confidence band is called globally
adaptive over Ugeg, g+ (P NH(B, L)) within a range [B., %] C (0, 00), cf. Cai and
Low (2004), if for every 5 € [B4, 8*] and for every € > 0 there exists some constant
¢ > 0, such that

(1.2) limsup sup PZ" [ sup [Cpo(t)| >c-rp(B) | <e.
n—00 pEP: te(a,b)
pEH(B,L)
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Here, |C), o (t)| denotes the length of C,, o(t), and 7, () the minimax-optimal speed
of convergence

7,0~ 900

_inf sup Ef?” {sup
T estimator peH(B,L)NP teR

for estimation under supremum norm loss over H(53, L) N P, possibly inflated by
additional logarithmic factors. Note that a logarithmic payment for adaptation is
neither avoidable for pointwise confidence intervals nor for pointwise estimation, see
Lepski (1990). Under the so-called self-similarity condition on P, Giné and Nickl
(2010) succeeded to construct confidence bands satisfying both (1.1) and (1.2).
Here, the minimax-optimal speed of convergence over H (3, L) NP coincides with

the classical rate
8
logn \ 2°+1
)
They are of the form

(13) [l = VEu (D) - Bul@), 5u®) +VEu() - An(@)]. € a1,

with an estimator p,, of the density p, and a data-driven width parameter An(a)
depending on the significance level a. Although the confidence band’s width de-
pends on t via /Py, (), the stochastic order of the width is independent of t as the
densities under consideration are assumed to be uniformly bounded away from zero
and infinity. However, even one small wiggly part of the density inhibits stronger
performance of the procedure in smooth segments. Ideally, a confidence band is au-
tomatically thinner in regions where the unknown density is smooth and wider in
less smooth parts. Although a plethora of articles dealing with the central problem
of local adaptation in the estimation framework has been published over the last
decades, the substantially harder problem of locally adaptive confidence bands has
not been addressed in the literature. We call a confidence band locally adaptive if
for every € > 0 there exists some constant ¢ > 0, such that the confidence band
satisfies the stronger performance guarantee

(1.4) sup lim sup sup P (sup |Cha(t)] > c- rn(ﬁ)) <,
UCla,b] n—>00 peEP teU
U open interval Plus€HU, (8,L)

for any § > 0, ideally for any /8 in the range of adaptation. Here, Us denotes the
open é-enlargement of U, py, the restriction of p on Us, and Hy, (8, L) the Hélder
ball with radius L of functions from Us to R which are Holder continuous to the
exponent 3. The new contribution of this article is the construction and theoretical
investigation of such locally adaptive confidence bands, that is, honest confidence
bands with locally adaptive rather than globally adaptive width, which incorporate
potentially inhomogeneous regularity of the target function. Typically, r,(8")/r.(5)
decays to zero whenever 3/ > 3, implying that (1.4) guarantees significantly tighter
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confidence bands in case of inhomogeneous smoothness as compared to (1.2). In this
case, any confidence band with (possibly) random but ¢-independent width cannot
satisfy (1.4), whenever P contains functions with inhomogeneous smoothness.

Our new confidence band appealingly relies on a discretized evaluation of a modi-
fied Lepski-type kernel density estimator, including an additional supremum in the
empirical bias term in the bandwidth selection criterion. A suitable discretization
of the interval [a,b] and a locally constant approximation of both the density es-
timator and the (random) bandwidth allow to piece the segmentwise confidence
statements together to obtain a continuum of confidence statements over [a,b]. Due
to the discretization, the band is computable and feasible from a practical point
of view without losing optimality between the mesh points. The ¢-dependence of
|Cn.a(t)], t € [a,b], reflected in the t-dependence of the density estimator’s band-
width, makes the asymptotic calibration of the confidence band to the level « highly
non-trivial. Whereas the analysis of the related globally adaptive procedure of Giné
and Nickl (2010) reduces to the limiting distribution of the supremum of a station-
ary Gaussian process, our locally adaptive approach leads to a highly non-stationary
situation. A crucial component is therefore the identification of a stationary process
as a least favorable case by means of Slepian’s comparison inequality, subsequent
to a Gaussian reduction using recent techniques of Chernozhukov, Chetverikov and
Kato (2014a).

In view of a series of negative results starting with Low (1997), the class of den-
sities has to be restricted for the purpose of honest and adaptive inference. Giné
and Nickl (2010) succeeded to construct honest and globally adaptive confidence
bands under the so-called self-similarity condition, see Picard and Tribouley (2000).
A corresponding condition does not exist for the purpose of local adaptation, and
a straightforward localization of the global self-similarity condition imposes severe
obstacles for statistical purposes as it rules out prototypical densities. Consequently,
we develop a suitable condition under which honest and locally adaptive confidence
bands provably exist while representative densities remain included. The set of
permanently excluded densities is shown to be pathological in a mathematically
rigorous sense.

The main contributions of this article are the following.

(i) We firstly develop honest confidence bands which are locally adaptive in the
sense of (1.4). Additionally, an even stronger notion of local adaptivity is in-
troduced and proved to be satisfied. These explicitly constructed confidence
bands provide substantially improved confidence statements in case of inho-
mogeneous smoothness.

(ii) Our confidence bands are computable and computationally feasible. The per-
formance is demonstrated in a simulation study.

(iii) The design of a suitably restricted class of densities tailored to local adap-
tation is a challenging task. On the one hand, the self-similarity condition,



suited for global adaptation, is too weak for the purpose of honesty and local
adaptivity. On the other hand, an adequate local condition is supposed not
to rule out too many densities. We design a new restricted class of densities P
for which both honesty and local adaptivity are achievable. We prove that the
class is massive and therefore suitable for statistical purposes in two senses.
First, the pointwise minimax rate of convergence remains unchanged when
passing from the class H(8, L) to PNH(B, L). Second, the set of permanently
excluded densities is shown to be pathological in a mathematically rigorous
sense.

(iv) On a technical level, the calibration of the confidence band leads to the
distributional approximation by the supremum of a highly non-stationary
Gaussian process depending on the unknown density p. Therefore, the crucial
ingredient is the identification of a least favorable stationary case by means
of Slepian’s comparison inequality, which does not depend on p anymore.

Our results are exemplarily formulated in the density estimation framework but can
be mimicked in other nonparametric models. To keep the representation concise we
restrict the theory to locally adaptive kernel density estimators. The ideas can be
transferred to wavelet estimators to a large extent as has been done for globally
adaptive confidence bands in Giné and Nickl (2010).

The article is organized as follows. Basic notations are introduced in Section 2.
Section 3 presents the main contributions, that is a substantially relaxed localized
self-similarity condition in Subsection 3.1, the construction and in particular the
asymptotic calibration of the confidence band in Subsection 3.2 as well as its strong
local adaptivity properties in Subsection 3.3. Important supplementary results are
postponed to Section 4, whereas Section 5 presents some of the proofs of the main
results. The supplemental article [Patschkowski and Rohde (2017)] contains the
remaining proofs, technical tools for the main proofs, as well as an extended simu-
lation study.

2. Preliminaries and notation. Let Xi,...,X,,, n >4, be independent
random variables identically distributed according to some unknown probability
measure P, on R with continuous Lebesgue density p. Subsequently, we consider
kernel density estimators

) 1 n
p7z('7h) = ﬁ ;Kh (Xz - )

with bandwidth h > 0 and rescaled kernel K, (-) = h=1K(-/h). If not stated other-
wise, K is measurable and symmetric with support contained in [—1, 1], integrating
to one, and of bounded variation. Furthermore, a kernel K is said to be of order
leNif

/J:jK(x)dx:0 for1<j <!l and /zHlK(x)dx;éO.
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For some measure @, we denote by || - [[1»(g) the LP-norm with respect to Q. Is Q
the Lebesgue measure, we just write ||-||,. For any interval U C R and any bounded
function f : U — R, we denote by

[fllo = sup [f ()]
zeU

the supremum norm of f over U. If U = R, we simply write || - ||sup for || - [|r. If
well-defined,

(hre 820 = [ AWl ~wdu
denotes the convolution of two functions fi, fo : R — R. With
3] = max{n € NU{0} : n < 3},

the Holder class Hy(8) to the parameter 5 > 0 on the open interval U C R is
defined as the set of functions f : U — R admitting derivatives up to the order ||
and having finite Hélder norm

LA] (sh (sh
— ®  + su @) = )] < .
17 =2 1+ s = g

TH#Y

The corresponding Holder ball with radius L > 0 is denoted by

Hu(B, L) ={f € Hu(B) : Ifllpv < L}.

With the definition of || - ||g,u, the Holder balls are nested, that is Hy (82, L) C
Hu (B, L) for 0 < 1 < B2 < oo and |[U| < 1. Finally, Hy (oo, L) = (550 Hu (B, L)
and Hy (00) = (g5 Hu(B). Subsequently, for any real function f(3), the expres-
sion f(00) is to be read as limg_,o f(8), provided that this limit exists. Additionally,
the class of probability densities p, such that p;;; is contained in the Holder class
Hy (8, L) is denoted by Py (8, L). The indication of U is omitted when U = R.

3. Main results. In this section we pursue the new approach of locally
adaptive confidence bands and present the main contribution of this article.
For the new challenge of locally adaptive confidence bands, a condition of admis-
sibility necessarily has to be introduced. Although this condition is tailored to the
construction of the confidence band, this is the logical first step because the calibra-
tion of the band to the level o explicitly involves the class of admissible functions.
In Subsection 3.1, we define and motivate the class of admissible densities &,
(containing densities with smaller and smaller Lipschitz constants for growing n).
While not claiming the admissibility condition to be weakest possible, we prove in
view of statistical purposes that &2, is massive in two senses. First, the pointwise
minimax-rates do not change when passing from P(3, L) to P(8, L)NZZ,, within the
aspired range of adaptation, and second, the set of permanently excluded densities
is shown to be pathological in a sense of Baire categories. Proving these results,
we have gained new insight into analytical properties of the Weierstrafl function,



which are of independent interest while providing deeper understanding of the ad-
missibility condition. They are deferred to the Supplemental article [Patschkowski
and Rohde (2017)].

In Subsection 3.2, we develop the new confidence band (Cy «(t))te[q,b]- For simplic-
ity, [a,b] = [0,1] from now on. Here, we are facing two challenges. First, the con-
struction has to be computable and visualizable, and to perform well in practice. As
local adaptation is generically carried out separately at every point ¢ € [0, 1], a suit-
able procedure is far from being straightforward. Secondly, the construction has to
be calibrated to a prespecified significance level, uniformly over the class of admis-
sible densities. The calibration turns out to be complex because the distributional
approximation of the statistic involves the supremum over a highly non-stationary
Gaussian process even depending on the unknown density. The innovative point for
the calibration is the identification of a least favorable stationary case, which does
not depend on the unknown density anymore.

Finally, in Subsection 3.3, we analyze the performance of our confidence band. Be-
sides verifying property (1.4), we introduce an even stronger notion of local adap-
tivity, which is statistically even more informative. We prove that the confidence
band also possesses this strong local adaptivity property.

3.1. Admissible functions. If P equals the set of all densities contained in

U #s.D),

0<B<B*

honest and globally adaptive confidence bands provably do not exist although adap-
tive estimation is possible, see the pioneering contribution of Low (1997). Numerous
attempts have been made to tackle this adaptation problem in alternative formu-
lations. Whereas Genovese and Wasserman (2008) relax the coverage property and
do not require the confidence band to cover the function itself but a simpler sur-
rogate function capturing the original function’s significant features, most of the
approaches are based on a restriction of the parameter space. Under qualitative
shape constraints, Hengartner and Stark (1995), Diimbgen (1998, 2003), and Davies,
Kovac and Meise (2009) achieve adaptive inference. Within the models of nonpara-
metric regression and Gaussian white noise, Picard and Tribouley (2000) investigate
on pointwise adaptive confidence intervals under a self-similarity condition on the
parameter space, see also Kueh (2012) for thresholded needlet estimators. Under a
similar condition, Giné and Nickl (2010) even develop asymptotically honest confi-
dence bands for probability densities whose width is adaptive to the global Holder
exponent. Bull (2012) works under a slightly weakened version of the self-similarity
condition. Kerkyacharian, Nickl and Picard (2012) develop corresponding results
in the context of needlet density estimators on compact homogeneous manifolds.
Under the same type of self-similarity condition, adaptive confidence bands are
developed under a considerably generalized Smirnov-Bickel-Rosenblatt assumption
based on Gaussian multiplier bootstrap, see Chernozhukov, Chetverikov and Kato
(2014b). Hoffmann and Nickl (2011) introduce a nonparametric distinguishability
condition, under which adaptive confidence bands exist for finitely many models
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under consideration. Their condition is shown to be necessary and sufficient.
Similar important conclusions concerning adaptivity in terms of confidence state-
ments are obtained under Hilbert space geometry with corresponding L2-loss, see
Juditsky and Lambert-Lacroix (2003), Baraud (2004), Genovese and Wasserman
(2005), Cai and Low (2006), Robins and van der Vaart (2006), Bull and Nickl
(2013), and Nickl and Szabé (2016). Concerning LP-loss, we also draw attention to
Carpentier (2013).

Our subsequently introduced notion of admissibility aligns to the (global) self-
similarity condition. Recall that f; * fo denotes the convolution of two functions
f1 and fo, and Kj(-) = h™1K(-/h) is the rescaled kernel corresponding to the
bandwidth A > 0.

CoNDITION 3.1 (Global self-similarity condition, Picard and Tribouley (2000),
Giné and Nickl (2010)).  Suppose p € H(3, L*) for some 3 € [B«, 8*] with 8* = 1+1
and [ the order of the kernel K, and assume that there exist a positive real constant
b1 and a positive integer jo such that for every integer j > jo,

by
2]7'5 S HK2—.7' *p_p||sup~

Giné and Nickl (2010) construct globally adaptive confidence bands over the set
(3.1)

U {p €P(B,L):p=don[-el+e] 2]% < |25 % p = pllsup for all j > jo}
6.<p<p"

for some constant ¢ > 0 and 0 < € < 1. They work on the scale of Hélder-Zygmund
rather than Holder classes. For this reason they include the corresponding bias
upper bound condition which is not automatically satisfied for 5 = £* in that case.

REMARK 1. As mentioned in Giné and Nickl (2010), if K(-) = 11{- € [-1,1]}
is the rectangular kernel, all twice differentiable densities p that are supported in a
fixed compact interval satisfy the lower bound constraint

3.2 Koi%p—0pllsup >c¢-27% +0(27%
P

with a constant ¢ > 0. The reason is that due to the constraint of being a probability
density, ||p"|lsup s bounded away from zero uniformly over this class, in partic-
ular p’ cannot vanish everywhere. That is, Condition 3.1 does not appear to be
restrictive.

From Condition 3.1, we can straightforwardly deduce a sufficient condition on the
class of densities under consideration for the new problem of honest and locally
adaptive confidence bands as follows:



ConNDITION 3.2 (Local self-similarity condition). There exist a positive real
constant by and a positive integer jo such that for any nondegenerate interval
(v,w) C [0,1], there exists some B € [Bs,B*] with 8* = 1 + 1 and | the order
of the kernel K, such that

(33) Pl(v,w) € H(v,w)(67 L*)
and
by
(34) 258 S K23 % p = Pllwy2-iw—2-9)

are satisfied for all j > jo V logy(1/(w — v)).

However, a condition like (3.4) rules out examples which seem to be typical to
statisticians:

(i) In contrast to the observation in Remark 1, for any density p, ||p”|y may
vanish for subintervals U within the support of p. As a consequence, the lower
bound condition (3.4) is violated on such subintervals U for every 8 € (0,5*].
[Recall that the kernel K is symmetric, see Section 2, and hence of order I > 1.]

EXAMPLE 3.3.  Assume that the kernel K is of orderl > 1, and recall p* = 1+1.
Then (3.4) excludes for instance the triangular density

(3.5) p(t) = max{1 — |t — 1/2[,0}, teR,

because the second derivative exists and vanishes when restricted to any open inter-
val U C [0,1/2) U (1/2,1].

For the same reason, densities with a constant piece are excluded. In general, if p
restricted to U is a polynomial of order at most , (3.4) is violated as the left-hand
side is not equal to zero. At the same time, the kernel density estimator is bias-free
in these regions, for which reason it cannot be necessary to exclude these examples
from consideration.

(ii) For p € P(B«, L) and any fixed h > 0, the map

t= [[Ko—5 % p— pllt—ht2-5 t+h—2-9)
is continuous for any natural number j with 277 < h. At the same time, the map
(3.6) i = sup {B < B Dyt—htth) € Hi—ni+n) (B, L)}

may be discontinuous, in which case the local self-similarity condition is violated.

EXAMPLE 3.3. (CONTINUED)  We consider again the triangular density in (3.5).
Then,

1 ifte(s-hi+n)

< B :pju— H 1) 8 =
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In view of the deficiencies described in (i) and (ii), it is insufficient just to replace
the global self-similarity condition by the local self-similarity condition for the pur-
pose of locally adaptive confidence bands.

Instead, we introduce Condition 3.5. Before, to unify notation, we define the g*-
capped Holder norm.

DEFINITION 3.4 (3*-capped Holder norm). For 8 > 0, for some bounded open
interval U C R, and p: U — R with p € Hy(B), define the B*-capped Holder norm

LBAB"] (LBAB™]) () — p(LBAB™])
B * lp (z) —p )]
Ipllasw =3 ||U+;y}pU PRI Ty o —
Ty

whenever the expression is finite.

Note that if 3—[SAB*] > 1, then ||p||s,5+,v can only be finite ifpl(lLJB*D is constant,

in which case
(8™)

Py 0.

If for some open interval U C [0,1] the derivative p‘(g*) exists and equals zero

restricted to U, then ||p||,s+,v is finite uniformly over all 8 > 0. If it exists and is
not identical to the zero function on U, then ||p||g g« v is finite if and only if 8 < g*
as a consequence of the mean value theorem. That is,

sup {8 € (0,00] : py € Hp-,w(B, L)} € (0, 8"] U {oo}.

Correspondingly, define the 5*-capped Hoélder ball and 5*-capped Holder class by

(3.7) Hp-v (B, L) ={p € Hu(B) : |Ipllgp=v < L}
and
(3.8) Ha-v(B) ={p € Hu(B) : Ipllg,p+v < oo},

respectively. As verified in Lemma A.11 in the supplemental article [Patschkowski
and Rohde (2017)], |Iplig,.p+.0 < lIpllgs.p+,v for 0 < B1 < B3 < oo and |U] < 1.
Finally denote Hg- v (00, L) = (g5 Hp~,v (B, L) and Hg v(00) = (g5 Hp,v (B)-

Recall the definition ||f||y = sup,cy |f(t)| for any subset U C R and bounded
f:U—=R.

ADMISSIBILITY CONDITION 3.5. For sample size n € N, some 0 < ¢ < 1,
0 < B« <1, and L* > 0, a density p is said to be admissible if p € P(_c 14)(Bx, L")
and the following holds true: for any t € [0,1] and for any h € G with

(3.9) Goo ={277 15 €N, j = jiin = [2V logy(2/e)1},
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there exists some B € [By, B*]U{o0} such that the following conditions are satisfied
for u=h oru = 2h:

(3.10) Plt—ut+u) € ,H,B*,(tfu,tJru)(/Ba L")
and

gﬂ
(311) HKQ *p— pH(tf(ufg),tJr(ufg)) > logn

for all g € Goo with g < u/8.
The set of admissible densities is denoted by 224 = Padm ([ B L* ¢).

The new problem of locally adaptive confidence bands requires a new type of restric-
tion for the class of densities under consideration. On the one hand, our formulated
local self-similarity condition 3.2 is sufficient, but limits the statistical usability
dramatically on the other hand. Contrarily, the weaker Condition 3.5 incorporates
the following three crucial aspects.

(i) Passing from the Holder norm to the 8*-capped Holder norm enlarges the
set of densities under consideration. First of all, densities which restricted
to [0,1] are described by a polynomial of order at most | are now included.
Here, the order [ is a natural limit because a kernel of order [ is bias-free for
polynomials up to the order [, that is, for any 0 < h < 1/2,

EX"pn(t,h) = p(t), te[h,1—h]

(ii) We relax the requirement of (3.3) and (3.4) to hold for every interval (v, w)
by requiring (3.10) and (3.11) to be satisfied for u = h or u = 2h. It turns
out to be essential for incorporating densities with abrupt changes in the
smoothness behavior.

(iii) The collection of admissible densities is increasing with the number of ob-
servations, that is 222dm c adm pn e N. The logarithmic denominator
even weakens the assumption for growing sample size, permitting smaller
and smaller Lipschitz constants. Note that a generic lower bound as (3.2) in
Remark 1 is locally not natural.

The benefit of (i)-(iii) is demonstrated in the following example.

EXAMPLE 3.3. (CONTINUED)  If K is the rectangular kernel and L* is suffi-
ciently large, the triangular density p(t) = max{1l — |t — 1/2],0}, t € R, is (eventu-
ally — for sufficiently large n) admissible. It is globally not smoother than Lipschitz,
and the bias lower bound condition (3.11) is (eventually) satisfied for 8 =1 and
pairs (t,h) with [t — 1/2| < (7/8)h. Although the bias lower bound condition to the
exponent B* = 2 is not satisfied for any (t,h) witht € [0,1]\(1/2—h,1/2+h), these
tuples (t,h) fulfill (3.10) and (3.11) for B = oo, which is not excluded anymore by
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Condition 3.5. Finally, if the conditions (3.10) and (3.11) are not simultaneously
satisfied for some pair (t,h) with

7 1
“h<|t— < h
sh<le—s] <n

then they are fulfilled for the pair (t,2h) and B = 1, because |t — 1/2| < (7/8)2h.

We now denote by

Py = Pu(K, B, L e, M) = {p € FAME, L7 2) it ple) = M}
x€|—¢e,14¢€

the set of admissible densities being bounded below by M > 0 on [—¢,1 + ¢]. We
restrict our considerations to combinations of parameters for which the class &2, is
non-empty.

The remaining results of this subsection are about the massiveness of the function
classes &Z,,. They are stated for the particular case of the rectangular kernel. Other
kernels may be treated with the same idea; verification of (3.11) however appears
to require a case-by-case analysis for different kernels. The following proposition
demonstrates that the pointwise minimax rate of convergence remains unchanged
when passing from the class H (3, L*) to &, N H (B, L*).

PROPOSITION 3.6 (Lower pointwise risk bound).  For the rectangular kernel Kg
there exists some constant M > 0, such that for any t € [0,1], for any S € [B, 1],
for any 0 < € < 1, and for any k > ko(B«) there exists some x > 0 and some
L(B) > 0 with

inf sup P?" (nzﬂﬂﬁ [T (t) — p(t)| > 3:) >0
Tn pe@k:
Pl(—e,1+e)EH(—c,14+6)(B,L)

for all L > L(B) and for all n > ng, for the class Py = Py(Kr, By, L*, e, M),
where the infimum is running over all estimators T,, based on X1,...,X,.

Note that the classical construction for the sequence of hypotheses in order to
prove minimax lower bounds consists of a smooth density distorted by small g-
smooth perturbations, properly scaled with the sample size n. However, not all of
its members satisfy both (3.10) and (3.11). Thus, the constructed hypotheses in
our proof are substantially more complex, for which reason we restrict attention to
B<1

Although Condition 3.5 is getting weaker for growing sample size, some densities
are permanently excluded from consideration. The following proposition states that
the exceptional set of permanently excluded densities is pathological.
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PROPOSITION 3.7. For the rectangular kernel Kg(-) = 31{- € [-1,1]} and
n €N, let

QMK B LFe) = {f € H(_cnvey(Bue, L) ¢ f satisfies (3.10) and (3.11)}

and

R = U 2 (KR B, L* €).

neN

Then, for any t € [0,1], for any h € G and for any B € [Bs, 1), the set

Ht—nt0) (B L)\ R (t—h,t+h)

is nowhere dense in H_p 440y (B, L") with respect to || - |5, (t—h,t4n)-

The whole scale of parameters 8 € [Bs, 1] in Proposition 3.7 can be covered by
passing over from Holder classes to Holder-Zygmund classes in the definition of £2,,,
see Remark A.5 in the supplemental article [Patschkowski and Rohde (2017)]. The
local adaptivity theory can be likewise developed on the scale of Holder-Zygmund
rather than Holder classes — here, we restrict attention to Holder classes because
they are commonly considered in the theory of kernel density estimation.

3.2. Construction of the confidence band. The new confidence band is based
on a kernel density estimator with variable bandwidth incorporating a localized but
not the fully pointwise Lepski (1990) bandwidth selection procedure. A suitable
discretization and a locally constant approximation allow to piece the pointwise
constructions together in order to obtain a continuum of confidence statements.
The complex construction makes the asymptotic calibration of the confidence band
to the level a non-trivial. Whereas the analysis of the related globally adaptive
procedure of Giné and Nickl (2010) reduces to the limiting distribution of the
supremum of a stationary Gaussian process, our locally adaptive approach leads
to a highly non-stationary situation, which even depends on the unknown density.
An essential component is therefore the identification of a stationary process as a
least favorable case by means of Slepian’s comparison inequality, this stationary
approximation not involving the unknown density p anymore.

We now describe the procedure. First, the sample is split into two subsamples. For
simplicity, we divide the sample into two parts of equal size n = |n/2], leaving
possibly out the last observation. Let

x1=1{X1,..., Xa}, xo={Xay1,..., Xon}

be the distinct subsamples and denote by ﬁ%l) (-,h) and pﬁf)(-, h) the kernel density
estimators with bandwidth & based on x1 and x2, respectively. EX* and EX? denote

the expectations with respect to the product measures

Px! = joint distribution of X, ..., Xz,
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P;(Z = jOint distribution of Xﬁ+1, ‘e ’XQﬁ.

Next, the interval [0,1] is discretized into equally spaced grid points, which serve
as evaluation points for the locally adaptive estimator. We discretize by a mesh of

width
log i ™ o
5, = {Qjmm (Offn> (10gﬁ)gﬂ
n

with k1 > 1/(26.) and set

(3.12) H, = {kd, : k € Z}.
Fix now constants
2
(3.13) c1 > B log2 and kg > cylog2+7.

With jmin specified in (3.9), consider the set of bandwidth exponents

jn:{JGN : Jmin < J < Jmax = {Ing ((logﬁ)’W)J}’

and the corresponding dyadic grid of bandwidths
(3.14) G, = {2*J’ je jn}.

The bound jyax is standard and particularly guarantees pointwise consistency of
the kernel density estimator with every bandwidth within G,,. The constraint on
Ko in (3.13) can be relaxed by an inflation of the confidence band’s width by log-
arithmic factors, as discussed in the simulation study in the supplemental article
[Patschkowski and Rohde (2017)]. To keep the formulation of the following results
as concise as possible, we refrain from this issue at this point. We define the set of
admissible bandwidths for ¢ € [0, 1] as

(3.15)
logn
n2-m

An(ty={j € T max B2 (5.m) = 5P (s,m)
se(t—Z-279t+3279)nH,

<eo

for all m,m’ € J,, with m > m’ >j+2},

with constant co = co(A, v, Bs, L*, K, ¢) specified in the proof of Proposition 4.1.
Furthermore, let

(3.16) Jn(t) =min A, (t), te][0,1],

and iLn(t) = 277n(Y) Note that a slight difference to the classical Lepski procedure
is the additional maximum in (3.15), which reflects the idea of adapting localized
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but not completely pointwise for fixed sample size n. The bandwidth (3.16) is
determined for all mesh points k6, k € T}, = {1,...,5, 1} in [0, 1], and set piecewise
constant in between. Accordingly, with

ﬁi?(i(k) — Q_jn((k_l)én)_un’ ]Al’lnf)cz(k:) — 2_3n(k6n)_un7

where u,, = c1loglogn is some sequence implementing the undersmoothing, the
estimators are defined as
pige(t) = hles, = min {hles (k). Bl ()} and

(3.17)
ﬁi?c(tﬂ h) = ﬁ;l)(k(snv h)

fort € Iy, = [(k—=1)0, kdn), k € T\ {6, '}, I~ = [1—0,, 1]. The following theorem
lays the foundation for the construction of honest and locally adaptive confidence
bands.

THEOREM 3.8 (Least favorable case). For the estimators defined in (3.17) and
normalizing sequences

an = cg(—21ogd,)"/2, b, = 3 {(210g5n)1/2 -

log(—logdy,) + log 4w
C3 ’

2(_2 lOg 6n)1/2

with c3 = 2TV (K), it holds

liminf inf Pf’" (an < sup ﬁf%i{’”(t)

n—oo peFn te[0,1]

(1, Bee () — (1) - bn> < )
>2P(VI'G<a) -1
for some standard Gumbel distributed random variable G.

The proof of Theorem 3.8 is based on several completely non-asymptotic approxima-
tion techniques. The asymptotic Komlés-Major-Tusnady-approximation technique,
used in Giné and Nickl (2010), has been evaded using non-asymptotic Gaussian
approximation results recently developed in Chernozhukov, Chetverikov and Kato
(2014a). The essential component of the proof of Theorem 3.8 is the application
of Slepian’s comparison inequality to reduce considerations from a non-stationary
Gaussian process to the least favorable case of a maximum of 6, independent and
identical standard normal random variables.

With ¢, _,/2 denoting the (1 — «/2)-quantile of the standard Gumbel distribution,
we define the confidence band as the family of piecewise constant random intervals
Croe, = (CR4(1)iejo) with

(3.18) C,llovz(t) = ]3;00(157 Bifc(t)) — La)y ﬁiloc(t7 /ibﬁfc(t)) + M
nhioe(t) fhloc(t)
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and

\/F' —a
(3.19) gn(a) = YT/ 4y

Qn

For fixed o > 0, ¢, () = O(v/Iogn) as n goes to infinity.
COROLLARY 3.9 (Honesty). The confidence band as defined in (3.18) satisfies

liminf inf PZ™ (p(t) € C’ffg(t) for every t € [0, 1]) >1—a.

n—oo pe,
3.3. Local Holder reqularity and local adaptivity. We demonstrate that the
new confidence band is locally adaptive in the sense of (1.4). Recall that by Propo-

sition 3.6 the pointwise minimax-rate of convergence over &y, N Hp+ v, (B, L")
remains n~?/(28+1) and that |Clec (t)| denotes the length of the interval C}2%(t).

THEOREM 3.10 (Local adaptivity). For every open interval U C [0, 1], and for
any 6 > 0,

n—00 PEP,: n

B8
1 PYCEY
lim sup sup per (sup Cﬁf’fx(t)‘ > < ogn) (log ”)W> =0
teU
plug€Hugs (B,L7)

for every B € [B«, B*] and v = v(c1), where Uy is the open d-enlargement of U.

If p € H(B,L) and py € Hy(B',L) for some ' > B and some open interval
U C [0,1], then the maximal width over U of our new confidence band is of the

stochastic order
8’
logn\ 2#7+1

whereas globally but not locally adaptive confidence bands guarantee a width of
stochastic order Op, (n=/(25¥1) (up to logarithmic factors) only.

In the remaining part of this section, we develop an even stronger notion of local
adaptivity, which is of particular interest for the statistician. Here, the asymptotic
statement is not formulated for an arbitrary but fixed interval U only. Indeed,
the more observations are available, the more localized and smaller are regions
the statistician would like to learn about. Precisely, the goal would be to adapt
even to some pointwise or local Holder regularity, two well established notions from
analysis.

DEFINITION 3.11 (Pointwise Holder exponent, Seuret and Lévy Véhel (2002)).
Let p: R — R be a function, 3 >0, 3¢ N, andt € R. Then p € CP(t) if and only if
there exists a real R > 0, a polynomial P with degree less than |B], and a constant
c such that

Ip(z) = Pl = t)] < clo — 1|7
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for allz € (t — R,t + R). The pointwise Holder exponent is denoted by

Bp(t) =sup{B:pe CP(t)}.

DEFINITION 3.12 (Local Hélder exponent, Seuret and Lévy Véhel (2002)).
Let p : Q — R be a function and 2 C R an open set. One classically says that
pE C’IB(Q), where 0 < B < 1, if there exists a constant ¢ such that

p(z) — p(y)| < clz —y|°

forallx,y € Q. If m < 8 < m+1 for some m € N, then p € CZ’B(Q) means that
there exists a constant ¢ such that

|0 p(x) — " p(y)| < clz —y|°~™
for all x,y € Q. Set now
By(Q2) = sup{B:p € C7(V)}.
Finally, the local Hélder exponent in t is defined as
BYe(t) = sup{B,(0i) : i € I},

where (O;)icr is a decreasing family of open sets with N;c1O; = {t}. [By Lemma 2.1
in Seuret and Lévy Véhel (2002), this notion is well defined, that is, it does not
depend on the particular choice of the decreasing sequence of open sets.]

The next proposition shows that attaining the minimax rates of convergence cor-
responding to the pointwise or local Holder exponent (possibly inflated by some
logarithmic factor) uniformly over 47, is an unachievable goal.

PROPOSITION 3.13. For the rectangular kernel Kr there exists some constant
M > 0, such that for any t € [0,1], for any 5 € [Bs, 1], for any 0 < e < 1, and
for any k > ko(B.), there exists some © > 0 and constants L = L(B) > 0 and
Cq = C4(B) > 0 with

inf sup PS" (n% T, (t) — p(t)] > x) >0 forall k> ko(By)
Tn pesi(8)

for all n > ng, with

yk(ﬁ) = yk(L,/B,ﬁ*,M,KR,E)
—{pe P(Kn, B, Lo, M) 37 = con” 7

such that pj—ri4+r) € H(tfr,t+r)(ooaL)} NHi—c14¢)(B, L),

where the infimum is running over all estimators T,, based on X1,...,X,.
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Therefore, we introduce an n-dependent statistical notion of local regularity for any
point t. Roughly speaking, we intend it to be the maximal 8 such that the density
attains this Holder exponent within (¢t —hg n,t+hg.n), where hg, is of the optimal
adaptive bandwidth order (logn/n)'/ (281 We realize this idea with | - |5 5-.v as
introduced in Definition 3.4 and used in Condition 3.5.

DEFINITION 3.14 (n-dependent local Holder exponent). With the classical op-
timal bandwidth within the class H(B)
1

i logn \ 25+1
hﬂ,n — 2 Jmin ( = > ,

n

define the class Ha» (B, L) as the set of functionsp: (t—hgn,t+hgn) = R, such
that p admits derivatives up to the order |BAB* | and ||pllg, g« (t—hp o t+hsn) < L
and Hpg« n+(B) the class of functions p : (t — hgn,t + hgn) — R for which the
norm |pll g, s+ (t—hp . t+hs.) @5 well-defined and finite. The n-dependent local Holder

exponent for the function p at point t is defined as

(3.20) Bnp(t) = sup {6 > 05 Pi(t—hg ntthen) € Hae (B, L*)}-
If the supremum is running over the empty set, we set 3, ,(t) = 0.

Finally, the next theorem shows that the confidence band adapts to the n-dependent
local Holder exponent.

THEOREM 3.15 (Strong local adaptivity). There exists some v = ~y(c1), such
that
Bnp(0)

1 T 2B p(OF1
limsup sup P5™ [ sup |Clec (1)) - ( 0gn> ' > (logn)Y | =0.
n—0oo peEPy, t€[o,1] ’ n

Note that the case S, ,(t) = oo is not excluded in the formulation of Theorem 3.15.
That is, if pjy can be represented as a polynomial of degree strictly less than 3%,
the confidence band attains even adaptively the parametric width n=!/2, up to
logarithmic factors. In particular, the band can be tighter than n=#"/2F"+1) In
general, as long as § < e and (¢ — kg« n,t + hg+n) C Us,

Brp(t) > Bp(Us) forallteU.

EXAMPLE 3.3. (CONTINUED)  Fligure 1 and Figure 2 illustrate the strong local
adaptivity property of our confidence band for the particular example of the tri-
angular density in (3.5) for n = 100. As already discussed in Subsection 3.1, the
triangular density satisfies both the global self-similarity condition 3.1 as well as
our admissibility condition 3.5. The quantity

Bn,p(t)
(3.21) n PO te0,1],
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is (up to logarithmic factors) the stochastic order of the width
2qn(@)
ihlge(t)

, teo,1],

achieved by our new locally adaptive confidence band, which is defined in (3.18) and
(3.19), whereas n=1/3 is the stochastic order of the width of the globally adaptive
confidence band (1.3). Figure 1 contrasts our stochastic width order (3.21) (solid
line) with n='/3 (dashed line). It shows the substantial benefit of the locally adaptive
confidence band outside of a shrinking neighborhood around the mazimal point.
Our confidence band attains (up to logarithmic factors) the width corresponding
to the minimaz-optimal rate under Lipschitz smoothness around t = 1/2, and the
parametric width n=? (up to logarithmic factors) outside of the interval (1/2 —
2—jmin7 1/2 + 2_jmin>.

0,5 1

Fic 1.

In Figure 2, we plot the bands

Bn,p ()

Bn,p(t) _
([p(t) — O p(t) +n 25"4’“)“} ) (solid lines)
t€(0,1]

and

([P(t) - 717%» p(t) + nié} )te[O,l] (dashed lines).

05 T

Fic 2.

These illustrations are underlined by an extensive simulation study in the sup-
plemental article [Patschkowski and Rohde (2017)]. Besides, an algorithm for the
computation of the new locally adaptive confidence band is provided.
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4. Supplementary notation and results. The following auxiliary re-
sults are crucial ingredients for the proofs of Theorem 3.8 and Theorem 3.15.
Recalling the quantity hg,, in Definition 3.14, Proposition 4.1 shows that 23 ()
lies in a band around

(4.1) Bn() = hﬁn,p(),n

uniformly over all admissible densities p € &2,,. Proposition 4.1 furthermore reflects
the necessity to undersmooth, which has been already discovered by Bickel and
Rosenblatt (1973), leading to a bandwidth deflated by some logarithmic factor. Set

0 o )

such that the bandwidth 277»() is an approximation of A, (-) by the next smaller
bandwidth on the grid G,, with

1 - _
ihn(.) <270 < By ().
PROPOSITION 4.1.  The bandwidth j,(-) defined in (3.16) satisfies

Km sup {1 — pxe (j‘n(k§n) e [kzn(kén), Gu(kn) + 1| for all k € Tn>} —0

n—oo pegan
where k() = jn(-) — my, and m, = %cl loglog 7.

LEMMA 4.2. Let s,t € [0,1] be two points with s < t, and let z € (s,t). If

(4.2) s =1l < < ham
then
%Bn(z) < min {Fon(8), Fin(£)} < 3Fin(2).

LEMMA 4.3. Recall the definitions of H, and G, in (3.12) and (3.14), re-
spectively. There exist positive and finite constants cs = c5(A,v, K) and cg =
ce(A, v, L*, K), and some ng = no(A,v, L*, K) > 0, such that

—— 4
sup Py’ (sup max 4 | — - ﬁgf)(s,h) - E;iﬁg)(s,h)’ > 77) <ecsn " 5=1,2

pEP, seH, h€gn || logn
for sufficiently large n > no(A,v, L*, K) and for all n > np.

The next lemma extends the classical upper bound on the bias for the 5*-capped
Hélder ball Hg- (5, L) as defined in (3.7).
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LEMMA 4.4. Lett €R and g,h > 0. Any density p : R — R with

Pi(t—(g+h),t+(g+h) € Hp= (t—(g+h),t+(g+1)) (B L)

for some 0 < 8 < 0o and some L > 0 satisfies

(4.3) sup |(Kp * p)(s) = p(s)| < b2h”
s€(t—g,t+g)

for some positive and finite constant by = by(L, K).

LEMMA 4.5.  For symmetric kernels K and 8 = 1, the bias bound (4.3) contin-
ues to hold if the Lipschitz balls are replaced by the corresponding Zygmund balls.

5. Proofs. Due to space constraints, we restrict to the proofs of Proposi-
tion 3.7, Proposition 3.13, and Theorem 3.15. The remaining proofs of Section 3 as
well as all proofs of Section 4 are deferred to the supplemental article [Patschkowski
and Rohde (2017)].

PROOF OF PROPOSITION 3.7. Define
%=\ %
neN
with

R z{p € Hi_ense)(B) :VE€[0,1] Vh € Goo 3B € [Ba, B%] with

B

D\(t=ht+h) € Hi—nny(B)and ||(Kr,g * p) = pll(t=(h—g),t+(h—g)) = Tog

for all g € G, with g < h/S}
and Kg () = g7'Kr(-/g). Furthermore, let

E,.(B) Z{p € Hi—en+e)(B) : |(Kr,g * ) = Pl (t—(h—g),t+(h—g)) g” for all t € [0, 1],

>
~ logn

for all h € G, and for all g € G, with g < h/S}

Note that Lemma A.4 shows that E, () is non-empty as soon as

2 4
<1-—-—.
logn — T
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Note additionally that E,,(8) C %, for any S € [., %], and

U Ea(B) c %.
neN
With
5 _ —1
() = {7 € Hery (81517 = Flacery < = for some £ € £,(9)}.

we get for any f € A,(8) and a corresponding f € E,(3) with

1
logn

15, et < IKRIIT!

and f = f — f, the lower bound

Kpg+f)—[
H( rg*f) [ (t—(h—g),t+(h—9))
> ||k = ) - =7 - rg <
( R,g HN-r (t—(h—g),t+(h—g)) 7= o & (t={h=g)t+(h=9))
) 5 §
Sl ‘ [ Kr(o) {75+ g2) - fs)} da
ogn s€(t—(h—g),t+(h—g))
2 )= 1
> g’ o [ IKnle)] s ap DT,
logn s€(t—(h—g),t+(h—g)) s'€(s—g,5+9g) |5 =
s'#s
> 2 g° —¢° - |Kgl1 | £l 1
= Jogn Bi(—e;1+e)
> L g
logn

for all g, h € G, with g < h/8 and for all ¢ € [0,1], and therefore

A= ] A.(B) Cc 2.

neN

Clearly, A,(f) is open in H(_. 14)(83). Hence, the same holds true for A. Next, we
verify that A is dense in H(_. 14.)(8). Let p € H(_c 144 (8) and let 6 > 0. We now
show that there exists some function ps € A with [|p — ps||5,(—c,14¢) < 9. For the
construction of the function ps, set the grid points

tin(k) = (45 +1)27% t;5(k) = (45 +3)27*

for j € {—2F-2 —2k=2 4 1,... 271 — 1} and k > 2. The function p; shall be
defined as the limit of a recursively constructed sequence. The idea is to recursively
add appropriately rescaled sine waves at those locations where the bias condition
is violated. Let p; s = p, and denote

Je = {j € {272 257 1} vmax | (Ko * p1,8) (t5.6(K)) — pr—vs(t;.4(K))
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1
< Zcod (1 — 2) 2"“6}
2 T

0909(5)<3W 17 )1'

2 1-26-1"1_925

for k > 2, where

For any k > 2 set

Prs(x) = pr—1,6() +cgd Z Sk,,5 ()
JjEJk

with functions
Sk,p,5(x) =2 sin (2" 'rz) 1{|(4j +2)27% —z| < 27F1}
exemplified in Figure 3. That is,
k
Prs(z) =p(x) +c96 > > Sipi(),
=2 jeJ,
and we define ps as the limit

ps(z) =p(x) +cod Z Z Si.8.5 (%)

1=2 jeJ,

= prs(x) + o0 Z Z S1,8,5(x).

I=k+1j€EJ;

The function ps is well-defined as the series on the right-hand side converges: for
fixed [ € N, the indicator functions

1{|(4+2)27F —a| <271}, je{-272% 2241, 2 - 1)

have disjoint supports, such that

> Sip;

JEN

<978,

(—e,1+¢)

Hence,

oo
< 22_16 < 00,
(=e14e) =0

>

=2

> Sip;

JEJ

. . o0
that is the series ) ;"5 >
function is continuous.

jedy 51,5, is normally convergent. In particular, the limit
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S2.80()

Fic 3. Functions Sk,g,0 fork=2,...,5 and 5 =0.5

It remains to verify that ps € (J,cn En(8) C A and also [|p — psl|g,(—c,14¢) < 0. As
concerns the inequality |p — Ps||g,(—c,14<) < 0, it remains to show that

s 1
> D Sisa <o

I=2jei B,(—e,14¢)

For s,t € (—e,1+4 ¢) with |s — t| < 1, we obtain

ZZSWJ ZZSWJ

=2 jeJ =2 jeJ

(5.1) i -8

=2

sin(2' " 'ws) > 1{|(45 +2)27 — s <271}
JET

—sin(2' ) Y D A{|(45 +2)27 — ] <27
JEN

Choose now k' € N maximal, such that both

(4 +2)27% — 27K+l < g < (4f +2)27F 4271
and

(4 +2)27% — 27K+l <t < (45 +2)27F 427K+

for some j € {—2¥ -2 ... 2K ~1 _1}. For 2 <1 < k/, we have

sin(2! " 17s) Z 1{|(45 +2)27" — 5] < 2711}
Jjed

—sin(2 7 wt) > 1{|(45 +2)27 — ¢ <271}
JEN
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< |sin(2""trs) — sin(2! " Lrt)

(5.2)
< min {2 '7|s — t[,2}

by the mean value theorem. For [ > k' + 1,

sin(27'ms) Y 1{|(45 +2)27 — 5| < 27}

JEJ
< Inax{

Furthermore, due to the choice of &', there exists some z € [s,t] with

—sin(2' ') Y I{|(45 +2)27 — ¢ <271
JET

sin(2! " 17s)

b

sin(2!17rt) ‘ }

sin(2' 7 1rz) =0

for all [ > k' + 1. Thus, for any [ > k' + 1, by the mean value theorem,

sin(2!77rs)| = | sin(2! " rs) — sin(2' " 1nz)

< min {2lfl7r|s — 2,1}
< min {2 '7|s — ¢[,1}.

Analogously, we obtain

Sin(?llﬂ't)‘ < min {2 '7|s — ¢|, 1} .

Consequently, together with inequality (5.1) and (5.2),

oo oo oo
DD Sipi(s) =YD Sip, )] <27 min {27 s — 1], 2}
=2 jeJ; =2 jeJ; =2
Choose now k € NU {0}, such that 2=*+D < |s —¢| <27k If k < 1,
- 228 2
—18 - 1-1
> 27 min {2 7T|s—t|,2}§217275§1727ﬁ|s—t|5.

=2

If k£ > 2, we decompose

o] k o)

_ . _ ™ _ _
> 27" min {2' 17r|s—t|,2}§§|s—t|§ 2178 o N~ o7h
=2 =0 l=k+1
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T ok(1-8) _ 98-1 9—(k+1)B
= —|s—t 2.
i v e e
<ls—tf (5
=19 9 1-2i1 " 1-97F)"
Since furthermore
ad 1
> Z Supil| =T
=2 jeJ; sup
we have
> T 1 2 1 1
S 5. <3(Z. ——
ZZ L = (2 1—25—1+1—2—5)+1—2—ﬁ co
=2 jEJL B,(—s,1+€)

and finally [|p — pe|lg,(—c,14¢) < 6. In particular ps € H(_c 14¢)(8).

We now show that the function ps is contained in |J,cn En(B8) C A. For any
bandwidths ¢g,h € Go, with g < h/8, it holds that h — g > 4g. Thus, for any
g =27% with k > 2 and for any t € (—¢,1 + ¢), there exists some j = j(t,h,g) €
{—2+=2,...,2k=1 — 1} such that both t;1(k) and t; »(k) are contained in (t — (h —
9),t+ (h—g)), which implies

o su)thr(} . |(KR,g *Ds)(s) — Ds(s)]
(53) se(t—(nh—g), =g

> max |(KR,g *Ps)(t;i(k)) — ps(t;i(k))| -

By linearity of the convolution and the theorem of dominated convergence,

(KR,g *ps)(tji(k)) — Ds(tsi(k))
= (KR,g * pr,s)(t),i(k)) — pr,s(t;,:(k))

(5.4) ey 30 D ((Kng #S15.0) (t10(R) = Sup (t54(k)) ).

I=k+1j€J,
We analyze the convolution Kgr 4% .S g,; for [ > k + 1. Here,
sin (21_17th71(k)) = sin (ZZ_k_lﬂ (45+1)) =0
and
sin (27wt 0(k)) = sin (27w (45 + 3)) = 0.

Hence,

> Sipitiik) =0, i=1,2

JEN
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for any [ > k + 1. Furthermore,

]_ g
(KRryg*S155)(t5i(k) = 5= [ Sip;tsi(k) —z)de
29
—g
1 tj,i(k)+g (@)
= — Sipi(x)dzr, i=1,2.
29 i, 00-g 7
Due to the identities
(45 +2)27F — 27k = ¢, 1 (k) — ¢
(45 +2)277 4275 = ¢, 5(k) + g,
we have either
(45 +2)27" =271 (45 +2)27  + 27141 C [t;4(k) — g, tj2(k) + g]
or
(45 +2)27F =27 (45 +2)27  + 27 ) N [t (k) — g, t52(k) + 9] = 0

for any | > k + 1. Therefore, for i = 1,2,

D (KnygxSip,;)(t5,:(k))

JEN

Js 1(k)+g
= Z / Fsin (2" ) 1{|(45 +2)27" — 2| <27} dw
je€J i(k)—g

such that equation (5.4) then simplifies to
(Kryg *Ps)(t5,i(k)) — Ps(t5i(k)) = (KR, * pr,s)(t5.i (k) — prs(tsa(k)), i=1,2.
Together with (5.3), we obtain

sup |(KR,g *Ps)(s) — Ps(s)| = max [(Kp,g * pr,s)(ti(k) — pr,s(tsi(k))]
s€(t—(h—g),t+(h—g)) =12

for some j € {—2F=2 —2F=2 1 1 ... 2872 _1}.If j ¢ J, then
max [(Kp,g % pr,s) (1,6 (k) = pres(t,6(k))]

= max |(Kr.g * pr—1,5) (i (k) = pr—1,5(t;.:(k))|

i=1,2

1 2

—cod (1= 4"

5C9 ( ﬂ)g
If j € Ji, then

max [(KR,g * Pr,s)(t5.i(k)) — prs(t)i(k))]

v
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> co 6 max | (Kng * S,0,3) (t4(K)) — Sk (854(0))

— max (KR, * Pr—1,6)(t).i(K)) — pr—1,6(tj:(k))]

1 2
> 00 (K 51.)(034(0) = S (6550~ a8 (1= 2 )
Similar as above we obtain

(KR,g * Sk,p,5)(t5,1(k)) — Sk,p,(tj1(k))
1 ftin(k)+g
= — 27kB gin (Qk_lwx) dx —27k8
29 tj1(k)—g
1 2—k+1
= —27]“5/ sin (Qkflﬂ'x) dg — 278
2g 0

2
/)
™
2

(g * i) (t32(k) — St ps(t52(0)) = ° (1 - ) ,

™

as well as

such that
1 2\ 4
max |(Kr,g * prs) (t.i(k) = Prs(tyi (k)| = 5eo 6 (1= — ) 9"
Combining the two cases finally gives

- - 1 2

wp (K 55)(6) o9 = yead (12 2)
s€(t—(h—g),t+(h—g)) a

In particular, ps € E, () for sufficiently large n > no(8,d), and thus ps € A.

Since A is open and dense in the class H(_. 14.)(3) and A C &;’, the complement

Hi—c14¢)(B) \%3 is nowhere dense in H(_.14.)(8). Thus, because of

H—e146)(B)|(t=ht+h) = Ht—h,t+0)(B)s
and the fact that for any 2 € H(_. 14.)(8) and any 2’ € Hy_p 141)(8) with

Hff\(t—h,wrh) - Z/\ B,(t—h,t+h) < 1)

there exists an extension z € H(_. 14 () of 2’ with

||$ - z\ B,(—e,1+e) < 9,
the set H—p,i1n)(B) \@|(t_h7t+h) is nowhere dense in H_p, ¢4n)(5)- O

PROOF OF PROPOSITION 3.13. The proof is based on a reduction of the supre-
mum over the class to a maximum over two distinct hypotheses.
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Part 1. For 8 € [B«, 1), the construction of the hypotheses is based on the Weier-
straf} function as defined in (A.3) in the supplemental article. As in the proof of
Proposition 3.6, see the supplemental article [Patschkowski and Rohde (2017)], con-
sider the function pg : R — R with

0, if |[z—t>12
1 3 : 10

po(z) = Z+176%[:t+2)’ if -3 <z—-t<-2
%—!—17122 Wa(xz —t), if |z—t <2
1-S@-t-2), if 2<z—t<i

and the functions pq ,, p2.n, : R = R with

P1n(@) = po(2) + Gy o (T35 980) — Grn(i98m), @ €R
P2 (@) = po(2) + @y 9 (w518 gpn) — @m(@ic18 - gm), « €R

for gg.n = inil/(w*l) and ¢18 = c13(8) = (2Lw (8))~Y#, where

(z:9) 0, if |[x—al>g
Qan T59) = § 1_o-8 ]
= (Wﬁ(x —a)— Wﬁ(g)), if [x—a|l<yg

for a € R and g > 0.

A ] Nl A ] N
) FA /A /N
/ \ W Wy Voo

L A WM’ WA M
Y W ! {
4 "WM \awxw/‘v W "\r’l‘”‘k Y, K W

Fic 4. Functions p1,n and p2.n for t =0.5, 5 =10.5 and n = 50

Following the lines of the proof of Proposition 3.6, both p; ,, and ps ,, are contained
in the class P (L, B«, M, Kg,¢) for sufficiently large k > ko(B«). Moreover, both
P1,n and py , are constant on (t — cig - gg.n,t + €18 - ga,n), SO that

Din|(t—cis-gp,n,t4cis-gs,n)r P2nl(t—cis-gs,n t+cis-ga,n) € H(t_cls'gﬁ,n7t+C18'gﬁ,n)(007 L)
for some constant L = L(f). Using Lemma A.4 and

1—27P 4

£) —pra(t) > —2 g8
[Po(t) = P1n(t) 2 ——5— 950

see the supplemental article [Patschkowski and Rohde (2017)], the absolute distance
of the two hypotheses in t is at least

|p1,n(t) - pQ,n(t)| = |qt,n(t; gﬁ,n) - qt,n(t; C18 - gﬁ,n)|
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1—27F
= TIWﬁ(gﬁ,n) — Wg(cis - gp.n)l
1—28

v

55— (IW5(g5) = Ws(0)| = [Ws(ers - go.a) = W5 (0)])

1—2F
2 12 (ggn — Lw (B) (c1s - gﬂ,n)ﬁ)

> 2c19 ggm
where
1—25

c19 = c19(Bs) = m)

Since furthermore
[ 02(0) = pro(e) dz =0,

and log(1 + z) < z for x > —1, the Kullback-Leibler divergence between the asso-
ciated product probability measures P%Z and P?" is bounded from above by

_ 2
’ ’ Pin\®

<120 / (pan () — prn(a))? do

=24n /(qo,n(x;g,a,n) — qon(z,C18 gpn)) da

~oin () (27 (w1 w5,0) s

18°98,n

—C18'98,n

L (1-27°\* 95.n 2
<untw? (“) (2f 7 G-

18°9B,n

C18'9B,n 2
[ (Walers gan) = Wlgn) s

+2(1 - 018)20189§fgs_l>

= C20

with

1-278\? [(1 = c15)20+1
c20 = c20(B) = 48 Ly (8)%4~ AT ( 12 ) <( QBli)l 1= 618)2018>’

where we used Lemma A.4 in the last inequality. Theorem 2.2 in Tsybakov (2009)
then yields

inf sup PS" (0T [T, (1) — p(t)] = c1o)
Tn pe.si(B)
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1= vew/2 VC20/2}>0.

> a *1 € [)(— )
max X C
el | 20/ )

Part 2. TFor 8 =1, consider the function pg : R — R with

(@) 0, if |x—t|>4
€Tr) =
bo Loljpq, i o—t] <4

and the functions py ,p2., : R = R with

Pra() = po(@) + @19 n(®391.0) — Qe (@5 91,0)
P2 (@) = po(®) + @y 2 n (@5 91,0/2) — G0 (23 91,0/2)

~1/3

for g1.n, = i , where

4

0, if lx—al>yg
Gg—lz—al), if [z—a|<g

Gan(2;9) = {

for @ € R and g > 0. Following the lines of the proof of Proposition 3.6, both pq ,,
and po_, are contained in the class & for sufficiently large k > ko(B.). Moreover,
both p; ,, and pa,, are constant on (t — g1.,/2,t + g1,n/2), so that

PLn|(t—g1.n/2.04010/2)5 P20l (t—g1./2,t401.0/2) € F(t—g1 /2,041 n/2) (005 1/4).

The absolute distance of p; ,, and pa, in ¢ is given by

1

‘pl,n(t) - p2,n(t)| - 37291,717

whereas the Kullback-Leibler divergence between the associated product probability

measures P%Z and P?Z is upper bounded by

_ 2
K (PS5, P) gn/(m’”(m) (pl)’"(:”)) dz
’ ’ P1in (T

<167 / (P (2) — prn())? d

=32n /(qO,n(m; 91.n) = Qo.n(7, g1.n/2))* dz

91,n 1 2 g1,n/2 7 2
=32n 2/ ((glm - x)) dz —|—/ =) dx
( o /2 \16 ,glyn/Q( 32 )
2 1

T3 3
Together with Theorem 2.2 in Tsybakov (2009) the result follows. O
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PrROOF OF THEOREM 3.15. Recall the notation of Subsection 3.2, in particular
the definitions of hl¢(t) in (3.17), of ¢, () in (3.19), of Br.p(t) in (3.20), and of h,,(t)
n (4.1). Furthermore, set 4 = §(c1) = 3(c1 log2 — 1). To show that the confidence
band is adaptive, note that according to Proposition 4.1 and Lemma 4.2 for any
d > 0 there exists some ng(d), such that

—Bn,p(t)

ARG ]
sup PX* [ sup cff,g<t>|-(°%”) " S VB2t g () (log )
pPEPy, t€[0,1] n

B (t
= sup Py? ( sup ®) S 27U > 6>

PEPy tE[O,l] ilgloc(t)
B (t
= sup PX? | max sup i (t) : -
PEPn k€Tn tel, min {2*jn((k71)6n)’ 27%(;@5”)}
min { by, ((k — 1)8,,), b (kb
< sup PX* [ max { (( )on) ( )} > 2
PEPn k€Tn min {2#”((1@71)6")7 2*jn(k6”)}
min{275"((k71)6n),2*371(]6571)}
< sup PX* Ik eT,: . i >1
PESn min {2—jn(<k—1>6n>, 2—jn(k5n)}
min {279 (=18 94500}
= sup {1 -Py* (VkeT,: . i <1
PEPn min {Q*J'n((kfl)én)? 2*jn(k6n)}
< sup {1 - Py (3n(k5n) < jn(kdy,) for all k € Tn)}
PEPn
<6
for all n > ng(9). -

SUPPLEMENTARY MATERIAL

Supplement A: Supplement to ”Locally adaptive confidence bands”
(doi: COMPLETED BY THE TYPESETTER; .pdf). Supplement A is organized
as follows. Section A.1 develops connections between the Weierstral function and
the Admissibility condition 3.5. Further notations and auxiliary results from em-
pirical process theory are provided in Section A.2, whereas Section A.3 provides
a simulation study together with an algorithm for the calculation of the locally
adaptive confidence band. Section A.4 presents the remaining proofs of the results
of Section 3. We proceed with the proofs of the results of Section 4 in Section A.5.
Auxiliary results are stated and proved in Section A.6.
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SUPPLEMENT TO
"LOCALLY ADAPTIVE CONFIDENCE BANDS”

By TiM PATSCHKOWSKI AND ANGELIKA ROHDE

Ruhr-Universitat Bochum and Albert-Ludwigs- Universitit Freiburg

Supplement A is organized as follows. Section A.1 develops connections between
the Weierstrafl function and the Admissibility condition 3.5. Further notations and
auxiliary results from empirical process theory are provided in Section A.2, whereas
Section A.3 provides a simulation study together with an algorithm for the calcu-
lation of the locally adaptive confidence band. Section A.4 presents the remaining
proofs of the results of Section 3. We proceed with the proofs of the results of Sec-
tion 4 in Section A.5. Auxiliary results are stated and proved in Section A.6.

A.1. The Weierstraf$ function and connections to the Admissibility Con-
dition 3.5. The lower bound condition (3.11) can be satisfied only for

B = BP(U) = sup {,6’ € (0,00] : py € ’HU(B)}.

However, the conditions (3.10) and (3.11) are not necessarily simultaneously satis-
fied for 5.

(i) There exist functions p : U — R, U C R some interval, which are not Hélder
continuous to their exponent 3. The Weierstrafl function Wy : U — R with

wWh() = Z 27" cos (2T )
n=0
is such an example. Indeed, Hardy (1916) proves that
1
Wi(z+h) —Wi(z) =0 <h| log <h)> ,

which implies the Holder continuity to any parameter 8 < 1, hence B >1.
Moreover, he shows in the same reference that Wy is nowhgre differentiable,
meaning that it cannot be Lipschitz continuous, that is 3 = 1 but W; ¢

Hu (B)-

(ii) It can also happen that pjy € Hy () but

p(BD (2) — p(LBD) (39)]

(A1 limsup sup = =0,
: 520 Ja—yl<s  |w—y|FLA)
z,yeU


http://www.imstat.org/aos/

meaning that (3.11) is violated. In the analysis literature, the subset of func-

tions in Hy(B) satistying (A.1) is called little Lipschitz (or little Holder)
space. As a complement of an open and dense set, it forms a nowhere dense

subset of Hy (8).
DEeFINITION A.1.  We set
(A.2) Bp(U) =sup {p € (0,00] : pjy € Hp=,v(B, L")} .

REMARK A.2. If for some open interval U C [0,1] the derivative p‘(g*) exists
and (B™)
Dy

0,
then ||p||g,p= v is finite uniformly over all 8 > 0. If
pfg ' #0,

then ||pl|g v is finite if and only if B < B* as a consequence of the mean value
theorem. That is, B,(U) € (0, %] U {o0}.

LEMMA A.3.  Any admissible density p € P2 (K, B, L*,¢) can satisfy (3.10)
and (3.11) for 5 = Bp((t — u,t +u)) only.

PROOF OF LEMMA A.3. Let p € 22dm(K 3, L* ¢) be an admissible density.
That is, for any ¢ € [0,1] and for any h € G, there exists some § € [, %] U {oo},
such that for u = h or u = 2h both

D|(t—usttu) € Hpe (t—ut+u) (B, L7)

and

B
sup |(Kg*p)(s) —p(s)| > g for all g € G with g < u/8

s€(t—(u—g),t+(u—g)) ~ logn

hold. By definition of 8,((t—u, t+u)) in Definition A.1, we obtain 3, ((t—u,t+u)) >
B. We now prove by contradiction that also 3,((t — u,t +u)) < 8. If 8 = oo, the
proof is finished. Assume now that § < oo and that 8,((t — u,t + «)) > 8. Then,
by Lemma A.11, there exists some 8 < 8" < B,((t — u,t + u)) With p(s—y t44) €
Hpe (t—u,t+u)(B's L*). By Lemma 4.4, there exists some constant by = by(L*, K)
with

B

sup (K, # p)(s) = pls)| >

bggﬁ/ > =
s€(t—(u—g),t+(u—g)) ogn

for all g € G, with g < u/8, which is a contradiction. O
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Among more involved approximation steps, the proof of Proposition 3.7 reveals the
existence of functions with the same regularity in the sense of the Admissibility
Condition 3.5 on every interval for 8 € (0,1). This property is closely related
to but does not coincide with the concept of mono-Hélder continuity from the
analysis literature, see for instance Barral et al. (2013). Hardy (1916) shows that
the Weierstraf} function is mono-Hélder continuous for § € (0, 1). For any S € (0, 1],
the next lemma shows that Weierstraf3’ construction

(A.3) Wa(-) = i 27" cos (27 -)
n=0

satisfies the bias condition (3.11) for the rectangular kernel to the exponent 3 on
any subinterval (¢t — h,t + h), t € [0,1], h € Goo.

LEMMA A.4. Forall B € (0,1), the Weierstraf§ function Wa as defined in (A.3)
satisfies Wiy € Hu (B, Lw) with some Lipschitz constant Ly = Lw (B) for every
open interval U. For the rectangular kernel Kr and § € (0,1], the Weierstrafs
function fulfills the bias lower bound condition

4
wp[(Kig  Wa)(s) = Wa(e)l > (2 -1) o°
s€B(t,h—g) ™
for any t € R and for any g,h € Goo with g < h/2.
PROOF OF LEMMA A.4. As it has been proven in Hardy (1916) the Weierstra8
function Wy is B-Holder continuous everywhere. For the sake of completeness, we

state the proof here. Because the Weierstrafl function is 2-periodic, it suffices to
consider points s,t € R with |s — t| < 1. Note first that

(1.,

sin 52 m(s —t)

1
sin (22"7r(s + t)) ‘ .
<2y 27

1
sin <22"7T(8 — t)) ’ .
n=0

Choose k € NU{0} such that 2=+ < |s—¢| < 27%. For all summands with index
n < k, use the inequality |sin(x)| < |z| and for all summands with index n > k use
|sin(z)| < 1, such that

(Wa(s) = Wa(t) <2 277

n=0

k 00
1
(Wa(s) = Wa(t) <2 2_"’8’22"7r(8—t)’+2 §k+:12—”ﬂ
n=

k )
=mls—t]> 20Dy Y~ 27
n=0 n=k+1

n=0

Note that,

k k+1)(1-8) _ k(1-8) _ oB—1 k(1-p
22”(1_6):2( (1-8) 1:2( ) 9 §2( )’
= 21-8 1 1—268-1 1—28-1




4

and, as 277 < 1,

—(k+1)B

Z 2”5:1_2ﬁ.

n=k+1
Consequently, we have
ok(1-p5) 9—(k+1)8

2
Tt

<l|s—t° 77 2
skt ti=29 )

[Wa(s) — Wa(D)] < ls— ¢

Furthermore

- 1
%% E -nf _
|| /BHSUP S n:OQ - 1727137

so that for any interval U C R,

7T 3
< :
Wslls.w < T—55=1 + T35

We now turn to the proof of bias lower bound condition. For any 0 < g < 1, for any
h € Guo, for any g = 27F € G, with g < h/2, and for any ¢ € R, there exists some
s0 € [t—(h—g),t+ (h—g)] with cos (2*7sg) = 1, since the function & — cos(2"rz)
is 21 F-periodic. Note that in this case also

(A.4) cos (2"msg) =1 for all n > k.

The following supremum is now lower bounded by

sup
s€B(t,h—g)

/KR’g(x — s)Wa(z)dx — Ws(s)

> '/_1 Kr(x)Ws(so + gx)dz — Wa(so)| -

As furthermore

sug |Kr(z)2” " cos (2" (s0 + 97))| < |1 Krllsup - P
ES

and

oo
i Kl
D Iallswp - 27 = =525 <o,

the dominated convergence theorem implies

’/ Kr(z)Ws(so + gz) dz — Wa(so)

22 nﬁI 80,
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with
1
I,(s0,9) = / Kgr(x)cos (2"n(sg 4+ gz))da — cos (2"msp) .
~1

Recalling (A.4), it holds for any index n > k

1 sin(2"7w(sg +g)) —sin(2"7w(sg — g

_ sin(2"ng) )
27y

(A.5) = 1.

Furthermore, for any index 0 < n < k — 1 holds

1 sin(2"m(so +g)) — sin(2"m(so — g))

In(s0,9) = 3 2mg — cos (2"msg)
(A.6) = cos(2"mso) <s1n2(3ﬂ-79rg) - 1> .

Using this representation, the inequality sin(z) < x for > 0, and Lemma A.10,
we obtain

27", (s0,9) <27 (1 — M
- 27l7rg
< o8 (2'T9)°
- 6
< 27n6+2(n7k:)+1.

Since k —n —1 >0 and 8 < 1, this is in turn bounded by

2—n[3]n(807g) < 2—(2k—n—2)6 . 22(n—k)+1+2(k—n—1)5

< 27(2]677’7,72)[‘3 . 22(n7k)+1+2(k7n71)
(A7) < 9~ (k-n-2)8,

Taking together (A.5) and (A.7), we arrive at

k-3 2k—2 k-3 2k—2
> 27" L(s0,9) + Y, 27 Lu(s0,9) < Y27 FRTAR N gmi g,
n=0 n=k+1 n=0 n=k+1

Since by (A.5) also

i 2777,[3["(50’9) = - i 27’”6 < 07

n=2k—1 n=2k—1



it remains to investigate

Z nBI 803 )

n=k—2

For this purpose, we distinguish between the three cases

(1) cos(2Ftmsg) = cos(2¥2msg) =1
(i1) cos(2¥Tmsg) = —1, cos(2¥2msg) = 0
(i33)  cos(2¥1msg) = 1, cos(2F2msy) = —1

and subsequently use the representation in (A.6). In case (i), obviously

k
Z 27" I.(s0,9) < —27% <.
n=k—2

using sin(z) < x for > 0 again. In case (ii), we obtain for g <1

a 2 4
3 27 (s0,9) = 274027 (1 sin(r/ )> 9k < 9—kB <1 - ) <0.
—k—

) /2 ™
Finally, in case (¢i), for 8 <1,

n

_ 9= (k=18 (Sm(WQ/?) _ 1) _o-(k-2)8 (5111757/2(4) ~ 1) kB

— 9= (k=1)8 ((i _ 1) 198 (1 sm(?/ri4)>> ey

< 9= (k=1)B (2 +1-8 sm(7r/4)> _9—kB
T T

That is,

sup /KR,g(m — s)Wa(z)dz — Wp(s)

s€B(t,h—g)

> ’/_1 Kr(z)Ws(so + gx) dz — Wp(s0)

= - Z 2_n61n(807 g)
n=0
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k

> — Z 2_nBIn(8079)

n=k—2
4

> ( — 1) gﬂ.
™

REMARK A.5. The whole scale of parameters 8 € [Bs,1] in Proposition 3.7
can be covered by passing over from Holder classes to Hélder-Zygmund classes in
the definition of &,,. Although the Weierstrafs function Wy in (A.3) is not Lip-
schitz, a classical result, see Heurteauxr (2005) or Mauldin and Williams (1986)
and references therein, states that W7y is indeed contained in the Zygmund class A;.
That is, it satisfies

\Wi(x + h) — Wi(z — h) — 2Wi(x)| < C|h|

for some C > 0 and for all x € R and for all h > 0. Due to the symmetry of the
rectangular kernel Kg, it therefore fulfills the bias upper bound

|Kpg*Wi—Wi,. < C'g® forallge (0,1].

O

sup

A.2. Further notations and auziliary results from empirical process the-
ory. 'To keep the technical representation clearly arranged, we first introduce some
further abbreviations. Moreover, for the reader’s convenience, we repeat definitions
and auxiliary results from the theory of empirical processes, which are introduced
within Section 5 (Proof section) of the main article only.

e The open interval (¢t —r,t+r) around some point ¢ € R with r > 0 is referred
to as B(t,r).

e For k£ € N we denote the k-th order Taylor polynomial of the function f :
R — R at point y € R by PJ’ i if well defined.

e For any metric space (M,d) and subset K C M, we define the covering
number N (K, d,e) as the minimum number of closed balls with radius at
most ¢ (with respect to d) needed to cover K. If the metric d is induced by
a norm || - ||, we write also N (K, | -|,¢) for N(K,d,e).

As has been shown by Nolan and Pollard (1987) (Section 4 and Lemma 22), the

class
Kz{K(?f)ﬁeRh>0}

with constant envelope || K||sup satisfies

A 1%
(A8 NI L@l < (2) . 0<e<1 po12

for all probability measures ) and for some finite and positive constants A and v.
Furthermore, for the subsequent proofs we recall the following notion of the theory
of empirical processes.



DEFINITION A.6 (Giné and Guillou (1999)). A class of measurable functions
on a measure space (S,.7) is a Vapnik-Cervonenkis class (VC class) of functions
with respect to the envelope H if there exists a measurable function H which is
everywhere finite with sup,c  |h| < H and finite numbers A and v, such that

A v
N(A2,| - H <[ =
sup ¥ (. i@ el @) < ()

for all 0 < e < 1, where the supremum is running over all probability measures @
on (S,7) for which ||H| r2q) < oo.

Nolan and Pollard (1987) call a class Euclidean with respect to the envelope H and
with characteristics A and v if the same holds true with L'(Q) instead of L?(Q).
The following auxiliary lemma is a direct consequence of the results in the same
reference.

LEMMA A.7. If a class of measurable functions 5€ is Euclidean with respect to
a constant envelope H and with characteristics A and v, then the class

A ={h—Eph:he A}

is a VC class with envelope 2H and characteristics A' = (4/A)V (24) and v/ = 3v
for any probability measure P.

_ PROOF. For any probability measure P and for any functions hy = hy — Ephq,
ho = hy — Ephgy € 57 with hl,hg S %, we have

IR = hallr2(q) < 1P — hallr2(q) + R — hollLi ().

For any 0 < ¢ < 1, we obtain as a direct consequence of Lemma 14 in Nolan and
Pollard (1987)

N (A, 12(@), 22 Hl| 2o

A9
(A9 < (@, M@)oy (e, W),

2 2

Nolan and Pollard (1987), page 789, furthermore state that the Euclidean class 5
is also a VC class with respect to the envelope H and with

2v
N (%,LQ(Q)7 €||H||2L2(Q)> S (4\£Z> ,

whereas

Hilx v
N (%,Ll(P),‘S” !L “’)> < (?) .



SUPPLEMENT TO "LOCALLY ADAPTIVE CONFIDENCE BANDS” 9

Inequality (A.9) thus implies

3v
ANVAV 2A>

N (. 12(Q), 22 Hl1a@) < ( :

O

A.3. Simulation study and algorithm. We first present an algorithm for the
computation of our new locally adaptive confidence band according to the procedure
described in Section 3.2 of the main article. Concerning the choice of the constants
c1,co, and ko, note that the restrictive constraints on them are caused mainly by
strong formulations and concise proofs of the asymptotic performance results.
First of all, the constraint on kg in (3.13) in the main article, which results in
non-empty J, only for very large sample sizes, can be substantially relaxed to
K2 > c1log 2 (without violating the confidence band’s validity in the sense of (1.1))
by including an additional logarithmic factor in the confidence band’s width. Indeed,
this logarithmic factor decreases the sequence (B,,) as given in (5.12), such that a
larger choice of 7 is possible while guaranteeing convergence to zero of the sequence
(€2.5,) in (5.14). Additionally, the bound in (5.13) is then getting tighter. Moreover,
violating the lower bound constraint on ¢ in (A.30) does not affect the confidence
band’s validity in the sense of (1.1) neither. Note that an upper bound is not
required due to the undersmoothing. In fact, this constraint results only from the
tight theoretical asymptotic adaptivity guarantee.

Concerning the choice of the constants in the procedure, we need to prespecify a
lower bound B, on the range of adaptation as well as the upper bound L* on the
Lipschitz constant.

The larger ¢, the stronger the effect of undersmoothing in the procedure. Hence,
to favour large bandwidths, we choose ¢; as small as possible under the constraint

(3.13). In our simulation studies, S, =1 and ¢; = é +0.1.

input: ii.d. observations z = (21,...,z,) € [-5,5]", a € (0,1), B4, and L*

#Sample split

n <+ [n/2|
T(1) < (:L’l, - ,:Cﬁ)
) & (Tag1, - Tn)

#Initialization of parameters
c1 + 2/(B«log?2) + 0.1

Co < 0.15

c3 + 2/ TV(K)

R1 < 1/(2[?)*)

Ko +— 1

b+ 1.2

jmin +~0



10
jmax <~ \}ng (W)J
8« {bjm‘" (l(ﬁ%ﬁ)_ﬁil (logﬁ)ﬁi—‘

H «+ (—|4/6] - 6,(—14/6] +1)-06,...,(|4/6] —1)-6,]4/6]-6)
J <+ (jminajmin + 1,-~-ajmax)

3(7 (jmax727"'7jmax72)

#Admissible bandwidths
for i «+ 1 to length(H) do

for j < jmax — 3 tO jmin do

if max
keZ: )
|k6—H[i]|<Eb™7

for allm >m’ > j+ 3 then

> (Koo = k6) = Ky (= )

TET(2)

— b—m

Jli] <
end

end

end

#Calculation of the estimators

for i + 1 to length(H) — 1 do
h[i] « min {b—iw,b—ﬂim  peiloglog
plil < > Kjy(z — H[i+1])

TEX(1)
end

a < c3y/—2logd

3 log(—log §)+log 4w
b+ > (\/7210g67 08\ B0 T 08T 2\/ETog5g )
qo < VL* - qGumbel(1 — a/2)/a +b

output: Two piecewise constant functions with jumppoints H and values
p + 4= (upper and lower border of the confidence band)
Vih

We conduct our simulation study for two different densities with spatially inho-
mogeneous smoothness, supported within the interval [—5.5,5.5]. The first density
(left side in Figure 1)

nio) = (5 - g5lel) 10l <5)
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is the triangular density. The second density (left side in Figure 2)

20
1
p2(z) = 71{J2 < 5.5} + 0.05) "2 " cos(10 - 2¥m(x — 4.5)), z€R
k=0

corresponds to the uniform density perturbed with an approximation of the Weier-
stra} function in the negative domain. Figure 1 and Figure 2 plot the order of the
confidence bands’ widths

(ahiee(ey)

as functions of the location ¢ € [—4,4] and the sample size n (blue, red, and pur-
ple) for both examples p; and po, respectively, where the width in every point is
averaged for 20 simulation runs and K has been chosen to be the Epanechnikov
kernel with TV (K) = 3/2 and |K||3 = 3/5. It is important to note that both
examples have been simulated with exactly the same parameters. The simulation
study demonstrates that the confidence bands’ widths decreases in regions of higher
smoothness, such as outside a neighborhood of the origin for p;.

. pi(t)

Ly
o

od

N

P
Bo

1

\/hloc(t)

%@Qo ol
Qo
OO 0 o
00 ©
I

AN
S

0.0060 0.0065 0.0070 0.0075

25000 26000 27000 28000 29000 30000
n

. —1/2
Fic 1. Simulated width order (ﬁhifc(t)) for the density p1

Figure 2 demonstrates a similar effect for the density ps. The confidence band’s
width again decreases in regions of higher smoothness, here in the positive domain.
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o

1

A | N L

ESg8 Y

0.0060 0.0065 0.0070 0.0075

25000 26000 27000 28000 29000 30000
n

R —1/2
Fic 2. Simulated width order (ﬁhifc(t)) for the density p2

With the same choice of parameters as in the simulation before, we simulate the
coverage probability of our locally adaptive (1 — «)-confidence band with « = 0.05
and a = 0.075 for both the densities p; and ps. To demonstrate the band’s perfor-
mance also for moderate sample sizes, we evaluate it for n = 250. The construction
of the confidence band in (3.18) is based on the asymptotic calibration according to
Theorem 3.8. This theorem’s proof (Step 4) involves extreme value theory to derive
the asymptotic distribution of

i%%}: Yn,min (k‘),

where Y, min is the stationary Gaussian process defined in (5.19). Note that this
process does not involve any dependence on the unknown density p anymore. Ex-
treme value theory gives smooth theoretical results, but since convergence rates
against extreme value distributions are typically very slow, extreme value theory
should be avoided. Instead, for practical implementations with moderate sample
sizes, the (1 — a/2)-quantile gy, .. 1-a/2 of maxper, Yo min(k) can be estimated
empirically by simulation. Consequently, the sequence (a,) can be omitted for the
asymptotic statement and the sequence (b,,) is just required to converge to infinity.
Furthermore, ¢, (a) as defined in (3.19) involves the constant L* as a upper bound
on the density p, uniformly over the the interval under consideration and uniformly
over all densities within £2,. If a smaller bound py.x is known beforehand, the
width of the confidence band can be reduced. The resulting confidence band is of
the form

Gt (t) = |toe(e, loe(ty) — O e, o)) + 2l
e 1) e 1)
with

qn(a) = min{L*vpmaX} . anym;n,lfa/Q + bn
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Furthermore, omitting the sequence (a,) relaxes the constraints on ¢; and k.
Tracking the proof of Theorem 3.8, these constraints ensure that all the sequences
€kn, k=1,...,4, converge to zero. Without employing extreme value theory, these
constraints relax to

1
Bxlog?2’

The following table shows the simulated coverage probability of our locally adaptive
confidence band for n = 250 and 450 simulated confidence bands, with the choice
of pmax = 0.2 and b, = % log log 1. Using piecewise monotonicity of the triangular
density p1, coverage of a band for p; can be exactly confirmed, whereas we check
coverage of the band for the density ps on a very fine discrete grid of points with
resolution d,, &~ 0.0084. Note that the confidence band should be conservative due
to the calibration via the least favorable case. This is confirmed in the table below.
It turns out that the band is more conservative for the density ps than for p;.

cL > Ko > c1log2 + 4.

Model | Coverage for n = 250 and 450 confidence bands
a =0.05 a=0.075
p1 96.44% 94.00%
D2 ‘ 99.33% 98.22%

We cannot compare our simulation results to the globally adaptive case of Giné
and Nickl (2010) since neither a discussion on the choice of the constants nor an
algorithm are provided. Note that the bandwidth selector involves a uniform norm
of a difference of two estimators and hence requires a discretization step, which is
not discussed there.

A.4. Remaining proofs of the results in Section 3.
PROOF OF PROPOSITION 3.6. The proof is based on a reduction of the supre-

mum over the class to a maximum over two distinct hypotheses.

Part 1. For § € [Bs, 1), the construction of the hypotheses is based on the Weier-
strafl function as defined in (A.3) and is depicted in Figure 3. Consider the function
po : R — R with

0, if |[z—t>1
1 3 : 10

po(.’E): 1"‘1*6(1'75—t+2), if —?<"E—t<—2
L2 Wz —t),  if |zt <2
1-S@—-t-2), if 2<z—t<i

and the function p; , : R = R with

P1n(@) =po(@) + @y n(2) — @tn(z), 2 €ER,
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where

( ) 07 if |I — Cl| > 98,n
Gan\T) = _o9-8 .
= (Wﬁ(x —a)— Wﬁ(gﬁ,n)), if |z—al<gsn

for gg., = n~Y/ 5+ and a € R. Note that P1,n|B(t,g5.,) 18 constant with value

1 1-278
p1n(z) = 6 + 1 Wps(gs,n) for all z € B(t,ggn)-
_x""\m | .J\'w\ ‘ w.' \ ol / 4
Mv ) A A N Mu Ao A ! W‘,‘ LA u‘M M‘; A A A JM
Wi %/‘v."ﬂ “W\A,ij W, Al '/‘\«/'ﬂ’ ! M\Wu W‘w"’j% W WA A W

FiG 3. Functions po and p1,n fort =0.5, 8 =0.5 and n =100

We now show that both py and p , are contained in the class &7 for sufficiently
large k > ko(B.) with

PO|(—e,14e)s Plon|(—e,142) € Hi—c,146) (B, L7).

(1) We first verify that p integrates to one. Then, it follows directly that also p1
integrates to one. We have

2103
= S S (e—t+2
/po(a:)dx /t_130 (4+16(1‘ t+ ))dx
21 1278
+/t_2 <6+12 Wg(l’—t)) dzx

t+1*30 1 3
+/ <—x—t—2>dx
42 4 16( )

1 2 1-2F p2 1
_6+§+T\/72W’8(x)dx+6
1

where the last equality is due to

2 oo 2
/ Wg(z)de = Z 2_’“6/ cos(2"rx) dx = 0.
—2 k=0 —2

(74) Next, we check the non-negativity of py and p; , to show that they are proba-
bility density functions. We prove non-negativity for pg, whereas non-negativity of
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P1,n I8 an easy implication. Since po(—10/3) = 0 and py is linear on (¢t —10/3,t —2)
with positive derivative, pg is non-negative on (¢ — 10/3,¢ — 2). Analogously, po is
non-negative on (t + 2,¢+ 10/3). Note furthermore that

(A.10) (Wa(z)| < Ws(0) = ];)2_“3 = ﬁ

for all € R. Thus, for any x € R with |x — t| < 2, we have

1 1—-27F6

@ty 11
Polt) =5 12

1
Wa(x —t) > = —
6
(#91) As po and also p;, are bounded from below by M = 1/12 on B(t,2), we

furthermore conclude that they are bounded from below by M on (—1,2) C B(t, 2),
and therefore on any interval [—e,1 +¢] with 0 < e < 1.

(iv) We now verify that poj—c,14¢), P1,n|(=e,14e) € H(—c,14¢)(3, L(B)) for some
positive constant L(3). Note again that for any 0 < ¢ < 1 and any ¢ € [0, 1], the
inclusion (—¢,1 4 ¢) C B(t,2) holds. Thus,

p @ )] =20 (Wala )~ Wl )
z,y€(—e,14¢) |.”L' - y|ﬂ 12 z,y€(—e,1+4¢) |(3j - t) - (y - t)lﬁ 7
z#y T#y

which is bounded by some constant ¢(8) according to Lemma A.4. Together with
(A.10) and with the triangle inequality, we obtain that

Po|(=e,14e) € Hi—c,14¢)(B, L)

for some Lipschitz constant L = L(8). The Holder continuity of p;, is now a
simple consequence. The function p; ,, is constant on B(t, gg,,) and coincides with
po on (—e,1+¢)\ B(t, ga,n). Hence, it remains to investigate combinations of points
z € (—&,14+¢)\ B(t,g3,n) and y € B(t,gp,n). Without loss of generality assume
that x <t — gg . Then,

|p1,n($) _pl,n(y)‘ _ |p1,n($) _pl,n(t - gﬁ,n)l < |p1,n($> - plm(t - gﬂ,n)|

— < <L,
|z —y|? |z —yl# |z — (t —gp.n)|?

which proves that also
P1,n|(—e,14¢) € H(—E,l-‘r&)(ﬂ?L)‘

(v) Finally, we address the verification of the Admissibility Condition 3.5 for the
hypotheses py and p; ,. Again, for any ¢’ € [0,1] and any h € G the inclusion
B(t',2h) C B(t,2) holds, such that in particular

poB(t',h) € Ha= B n) (B, Lw(B))
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for any t' € [0,1] and for any h € G, by Lemma A.4. Simultaneously, Lemma A .4
implies

1—275 (4 ) q°
sup Kprg*xpo)(s) —po(s)]| > ———— | = —1 g® >
(g e p)s) (o) > o -
for all g < h/2 and for sufficiently large k > ko(5.). That is, for any ¢’ € [0, 1], both
(3.10) and (3.11) are satisfies for pg with u = h for any h € G.

Concerning p; , we distinguish between several combinations of pairs (¢', k) with
t' €[0,1] and h € Goo.

(v.1) If B(t',h) N B(t, gp,n) = 0, the function p; ,, coincides with py on B(t', h), for
which the Admissibility Condition 3.5 has been already verified.

(v.2) If B(t',h) C B(t,gs,n), the function p; ,, is constant on B(t', h), such that
(3.10) and (3.11) trivially hold for u = h and 8 = co.

(v.3) If B(t',h) N B(t,g8,n) # 0 and B(t',h) ¢ B(t,gs,n), we have that ¢’ +h >
t+ggmort' —h <t—ggn. AspinB(t2) is symmetric around ¢ we assume ¢’ 4 h >
t + gg,n without loss of generality. In this case,

h
(200~ g0) >2 (5 - 9).

such that

3 h
B (t’ +5h g —9) C B(t',2h — g) \ B(t,9s.n)-

Consequently, we obtain

sup  |(Kr,g *p1a)(s) —pra(s)| = sup |(KR.g * p1n)(s) = pra(s)].
s€EB(t’,2h—g) sEB(t/+%h,%—g)

If 2h > 8¢, we conclude that h/2 > 2g, so that Lemma A.4 finally proves the
Admissibility Condition 3.5 for v = 2h to the exponent S for sufficiently large

Combining (¢) — (v), we conclude that py and p;, are contained in the class &7
With poj(—e,14¢), P1n|(=e,142) € H(—c,14¢)(B, L*) for sufficiently large k > ko(Bx).
The absolute distance of the two hypotheses in ¢ is at least

1—27F
po(t) — prn(B)] = T (Wi(0) ~ Wi(gs))
1-2°&
= 0 Z 27%0 (1 — cos(2¥mgs,))
k=0
1-27

(A.11) > 27 g5,
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where k € N is chosen such that 2~ (-+1) < 9o < 2-% and

1—2F-
24
It remains to bound the distance between the associated product probability mea-

sures P%z’" and P%Z. For this purpose, we analyze the Kullback-Leibler divergence
between these probability measures, which can be bounded from above by

cr=c7(By) =

KPS, PE™) = n K(Py,,Po)

" — n/Pl,n(x) log (Plyn(x)) Hil = oy

po()

— 1 [ prn(o) log <1 4 Jergn®) - q“"(x)> 1 {po(z) > 0} dz

po(z)

(31250 () ~ (@)

< n/Qt+%,n(x) — qin(7) + 1{po(z) > 0} d=

po(w)
2
/ <Qt+%,7t(x) —qt,"(x)) ]1{ ( ) O}d
=n x) > x
po(w) Po
2
< 12n/ (qt+%,n(x) —Qt,n(m)) dz
= 24n / Go.n()* da
1—278\? 98 2
_ 24n< 2 ) [ W@ - Walgan)? da
—98,n
_ 98 2 9g,n
§24L(5)2n<1 2 ) / (g8 — 2)*’ da
12 o
< Csngéijl

<cs
using the inequality log(1l 4+ z) < z, > —1, Lemma A.4, and

5 1
po(t+5/2):§>M=E7

where

2, —(28+1)928 [ 1 — 20\ *
cs = cg(B) = 48L(B)"4 2 1 )

Using now Theorem 2.2 in Tsybakov (2009),

inf sup PS™ (77 [Tu(t) — p(t)] = )
Ty pE Py
Pl(—e14e)EH (140 (B,L7)
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) 1= Ves/2 V08/2}>0.

a. — € —
max XP cg), 9

Part 2. For 8 =1, consider the function pg : R — R with

0, if l[z—t >4
pam{l 1 |z — ¢

and the function p; , : R = R with
Pin(2) = po(@) + @119 n(%) — @en(2), T €ER,

where

donl@) = e —al > gin
" T(gun —lz—al), if o —al < g

for g1, = n~1/% and a € R. The construction is depicted in Figure 4 below.

Fia 4. Functions po and p1,n fort=0.5, 8 =0.5 and n =10

(2) — (iti) Easy calculations show that both py and p; ., are probability densities,
which are bounded from below by M = 1/8 on B(t,2).

(iv) We now verify that poj(—c,14¢)s P1,n|(—e,14e) € H(—e,14¢)(1, L) for some Lip-
schitz constant L > 0. Note again that for any 0 < ¢ < 1 and any ¢ € [0, 1], the
inclusion (—¢,1 +¢) C B(t,2) holds. Thus,

- 1 - ly—t| 1
wp @] 1 ety L
z,y€(—e,1+¢) ‘-T - y| 16 z,y€(—e,1+¢) |l‘ - y| 16
TH£Y TFY

Since pp has maximal value 1/4, we obtain that

5
Po|(—e,14¢) € H(—c,1+e) <1, 16) :

For the same reasons as before, we also obtain

)
Pin|(—e,1+¢€) € H(—e,1+6) (la 16) .
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(v) Finally, we address the verification of the the Admissibility Condition 3.5 for
the hypotheses pg and p; ,,. Again, for any t' € [0,1] and any h € G, the inclusion
B(t',2h) C B(t,2) holds, and we distinguish between several combinations of pairs
(t',h) with ¢’ € [0,1] and h € Go,. We start with po.

(v.1) If t & B(t', h), it holds that ||p||g ) < 5/16 for all > 0, such that (3.10)
and (3.11) trivially hold for uw = h and § = cc.

(v.2) In case t € B(t', h), the function pgp(s 21) is not differentiable and

Ipoll1, Bt 2n) < 5/16.

Furthermore, t € B(t',2h — g) for any g € G, with g < 2h/16 and thus

1
sup [(KR,g *p)(s) = p(s)] = [(Krg *p)(t) = p(t)| = 559-
s€B(t',2h—g)
That is, (3.10) and (3.11) are satisfied for v = 2h and 8 = 1 for sufficiently large
n > ng.

The density pi, can be treated in a similar way. It is constant on the interval
B(t,gsn). If B(t',h) does not intersect with {¢t — gg n,t+ gs,n}, the Admissibility
Condition 3.5 is satisfied for v = h and 8 = oo. If the two sets intersect, t — gg »
or t + ga., is contained in B(¢',2h — g) for any g € G with g < 2h/16, and we
proceed as before.

Again, combining (i) — (v), it follows that py and p; , are contained in the class
Py With poj(—c,14¢)> P1n|(—e,14¢) € H(—e,14¢)(1, L) for sufficiently large k > ko and
some universal constant L > 0. The absolute distance of the two hypotheses in ¢
equals

1
16
To bound the Kullback-Leibler divergence between the associated product proba-
bility measures P(S@" and P%Z, we derive as before

|p0(t) _pl,n(t)| = 91,n-

(314 .0) — (@)

K(PE" PE™) < n/ 1 {po(x) > 0} dz

1,n> po(a?)
2
< 16”/ (Qt—i-%,n(x) - Qt,n(z)) dx
= 32n/q0,n(m)2 dz
_ L
C12
using po(t + 5/2) > 1/16. Using Theorem 2.2 in Tsybakov (2009) again,
1
inf PE™ (3 | T, (t) — p(t)] > —
weo s o (0 0 - 0001 > 35

Dl(—e,14e)EH (e, 14)(1,L7)
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> max {iexp(—l/lQ), 1o vl '1/24} >0

2
O

PrOOF OF THEOREM 3.8. The proof is structured as follows. First, we show
that the bias term is negligible. Then, we conduct several reduction steps to non-
stationary Gaussian processes. We pass over to the supremum over a stationary
Gaussian process by means of Slepian’s comparison inequality, and finally, we em-
ploy extreme value theory for its asymptotic distribution.

Step 1 (Negligibility of the bias). Due to the discretization of the interval [0, 1]
in the construction of the confidence band and due to the local variability of the
confidence band’s width, the negligibility of the bias is not immediate. For any
t € [0, 1], there exists some k;, € T,, with ¢ € Ij,. Hence,

hlee (1) || e, Ble= (1)) = )
= \/?’LI’LT EX1 A(l (kt5na hn kt) p(t)‘
< i o fablz,

Assume J, (k6p) > kn(kd,) = jn(kd,) —my for all k € T),, where m,, is given in
Proposition 4.1. Since §,, < %hg*,n for sufficiently large n > ng(Bs, €),

EX 5\ (kebn, h125,) — p(kedy)

plkidn) — p(t)]

illoc — 2mn_un . min {2_371((kt_1)6n)_mn , 2_jn(kt§n)_mn}

n,k
< 9= min { B (ke — 1)60), o (ke0n) }
< 3.2mn T h (1)

by Lemma 4.2. In particular, &, + hl“{ < 2-Un(®O+1) holds for sufficiently large
n > no(c1, B« ), so that Condition 3.5, Lemma A.3, and Lemma 4.4 yield

sup /mhles, [EX B0 ket BIZ5,) — plkid)
PEPn
< sup \/nhﬁfit su )EXl p (s ,fziﬁ%t)—p(s))

peEP, SE(t—bn ,t+5

~7loc 7 loc BP((t_27Jn<t)’t+27;n(t>))
< pil(l;) bQVnhn,kt (hn,kt)
- N\ B (R (0,14 h (1))
~ loc
pselg bg\/nhﬁfjﬂ (hn"%t)

2B +1
2

IN

by, (8) oy (1) 0 ()

< sup by (3. 2mnun
< sup 2 ( )

(A.12) < ¢ - (log ﬁ)—icl(zﬁ*ﬂ)logg
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for some constant c1g = by - 328+ T1/2 on the event
{j’n(kén) > ke (kdy) for all k € Tn} .

Now, we analyze the expression

~7loc
1/ nhmkt

plkidn) = p(t)|

For t € I, and for n > ng,

Bn,p(t)

~ N\ K18« L L Bap®
B < 97 dmin (10{;71) < 9 Jmin (10%{71) 2 < 9 dmin <logn> 2B, p (1 |

n

such that on the same event

sup \/hle5 [p(kedn) — p(t)] < sup VBL*-25(mn=un)y [7h, (1) - 55-

PEPy pEP,
(A.13) < ¢y1 - (log i) "¢ log?2

for some constant ¢11 = ¢11(B«, L*). Taking (A.12) and (A.13) together,

sup sup any/ihioc(t) ‘E;“ loc(t, hloe(1)) — p(t)‘ 1 { G (k6,) > ke (k6 E € Tn}

pEP, te[0,1]

S 51,”7
with
—%cl log 2

€1,n = C10 - Cln(logn)_%cl(w*ﬂ)log2 +c11 - an(logn)

According to the definition of ¢; in (3.13), €1, converges to zero. Observe further-
more that

(A.14) sup \/hloe(t) [BI°(¢, hig“ (1)) — p(t)
te[0,1]

can be written as

max sup \/ bl () [l (¢, hle (1)) — p(0)|

keTy tely
= max ﬁﬁf{’% max {ﬁ;l)(kén, ﬁﬁf;) — inf p(t), supp(t) — ﬁsll)(k:én, ﬁif%)}
keT, ' ’ tel) I ’

with the definitions in (3.17). That is, the supremum in (A.14) is measurable. Then,
by means of Proposition 4.1, with x1, = — €1,

inf PS" (an< sup nhloc(t) [ploc(t, hloc (1)) —p(t)‘ —byp <z
PEP, t€(0,1]
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> inf P" <an{ sup \/fhloc(t)

PEPn te[0,1]

Aloc(t hloc( )) —p(t)‘ _ bn} <z

In(k6y) > ky(kdy,) for all k € T,

> inf P" <an{ sup \/hloc(t) |ple

sloc loc Aloc 2 loc
£ (1) = EX (8 ()| = bu < T,
PEPn t€[0,1] ( » o ( )) p Pn ( s fn ( )) n} > Tin

In(k6n) > ky(kdy,) for all k € T),

> inf P" <an{ sup \/fhloc(t)

PEPn te[0,1]

ﬁloc(tv h’iLOC( )) EXl Aloc(t7 hi?c )‘ - bn} S xl,n)

— sup Py? <§n(k5 ) < kyn(kdy,) for some k € Tn)
pEP,

(A.15)

= inf E®" lP®"< { max \/nhl"c
pEP, keTy,

D (Kb, hlgs) — EX P (Kb, A5

- bn} S T1,n X2>

Step 2 (Reduction to the supremum over a non-stationary Gaussian process).
For Step 2, we recall the following notions and results from the theory of empirical
processes. For any metric space (M, d) and subset K C M, we define the covering
number N(K,d,e) as the minimum number of closed balls with radius at most
(with respect to d) needed to cover K. If the metric d is induced by a norm || - ||,

we write also N(K, || - ||,¢) for N(K,d,¢).
— bn} < Tin X2>

In order to bound (A.15) from below note first that
N oc N 7 loc T1,n
PR (b, Ri75) — BB (kb 25| — bn} <=

® /=71
Pp” <an{ I?é%“): nhrf’f‘
- bn} < T1,n X2>

hloc
> Qn n,k
>P, (an{ max p(k5n)
>1-Py,— Py

+o(1)

for n — oo.

1)(k5n,hloc) Exl 1)(k5n,hloc)

o)

Using the identity |z| = max{z, —z}, we arrive at

Pe" | q maX\/ﬁflloc
p ™ keT, nk

P (R, 1i25) — EXVDLD (k6 115
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with
ahis,
Pip=Pg" | anq max s (A(l)(kdn,hl"c) E;flpgn(kan,hlw))

p k(sn)
—bn} >4

’flhloc
P, =P%" (an{ max (EXl 5 (kb h5) — LY (Kb, RLS,)

keT, (k5 )

T1,n
—b > —|x2 |.
In order to approximate the maxima in P; , and P», by a supremum over a Gaus-
sian process, we verify the conditions in Corollary 2.2 developed recently in Cher-

nozhukov, Chetverikov and Kato (2014). For this purpose, consider the empirical
process

%E%;O%%W%»fﬁz
indexed by
Fh=Afor + keT,}
with
for:R—=R

T = (ﬁﬁfﬂ p(kén))7§ K (k(;"lo: ac) .
n,k

Note that Chernozhukov, Chetverikov and Kato (2014) require the class of functions
to be centered. We subsequently show that the class F? is Euclidean, which implies
by Lemma A.7 that the corresponding centered class is VC. It therefore suffices to
consider the uncentered class FZ. Note furthermore that f, ; are random functions
but depend on the second sample x5 only. Conditionally on x2, any function f,, » €
FP is measurable as K is continuous. Due to the choice of k3 and due to

5 )2 ~\k2—cy log2
hloc > 9~ Un , (10g~n) Z (logn) _

n n

the factor
1
~ -3 1 N

A.16 (ﬁhlnoc ks, ) * < log 77) 3 (c1 log 2—r2)
( ) k p( ) m( g )
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tends to zero logarithmically. We now show that F? is Euclidean with envelope
1K | sup

1
F, = 1212 (Jog i) 3 (1 log 2—r2),
var (87

Note first that

FPCF = {fu,h,t (tER, 0<u< Jlﬂ(logﬁ)%(cl loa2=r2) 0 < h < 1}
with
I ht('):“'K(t_)
ol h
Hence,

sup N (FL, || - 1 (@) eFn) < N (y ”'L1<Q>’€> 7
Q P

where the supremum is running over all probability measures @), and it therefore
suffices to show that .# is Euclidean. To this aim, note that for any fy ¢, fv.g.s € &
and for any probability measure @,

| fupt — fogsllzi@

Fy,
o Wt = fonileng) | Mfont = Fogsllzi@
- Fy, Fy,
K 1 t—- -
oo Wl L (12 (o))
Fy 15K [ sup h g LY(Q)

Thus, using the estimate of the covering numbers in (A.8) and Lemma 14 in Nolan
and Pollard (1987), there exist constants A’ = A’(A, K) and v/ = v + 1 with

. Al v
sup N (y I |L1(Q),€) < ()
Q Fn g

for all 0 < € < 1. That is, .% is Euclidean with the constant function F;, as envelope,
and in particular

AN
(A.17) supsup N (FE, || - (|1 (@), eFn) < () ;
neN Q@ €

where the supremum is running over all probability measures Q). Hence, by Lemma
A.7, the P,-centered class FPO corresponding to FP is VC with envelope 2F), and

A/I U//
supsup N (F20, | - | 12(q): 26 Fn) < ()
neN Q €
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and VC characteristics A” = A”(A, K) and v"" = v"(v). Next, we verify the Bern-
stein condition

sup  sup /If(y)llp(y) dy < 02B.?
PEPn feFEO

for some B,, > 0,, > 0 and B,, > 2F,, and [ = 2, 3,4. First, for fg’k € FPo,
ma [ 11240 ply) dy
keT, ’

_ ]ag%x (np(ké@)il /1 { hlog /K kz5n + hif%y) dy}Qp (kén + izif%a:) dz
1

< o2

— N

with

52 = 2L (K lsup + L[ K11)*
" Mn
Also, using (A.16),

3
,gréaTX/lfnk )W p

A —3/2 1 3 .
= max (ﬁhﬁfi p(kén)) hlos. / { hloe / K(z /«5 + hles )dy} P (kén + hiﬁ;x) da
€l ’ —1 ’
~7loc —1/2
02 (1K llup + L 1K) - max (AL p(ko))
< 0'727, . Bn
with
K
(A.18) Bn:max{l—i—L* 1K ,2} F,.
1K [[sup

The condition

sup  sup / |f()|*p(y)dy < 02 B2
PEPn feFRO

follows analogously. Furthermore, it holds that ||2F}, ||sup = By According to Corol-
lary 2.2 in Chernozhukov, Chetverikov and Kato (2014), for sufficiently large n >
no(c1, ke, L*, K) such that B,, > o0, there exists a random variable

Zgyp = max Gp,f,
feFR’

and universal constants c;2 and c;3, such that for n < %(Iﬁ:g —clog2—-17)>0
(A.19)
sup P (an\/ﬁ

PE Py

max G.f — Z
feFk°

o logn
> 62,n|X2) < ci2 ((1ogn) 4 2 ) )
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where

T
. 2,n — Un
’ (

log i) —"/2 (log 7)—"/2 (log ) —n/3

with K,, = c13v”(logn V log(A" B, /0y,)), and Gp, is a version of the P,-Brownian
motion. That is, it is centered and has the covariance structure

EX' f(X1)g9(X1)

for all f,g € FP?. As can be seen from an application of the Itd isometry, it
possesses in particular the distributional representation

D
(A21) (Go P yerpn 2 ([ FoVE@aw @)
feFR®
where W is a standard Brownian motion independent of x3. An easy calculation
furthermore shows that €3, tends to zero for n — oo logarithmically due to the
choice of n. Finally,

sup P
PEPn
> T1,n o 0
< sup P®" (a, (Vimax G f—b, | > 2L, a,Vi| max GEf—2Z° | <e
_p€=£n b ( n( feFy nf " \/If‘< " f€]:7’,),’0 'n,f n,p| = £2;n X2

pr__ 70
max GP f — 7,

+ sup Pff’" (an\/ﬁ
feF®

PEPy

< sup Pf?” (an (\/’rtlZg,p — bn) > Ton
PEPy

x2) +o(1)

for n — oo, with

Ti,n T —E&1n

T
€T n = 2 — & n = — & n=——=
2, /L* 2, A /L* 2, Q/L*

+o(1).
The probability P, is bounded in the same way, leading to

inf P®"(q maxw/fzizloc —b <z
pez, P ™ keT, .k A

>2 inf PS" (a0 (VA 20, —ba) < @2

PEPn

P (k6. 11S) — EX D (K6, LS,

)

Xz) —14o0(1).

Next, we show that there exists some sequence (g3,,) converging to zero, such that

(A.22) sup P (an\/ﬁ

PEPp

X2> = o(1).

max Gp, f — max Gp, f| > €3,
feFh

feFR®
For this purpose, note first that
X2>

sup P <an NG

PEP,

max Gp, f— max Gp, f| > €3
FeFR° fery
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)

< sup P <|Yan\f 7 max IPpf] > €sn
pEP,,

with Y ~ A(0,1). Due to the choice of ¢;

27un/2 = o(1),

L*||K
anVn max |P,f| < anM
fern vM

which proves (A.22). Following the same steps as before
inf P®n (an (ﬁzg,p - bn) < ZTogp X2)

pPEP,
> inf P(an <\/T max Gp, f — b, ) < x3n|X2

pPELy, cFr

) +0o(1)
with 3, = 22, — €3,

Finally we conduct a further approximation, conditionally on xa,

(Yo p(K))

dw
keT, \/hlj ( hif% ) (l’)

keTy

to the process

(Vi [ st awia) )
in order to obtain to a suitable intermediate process for Step 3. With

xmm:fwmwmem
—Va / Fruk \/ \/p(kén)> AW ()

it remains to show that

= (\/ﬁ Gprn,k) k

n

keTy,

(A.23) lim sup PV (an max Voo (k)| > 54,n) =0

n—oo pegzn

for some sequence (£4,n)neN converging to zero. Note first that

max EWV2
keT,,
fIICnaxn/fnk —/p(kdy) )
€T,
2
_ 7 loc _
= p(mn / ( p(kdy, + h5.z) \/p(k(;n)) da
1 R
< 2 loc _
< o / K (2)? |p(kow + i) — p(ks,)| de
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L~ ||K||§ (iLlOC )B*

< max ok

keT, p(kdy)
_ LUK

—c1 84 log2
- M '

(log )

Denoting by || - [y, the Orlicz norm corresponding to ¥2(z) = exp(x?) — 1, we
deduce for sufficiently large n > no(c1, B, L*, K, M)

o Vi ()

sup
pEP, P2
< . (st Vo (k
< sup a c(i2) 3" (0, )IrcIé%“X Voo (R) [l

1
L*K2 e o 2
< an - etv) o (1467 (ELFE oy =o1o52) Ty,

< ap ~c\/@ (logﬁ)féclﬁ* log2

The latter expression converges to zero due to the choice of ¢; in (3.13). Thus,
(A.23) is established. Following the same steps as before, we obtain

)

> inf PV (an (max Y, (k) — bn> < x4,n> +0(1)

T peZ, keT,

pgg P?n <an <\/%]I€Ié%1X Gprn,k - bn) < T3n

for n — oo, with x4, = 3,5, — €4,

)

Step 3 (Reduction to the supremum over a stationary Gaussian process).
We are now ready to identify the least favorable case. Since K is symmetric and of
bounded variation, it possesses a representation

T
K(x) = / gdP
-1
for all but at most countably many = € [—1, 1], where P is some symmetric proba-
bility measure on [—1, 1] and g is some measurable odd function with |g| < TV (K).
Using this representation, and denoting by

1 7 ~
Wiea(2) = [ 7ec {W (k6 + hieg) = W (kan + 2hi25) }

n,k

1 7 oc > oc
e {W(lén +hig) = W(l6, + zhi%l)}

~ 1 R .
Wk,l(Z) = }Alloc {W(k5n - Zhifjc) — W(k(;n + Zhizojc)}

n,k

(A.24)
+ 71 {W (l5 + Zﬁloc) - W (l5 — Z;Lloc)}
illoc n n,l n n,l )

n,l
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Fubini’s theorem with one stochastic integration and the Cauchy-Schwarz inequality
yield for any k,l € T,

Eu (Yo (h) ~ Vo)

z—kép
1 S 7 loc
— Ew <‘/l// "R g(2)dP(2)1 {|x—k5n| ghﬁlyk} AW (z)
n,k

2
\/}7// g P {jo—15,] < hles} aw(a ))
= EW< g(2) {\/;/l{k%—&—zhl“ <z < kb, +hl°c} dW (z)
L loe
\/}7/ 15 +2hlos < & <15, +hl°C} W (x )}dP(z)>2

oy (/_1 (2)Wea(=) dP(z >)
—ew ([ o >(wk () = Wia(=2) dP(o))

,EW/ / Wit (2)Wiea(2') dP(2) dP(2')

2

< [ [ 1w {Ewiberenie?)  are are)
Lemma A.8 verifies that
EwWii(2)? <4
for z € [0,1], so that
1 2
Evw (Vap (k) — Yap(0))? < 4 ( [ 1ot dP(z)) < TV(K)?

for all k,1 € T,,. Consider now the Gaussian process

C15 kénfx
A2 Yo min(k) = K d , keT,,
(A.25) winl) =22 [ 1 (T ) awia), he
with
TV(K)
Cl5 = — 0y~
1K |2
Furthermore,

EW (Yn,min(k) - Yn,min(l))2 = EWYn,min(k)2 + EWYn,min(l)2 = TV(K)2
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for all k,1 € T, with k # [, so that
(A~26) EW(Yn,p(k) - Yn,p(l))2 <Ew (Yn,min(k) - Yn,min(l))2

for all k,l € T,. In order to apply Slepian’s comparison inequality we however
need coinciding second moments. For this aim, we analyze the modified Gaussian
processes

Yo p(k) = Yo p(k) + c16Z
Yn,min(/@) = Yn,min(/f) + c17Z4
with

TV(K
%), e = ern(K) = || Ko,

and for some standard normally distributed random variable Z independent of
(Yo p(k))ker, and (Yo, min(k))ker, - Note that these processes have the same incre-
ments as the processes before. In particular

Ew (Vi (k) = Yop (1)) = Ew (Yap(k) = Yo (1))
S EW (Yn7min(k) - Yn,min(l))2
- EW (Yn,min(k) - Yn,min(l))z

for all k,1 € T,, by inequality (A.26). With this specific choice of ¢16 and c¢17, they
furthermore have coinciding second moments

c16 = c16(K) =

_ _ TV(K)?
B Vo ()7 = B Fomin (6)” = AR 43
for all k € T,. Then,
piGI}@f:n PW (an (gé%% an(k) — bn> S Igm)
= piergn PW ( (?é%}i Yn N —c164 — bn) < Z‘4,n>
> inf PV —c16Z — by, ) < n,—Z<—b
2 pg}@” ( ( C16 ) T4, =300 )
> inf PW Y, 2b < P|—Z> L —b
in max Y, “bn | <4y ) — n
T pe2, keT, }i p 3 4 3016

. 2
> inf PW< <maxynp(k) 3bn> gu,n) +0(1)

pPEDP, keT,

for n — oo. Slepian’s inequality in the form of Corollary 3.12 in Ledoux and Tala-
grand (1991) yields

2
25, P (on (g Pt = ) < 210

2
> pW < <max Yy mmin (k) — 3bn> < x47n> .

keT,
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Step 4 (Limiting distribution theory). Finally, we pass over to an iid sequence
and apply extreme value theory. Together with

2
pW (an (max Y, min(k) — bn> < x4 n)
keT, 3 ’

2 1
> pW (an (max Yy min(k) + c17Z — bn> <Zyn, Z<-—0b )
keT, ’ 3 ’

o
(v

1
Yn ,min k - 7bn é n P Z 71)
(i%a): ( ) 3 > e, ) ( o 3817 )
as n — oo, we finally obtain

(max Yo min (k) — ;bn) < x4yn> +o(1)
1nf pm ( ( sup 1/ nhloc(t) ‘Aloc t, htoc(t) —p(t)‘ - bn> < .TJ)

PW

kET,
te[0,1]
1
> 2P < <max Y, min (k) — 3bn> < a:47n) —1+o0(1).

kET,
Theorem 1.5.3 in Leadbetter, Lindgren and Rootzén (1983) yields now
(A.27)

Eﬁw:PW(%(&%J%mJM—;m>§x>—9F@%zwﬂ—wﬂ—m)

for any = € R. It remains to show, that F},(x,) — F(z) for some sequence x,, —  as
n — oo. Because F' is continuous in x, there exists for any € > 0 some 6 = d(¢) > 0

such that |y — x| < ¢ imlies |F(z) — F(y)| < &/2. In particular, for y = z £ 6,
(A.28) |H@—F@+M§§ wdyﬂ@—F@—mgg.

As z,, — x, there exists some N1 = Ni(e), such that |z, — x| < ¢ for all n > Nj.
Therefore, employing the monotonicity of F,,

[Fn(wn) — F(a)| < [Fo(z+0) = F(2)| V[Fu(z = 6) - F()|
for n > Ny, where
|Fp(z£0) — F(z)| < |Fp(z£06) — Fz £0)| + |F(z £0) — F(z)| < e
for n > Ny = Na(e) due to (A.27) and (A.28). Consequently,

Aloc( hloc( )) —p(t)’ _ bn> < 1,)

1
> i : N — < _
>2 lim P <an <£%E¥§ Y min (k) 3bn) < x47n> 1+0(1)

n—oo

lim inf P (an ( sup \/nhloc(t)

n—00 peFp tel0,1]

:2P(\/FG§QC)—1+0(1), n — 0o,

for some standard Gumbel distributed random variable G. O
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A.5. Proofs of the results in Section 4.
PROOF OF PROPOSITION 4.1. We prove first that

(A.29) lim sup Py? <5n(k§n) > jn(kd,) + 1 for some k € Tn> =0.

n—oo PE .@n

Note first that if jn(kﬁn) > jn(k&,)+1 for some k € T, then j,(kd,)+1 cannot be
an admissible exponent according to the construction of the bandwidth selection
scheme in (3.15), that is, jn(kd,) + 1 ¢ A, (kd,). By definition of A, (kd,) there
exist exponents m,, , m’mk € Jn, with my, , > m;,k > jn(kd,) + 4 such that

. . logn
max 52 (5, ) — B2 (5, ml )] > ey =Bl
s€B(képn, 5 2= Onkon)+D)) ", n2=mn,

Consequently,

P> (jn(ktsn) > jn(kd,) + 1 for some k € Tn)

<Py <3k €T, and 3m”7k7m;z,k € Jn with my, 1 > m;)k > jn(kd,) + 4 such that

. R logn
max ORI R U CR A B \/T
s€B(koy, 5 -2=0nken) T )3, n2—Mn,

<> > pe <m>m’25n(k5n)+4and

meJn m'€Jn

max 5P (5,m) — pi2) (s,m)]

s€B(kdp, 5 2= Onkon)+0) )3,
logn
> Cot/ = ] for some k€ T, |.
n2-m

We furthermore use the following decomposition into two stochastic terms and two
bias terms

max

< ﬁg)(svm) 7]35?)(5’7‘”/)
s€B(kdy,,5-2=Gnk8m)+1)) N3,

< max
s€B(képn, 5 2= Onkon)+D) 3,

5 (s, m) — BB (s.m)

max
s€B(kép,§-2-Gn o)+ D),

Ex2pP (s,m) — pls)|

]5512)(8, m’) _ E;}(zﬁ(?) (s, m/)

n

+ sup
s€B(kdy,, 5 -2=0n(ksn)+1))

+ sup
s€B(kdy,, 5 -2=0n(ksn)+1))

Ex* P (s, ') — p(s)]



SUPPLEMENT TO "LOCALLY ADAPTIVE CONFIDENCE BANDS” 33

In order to bound the two bias terms, note first that for any m > m’ > j,(kd,) +4
both

1

g L9 Gn(8)+1) — 9=Ga(k)+1) _ L 9 (Gathon)+1) < o-Gu(ks)+1) _ g-m

and

z . 2_(jn(k5n)+l) e 2_(3n(k5n)+1) — 1 . 2_(3n(k5n)+1) S 2_(3n(k75n)+1) — 2_777’/.

According to the Admissibility Condition 3.5 and Lemma A.3,

P|B(ké,,2-Gntken) i) € Hg*,B(k(smz—(in(kanwn) (5;: (B <k5n72_j"(k6"))) ,L*> )

so that Lemma 4.4 yields,

sup E;;?pg) (s,m) — p(s) ‘
s€B(kdp, §-2=Gnkén)+1))

< sup 35 (5,m) — ()
s€B(kS,,,2— (Gn (kdn)+1) _2—m)

< b22_m5p(B(k(SmQ*in(kan)))
< b22*m5p(B(k6n,ﬁn(k5n)))

S b227m5n,p(k5n),
with the bandwidth h,,(-) as defined in (4.1), and analogously

Sup Eyﬁg)(& m') —p(s)] < bZQ*m’ﬁn,p(kén)'
SGB(’C%,%-2*<3n<k6n)+1>)

Thus, the sum of the two bias terms is bounded from above by 2bsh,, (kd,, )?n-» (ko)
such that

p—
ne sup E;fzﬁﬁf)(s,M)—P(S)‘
logn s€B(kS,,L-2-Gn(kon) 1))

nyg

+ sup EX2p? (s, m') — p(s)‘
s€B(koy,, 5 -2-0nkon)+1)))
< M - 2y by, (K6, )Prow (KOn)
logn
S C21,

where co1 = ¢91 (B, L*, &) = 2by - 27 Fmin(28-+1)/2 Thus, it holds

px: (j’n(kén) > Gn(k6,) + 1 for some k € Tn)
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< Z Z {F’;<2 <max max PP (s,m) — EX2pP) (s, m)‘

keT), seB(k5n,§-2*(5n<k5n>+1>)m7-tn

meTn m'€Jn
> Co — C21 logﬁ
2 n2-m
+ Px? | max max P2 (s,m’) — E;f"’ﬁg)(s,m’)
keT, seB(kgmé.Q*(Jn(kanl))m’}-[n

Co — C91 IngL
Z 75 Vazw > }

P2 (s.h) = EXpD (s, )| > 2 _2021> :

nh

<2 2.px2 [ sup max -
<2177 Py (Se}ahegn log 71

Choose ¢3 = ca(A, v, By, L*, K, ¢) sufficiently large such that
(A.30) C2 2 €21 + 2o,

where 79 is given in Lemma 4.3. Then, Lemma 4.3 and the logarithmic cardinality
of 7, yield (A.29). In addition, we show that

(A.31) lim sup PX’ (jn(kan) < kn(k0,,) for some k € Tn> —0.
n—o0o0 pEP,,

For ¢t € [0, 1], due to the sequential definition of the set of admissible bandwidths

A, (t) in (3.15), if j,(t) < jmax, then both j, (¢) and J,(t)+1 are contained in A, (t).

Note furthermore, that k,(t) < jmax for any t € [0, 1]. Thus, if j,(ké,) < kn(kd,)

for some k € T, there exists some index j < k,(kd,) + 1 with j € A,,(kd,) and

satisfying (3.10) and (3.11) for u = 277 and t = k§,. In particular,

logn

5(2) ; _ 52 7 _ e
max PP (5,3 +3) = B (5.3 (k8,)| < ey

s€B(kdn,L-279)NHy

for sufficiently large n > ng(cy1), using that j,(kd,) € J, for any k € T,,. Conse-
quently

P> (jn(kén) < kn(k6,,) for some k € Tn)
(A.32)

< Z px2 <3k €Ty 1 j < kn(kdn) + 1 and pip(rs, 2-i) € Hp= B(ks,,2-5)(B, L")
JE€Tn

B
and sup [(Kg*p)(s) —p(s)| > I for all g € Goo with
s€B(kb,,2-7 —g) logn
g <270+ and max PP (5,5 +3) — za?(s,}n(kén))(

s€B(kdn,T-279)NHy

< logn
- 02 ’FLZ_;" (kén) ’
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The triangle inequality yields

mase [ (s 8) = 52 (s (k)|
s€B(kbn,T-279)NHn

> max B (s, +8) — BB (s u(kdn)
s€B(kon,T-279)NHy P P

— max
s€B(kdn,5-279)NHn

PP (5, +3) — B (s, +3)

— max
s€B(kdn,5-279)NHn

P2 (5. (6n)) = EX*P2) (5. (k61))
We further decompose

eB(ks m?:;j)m-[ Eggﬁf)(s,j +3) — Egzﬁg)(sjn(k%))’
S nig" n

> omax B +3) — p(s)
s€B(kbn,L-279)NHn

— s B (s du(k6n) — pls) -
s€B(kon,§-277)
As the Admissibility Condition 3.5 is satisfied for v = 277 and t = ké,,, together
with Lemma A.3 we both have

(A.33) PIB(ké,,2-7) € Hp B(ks,,2-9) (»3;: (B (kén,277)) ,L*)
and

gPr(B(kon277))
(A.34) sup [(Ky *p)(s) = p(s)| 2 =—————

s€B(kd,,2=7—g) logn

for all g € Goo with g < 27U+3), In particular, (A.33) together with Lemma 4.4
gives the upper bias bound

sup
s€B(kon,5-277)

£ (5, 7n(152)) — p(s)| < by - 27709 (B(050270))

for sufficiently large n > ng(c1), whereas (A.34) yields the bias lower bound

sup
s€B(kdn,5-277)

Ex5(2 (5,5 +3) — p(s)

- - 5P (s, +3) — p(s)
s€B (k&2 —2-(i+3))
9= (+3)Bp(B(kén,277))

(A.35)

logn
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To show that the above lower bound even holds for the maximum over the set
B (kb,, % 277) NHy, note that for any point k6, — %2’j <t<ké,+ %Q’j there
exists some t € H,, with |t — | < 6, and

Ex*p2) (8, +3) — p(t)
‘/K p(t+270+3)g) — (t)}dx
‘/K (f4+27092) = p () fda
/|K p(t+27 0+ — (z?+ 2*(j+3)x)’da:

- / K (@) [p(t) - p (B) | dz

(A.36)
— 2| K}, L" -

‘/K (F4+270+92) = p(7) pdw

where

|t _ ﬂﬁ* < 55*

1
. log 7\ 2
S 2_]min < 0%’”‘) (log ,i:’L)—2
n
Bn(kén)ﬁn,p(kén)

(logn)?
2_(3n(k6n)_1)ﬂn,p(k6n)

(log72)?
9= (143 p(kb,)

(log )2

for sufficiently large n > ng(c1). For n > ng(c1) and j € J, with j < k,(kd,) +1
279 > oMl 9=in(kon) 5 | (k5,).
Together with (A.33), this implies

(A.37) Bp(B(k6n,277)) < B p(kdn)

since otherwise p would be 3-Holder smooth with 8 > 3, ,(kd,) on a ball B(kd,,r)
with radius r > h,,(t), which would contradict the definition of 3, ,(kd,) together
with Lemma A.11. This implies

9= (+3)Bp(B(kén,277))

(logn)?
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Together with inequalities (A.35) and (A.36),

max
s€B(kdn,Z-279)NHy

Ex*52) (5,5 +3) — p(s)|

2- (j+3)ﬁp(3(k‘5n727j))

> sup
s€B(kdn,L-277)

1 9= (+3)Bp(B(kén,277))

Ex2p?) 3) ‘ — 9| K|, L
(5.5 + e

- 2 logn
for sufficiently large n > ng(L*, K, ¢1). Altogether, we get for j < k,(kd,) + 1

ﬁ2_;71(k5n) A(2) A(Q) -
P max B, +3) — B (5, T (ke))|
logn s€B(kdn,L-279)H,,

2 Jn(kdn)
et L N - S RO
logn 5€B(kdn,L-279)NHn

— max ‘Exz p(2 )( ,Jn (kb)) —p(s)’)

s€B(kdy,L-279) "My

~7 —( ! k6,277 _ )
ngq(k{n) (; 2 (J+3)/3IP(BE 277) . 2jn(k5n)ﬁp(3(k5m2—J))>
ogn ogn

~7 _ ) n (k6n)—j—4)Bp(B(kdn,277
il (k8n) o G (ks ~1) By (Bks, 20y (L 2000 TT7 00 BENZ TN
2logn 2 logn

1P (K0n) oG (ko)1) (ko 2=y (2070
—2 — ba2 .
2logn 2 logn

We now show that for j € 7, with j < k,(kd,) + 1, we have that
(A.38) Bp(B(kén, 277)) < B*.

According to (A.37), it remains to show that 5, ,(kdy) < 5*. If B, p(kdy,) = 0o, then
In(kdp) = jmin- Since furthermore j € J,, and therefore j > juin, this immediately
contradicts j < k,(kd,) + 1. That is, j < k,,(kdy) + 1 implies that 3, ,(kd,) < co
which in turn implies 5, ,(kd,) < 5* according to Remark A.2. Due to (3.13) and
(A.38), the last expression is again lower bounded by

T (k6n)
logn

26p (B (kén,279))+1
2

C T (ki) P (B (0,279 Qi

for sufficiently large n > no(L*, K, B«, 8%, 1, c2). Recalling (A.37), we obtain

A2 n (kn) X2 52) (5. X252 (5,
- max Expyn (s,5 +3) —Ex?Dy (s, Jn(kdn))
log 72 s€B(kdn,L-279)NHn
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26p (B (kén,277)+1
2

nhy, (kéy,
= 3¢ log(gn :

B (kén)ﬁn,p(k‘sn)zjmin
= 362.

Thus, by the above consideration and (A.32),
Py (jn(/asn) < ky(k6,,) for some k € Tn) <3 (P + Pja)

JE€EIn

for sufficiently large n > no(L*, K, B, 8%, ¢1, c2), with

—(J+3)
Pj,1PX2<E|k€Tn J < kn(kdyn) +1and1/
logn

PP (5.5 +3) — EpP (s, +3)| > cz>

max
5€B(kdn, 5279 )" Hy

X . 7712_371,(]‘5671)
Pj,2 = Pp2 dk € Tn < kn(k(sn) +1 and W

. max
s€B(kbn,T-279)NHy

PP (5, ja(k6n)) — EX D (s, Gu (ko) = cz)-

Both P;; and P;2 are bounded by

log

P;; <PX2 | sup max
= SE’J-Il) hegn

(2)(3 h) — E;‘Zﬁf)(s,h)’ > c2> , =12

For sufficiently large co > 19, Lemma 4.3 and the logarithmic cardinality of 7,
yield (A.31). O
PrRoOOF OF LEMMA 4.2. We prove both inequalities separately.

Part (i). First, we show that the density p cannot be substantially unsmoother
at z € (s,t)_ than at the boundary points s and ¢. Precisely, we shall prove that
min{h,(s), h,(t)} < 2h,(2). In case

anp(s) = 5n,p(t) =0

Ry, (t) = 279minwe immediately obtain h,(z) >

that is hy,(s) 27 Jmin gince

B (z ;w) C B(s, hn(s)) N B(t, hn(t)).

Hence, we subsequently assume that

min{ B, (), Bnp(t)} < co.



SUPPLEMENT TO "LOCALLY ADAPTIVE CONFIDENCE BANDS” 39

Note furthermore that

(A.39) min {ﬁn(s), iLn (t)} = hmin{ﬁn,p(s),ﬁn,p(t)},n-

In a first step, we subsequently conclude that

1 _
(A.40) Z+ ihmin{ﬁn,p(s)yﬂn,p(t)}yn < 84 hp(s)
or

1 _
(A.41) z— 5hmin{ﬁn,p(s),/an,p(t)},n >t — hy(t).

Note first that |s — t| < hg,, for all 8 > B, by condition (4.2). Assume now that
(A.40) does not hold. Then, inequality (A.41) directly follows as

z— %min{i_zn(s), ho(t)} =2+ %min{i_zn(s), hy ()} — min{h, (), hn(t)}

> 54 hy(s) —min{hy,(s), h, (t)}
>t (t—s)

>t — hy(t).
Vice versa, if (A.41) does not hold, then a similar calculation as above shows that

(A.40) is true. Subsequently, we assume without loss of generality that (A.40) holds.
That is,

1
S — hn(S) <z - 5hmin{ﬁn,p(s)ﬁn,p(t)}m

1
(A.42) <2+ Ghmins, 4 (5).Bup(O}0
< 54 hy(s).

There exists some B > 0 with
1 _ _
(A.43) h,é,n =3 min{h,(t), hn(s)}.

for sufficiently large n > ng(B.). Equation (A.43) implies that

(A.44) B < min{Bp(s), Bup(t)} < Brp(s)-
Finally, we verify that
(A.45) Bnp(z) > B.

Using Lemma A.11 as well as (A.42), (A.43), and (A.44) we obtain

1Pl 5,60 B2,
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[BAB" ]
= (k) _ B
= Z ||p HB(z,%min{hn(t),hn(s)})
k=0
(LBAB™]) _ (LBABT])
+ sup lp (z) —r * (y)]
z,y € B(z,3 min{hn (t),hn(s)}) |x—y|ﬁfLﬁ/\BJ
zF#Y
< L*.

Consequently, we conclude (A.45). With (A.39) and (A.43), this in turn implies
min {h(5), hn(t)} = 2h5, < 2hs, ()0 = 2hn(2).

Part (ii). Now, we show that the density p cannot be substantially smoother
at z € (s,t) than at the boundary points s and ¢. Without loss of generality, let
Brp(t) < Bnp(s). We prove the result by contradiction: assume that

(A.46) min {Fin(s), Fin()} < % o (2).

Since t — 2 < hg /8 for all 8 > B, by condition (4.2), so that in particular ¢ — z <
h,(t)/8, we obtain together with (A.46) that

(A.47) % (z —t+ hy(2)) > % (hn(t) + Sﬁn(t)> = hn(t) > 0.

Because furthermore 3 (z — ¢ + hy(2)) < 1, there exists some ' = §'(n) > 0 with

1 _
hgrn = 3 (z—t+ hy(2)) -

This equation in particular implies that hg: , < %i_zn(z) and thus ' < S, ,(2).
Since furthermore ¢ — z < hy,(z) by condition (4.2) and therefore also

z—hn(2) <t—hg ., <t+hg.,<z+h(z),
we immediately obtain
Iplls 6%, B(tg ) < L7
so that
Brp(t) = B
This contradicts inequality (A.47). O

PRrROOF OF LEMMA 4.3. Without loss of generality, we prove the inequality for
the estimator 13511)(~, h) based on x;. Note first, that

n

D (F(X) —Epf(X0)

=1

B (s, h) = EXBD (s, )| = sup
fegn

nh
sup sup -
s€Hn heG, || 10g7
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with
&, = {fnsh() = (ﬁhlogfz)_%K (;LS) :se€Hy, he gn} )
Observe first that

sup Varp(fn,s,h(Xl)) < sup Epfn,s,h(Xl)2
pPEP, PEP,

2

1 r— S
pi?i»’nﬁhlogﬁ/ ( h )p(m) ’
L*| K3
nlogn

2
n

<
=0
uniformly over all fi, s, € &,, and

sup max ||fn s h”sup < max H Hsup

seH,, h€Gn heGn v/nhlogn

= || K||sup (log ﬁ)_'iz;l
[Kllswp .
=:Un,
~ (log7)3/2 '

where the last inequality holds true because by definition of ko > 2 in (3.13). In
particular ¢,, < U, for sufficiently large n > no(L*, K). Since (~hlogn)~'/? < 1
for all h € G,, and for all n > ng, the class &, satisfies the VC property

. A//
limsup sup N (&, || - [ 220+ €| K lsup) < ()
n—00 Q €

for some VC characteristics A” = A”(A, K) and v/ = v+ 1, by the same arguments
as in (5.11). According to Proposition 2.2 in Giné and Guillou (2001), there exist
constants coo = co2(A”, V") and ¢5 = ¢5(A”, "), such that

nh
P3| sup max
s, h€Gn || logn

A(l)(s h) — Elen (s, h)‘ >

Un
(A.48) <csexp | — U log | 1+ il 5
e s (ViR + Un/log(A70, /)
< c5exp <— " log (1 4 co3nU, logn) )
C5Un

uniformly over all p € &2, for all n > ng(A”, K, L*) with co3 = co3(A”, V", L*, K),
whenever

AU, AU,
(A.49) n > cag (Un log ( ) + /no2y[log ( ) ) .
On On
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Since the right hand side in (A.49) is bounded from above by some positive constant
no = no(A”, v, L*, K) for sufficiently large n > ng(A”,v", L*, K), inequality (A.48)
holds in particular for all n > ng(A”, v, K, L*) and for all > ng. Finally, using the
inequality log(1 +x) > § for 0 <z < 2 (Lemma A.9), we obtain for all 5 > 1o

nh
Px* | sup max
$E€H, hEGn logn

A(l)(s h) E;‘lﬁg)(S, h)‘ > 77)

< c5exp (—cun(log ﬁ)3/2 log (1 + co5

7o
Vlogn
1 -
< c5exp (—2024025n0n10g n>

uniformly over all p € £, for all n > no(A”,v”, K, L*) and positive constants
Cag = co4(A" V' K) and co5 = co5(A”, V", L*, K), which do not depend on n or
7. O

PrOOF OF LEMMA 4.4. Let t € R, g,h > 0, and

P|B(t.g+h) € Hp= B(t,g+h) (55 L).

The three cases 5 < 1,1 < f < oo, and § = oo are analyzed separately. In case
5 <1, we obtain

sup (K +p)(s) ~ p(5) < [ IK(@)| sup [pls+ ho) — p(s)]da.
s€B(t,9) seB(t,g)
where
/ J—
sup [p(s +ha) —p(s)| <h7- sup M < Lh’.
s€B(t,g) s,s'€B(t,g+h) |S -S
s#£s’

In case 1 < 8 < oo, we use the Peano form for the remainder of the Taylor poly-
nomial approximation. Note that 8* > 2 because K is symmetric by assumption,
and K is a kernel of order |$*]| = * — 1 in general, such that

sup |(Kp *p)(s) — p(s)]

sE€B(t,g)
= sup /K p(s+ hx) — (s)} dx
s€B(t,g)
Py
= sup /K p(s+ hz) — SLB/\B < (s+ha)+ Z N - (hz)® 3 dx
s€B(t,g) k=1

IN

K(x)| sup ’ps—i—hx R i X s—i—hx‘dm
/1 @) s [pls-tho) = B )
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BAB™ 1) (5) — p(LBAB"
PP D) = p WD) ) visrs] g

< [IK@]| sw suw

s€B(t,g) s'€B(s,h) LB A B!
RLBAB™ |y B—BNB"] |p(mAﬁ*J)(s/) _ p<LﬁAﬂ*J>(s)|
< - [ |K(z)] sup  sup _ dz
BAFT S SR O P e
s'#s
(A.50)
< L||K|[1h”.

In case 3 = oo, the density p satisfies p|p(t,g+n) € Hp«,B(t,g+h) (B, L") for all 5> 0.
That is, the upper bound (A.50) on the bias holds for any 8 > 0, implying that

sup |(Kn*p)(s) —p(s)] =0.
s€B(t,g)

This completes the proof. O

PROOF OF LEMMA 4.5. Note that by symmetry of K

(Kp xp)(s) —p(s) = % /_1 K(z) (p(s + hx) + p(s — hz) — 2p(s)) dz.

The upper bound can thus be deduced exactly as in the proof of Lemma 4.4. [J
A.6. Auziliary results.

LEMMA A.8. For z € [0,1], the second moments of Wy, 1(2), k,1 € Ty, as defined
in (5.18) are bounded by

EWWk,l(z)Q S 4.

PROOF OF LEMMA A.8. As Wy (-) = =W x(+), we assume k < | without loss
of generality. For any k,l € T},

10
EWWk,l(z)z = Z Ei
i=1

with
E| = 11 Ew W (kd,, — zh!%5,)?
n,k
- ké,, — zﬁff‘jc
il
By = — 2 By W (kb — 2B )W (kS + 20l%%)

7 loc
n,k



71l
Ko — zhigh
7loc
hn,k

2 . - loe
By = ————EwW(kd, — zh5 )W (15, + zh!°)

= N )L
hloc hloc "
n,k'"n,l
7 loc
2k5n - zhn,]C
[T loc 7 loc
hn,khn,l
2
/1 loc 7loc
hn,khn,l
: 7 loc 7 loc
2m1n{k5n —zh05, 165 — 2y 5}
/7 loc 7,loc
hn,khn,l

1 N
Es = WEWW(kdn + zhl%5)?

Ey=— Ew W (kd,, — zhl0S)W (16, — zhlS)

n,l

n,k
ko, + zhlos,
hit'
2 ) .
Eo = ————EwW(kd,, + 2h!5)W (16, + zh!07)

\/ oS nLos
 min{kdn + 2hl%5 16, + zhlos
ploc 7l
\ gha

Ew W (kS + zhi0S)W (16, — zhlc5)

n,l

2

i loc 7 loc
\/ hn,khn,l

Qmin{k(sn + 2h1%, 16, — zhlo5}

/7 loc 7, loc
hn,khn,l

b =

1 .
By = ——EwW (I8, + 2hy5)?
n,l
16, + zh!e
hlos
2 R .
By = — o Ew W (16, + zhi0))W (16, — zhl29)
n,l
16, — zﬁifj
Sk
1

Eyo = =—EwW (16, — zhy5)°

n,l
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16, — zhl%s
— f.
by

Altogether,

Ev[/VVk’l(Z)2 =4z + jloc 16, loc}

9 .
_z (k;dn — b5, — min { ko, — 2RSS,
\/ es nlog

— min {k5 + 2k " loc 16, + Zhloc} -+ min {kén + zﬁiﬁ%,lén - zlAzln"j} ) )

We distinguish between the two cases
(i) kb, — 2hl5 <16, — 2h!%5  and (i) kb, — 2Rl > 16, — zh!%S.

In case (i), we obtain

EWWk,l(Z>2 =4z + jloc 15, loc}

2
—_— (min {kén + 2l s
N
— min {kén + zﬁi{’jﬁ 10n + zh“’c} )
< 4.

In case (ii), we remain with

2
/T loc 7 loc
hn,khn,l

If in the latter expression kd,, + zh!%, < 16, + zhl%, then

n,l?

Ewwk,l(Z)Q =4z + <k5 loc — min {kén + zizifi, 16, + zhloc} )

4Zilloc

_ Tk < 4,
ploc 1l

\ il

Otherwise, if k6, + z/Alef% > 10, + zhlo¢ we arrive at

n,l?

Ewﬁ/k,l(z)2 =4z —

EWvT/kJ(Z)Q =4z +

2 .
= ((k —1)0, — 2 (h“’; + hlw) ) <4
\/ s hleg
because k <[ and z € [0, 1]. Summarizing,

Ewwk,l(z)Q < 4.
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LEMMA A.9. For any z € [0,1], we have

e’ —1<2z.

PrOOF. Equality holds for x = 0, while e — 1 < 2. Hence, the result follows by
convexity of the exponential function. O

LEMMA A.10. For any x € R\ {0}, we have

sin(x) < mj
x ~ 6

1-—

PROOF. Since both sides of the inequality are symmetric in zero, we restrict our
considerations to x > 0. For positive z, it is equivalent to

f(x) = sin(x) ,er%?) > 0.

As f(0) =0, it suffices to show that

f'(z) =cos(z) — 1+ x—z >0

2
for all # > 0. Since furthermore f’(0) = 0 and
/" (z) = —sin(z) +2 >0
for all z > 0, the inequality follows. O

The next lemma shows that the monotonicity of the Hélder norms ||-||g,.v < ||||,,t
with 0 < 81 < B stays valid for the modification || - ||g,g+,u-

LEMMA A1l. For0< p1 < By < oo and p € Hp« v (B2),

Ipllgy.6+0 < Ipllga.p0

for any open interval U C R with length less or equal than 1.

PROOF. If B < o, but [ A B*| = |52 A B*], the statement follows directly
with

L8187 (1B2AB")) (1B2AB"])
_ Z (k) Ip () —p ()|
||p||ﬁ175*7U N k=0 ”p ”U " w,syuepU |117 - y‘ﬁl—[ﬁw\ﬁ*J < ”pHm’ﬁ*’U'
= Ty

If B1 < B2 and also |51 A B*] < [B2 A B*], we deduce that 51 < f* and [51] +1 <
| B2 A B*]. Then, the mean value theorem yields

Lo (181]) (181))
o (k) [p't71 1) (z) — ptPd) (y)]
1pllgy,6+.0 E:O PNl + T r =y

TH#Y
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[B1]

<> Pl + Pl sup fo—y|= LoD
k=0 "’”’y;U
TFY

[B1]+1
< > 1PN
k=0
[B2AB"]

N

k=0

< |Ipllg..p+.v-
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