EXISTENCE OF AFFINE REALIZATIONS FOR STOCHASTIC
PARTIAL DIFFERENTIAL EQUATIONS DRIVEN BY LEVY
PROCESSES

STEFAN TAPPE

ABsTRACT. The goal of this paper is to clarify when a semilinear stochastic
partial differential equation driven by Lévy processes admits an affine real-
ization. Our results are accompanied by several examples arising in natural
sciences and economics.

1. INTRODUCTION

The goal of this paper is to clarify when a semilinear stochastic partial differential
equation (SPDE) of the form

(1.1) {d’"t — (Are+ alr))dt + o(r_)dX,
To = ho

in the spirit of [18] driven by a R™-valued Lévy process X (for some positive integer
m € N) admits an affine realization. Affine realizations are particular types of finite
dimensional realizations (FDRs). Denoting by H the state space of (1.1), which we
assume to be a separable Hilbert space, the idea of a FDR is that for each starting
point hy € H we can express the weak solution r to (1.1) as

(1.2) r=p(Y)

for some R%-valued process Y (where d € N is a positive integer) and a deterministic
mapping ¢ : R? — H, which makes the infinite dimensional SPDE (1.1) more
tractable. If we have a representation of the form (1.2), then the mapping ¢ is the
parametrization of an invariant submanifold M.

We speak about an affine realization if for each starting point hg € H we can
express the weak solution r to (1.1) as

(1.3) r=19+Y

with a deterministic curve ¥ : Ry — H and a stochastic process Y having values in
a finite dimensional subspace V' C H. In this case, we also say that the SPDE (1.1)
has an affine realization generated by V, and the invariant manifold (M;)cr, is a
collection of affine spaces M, = ¥(t) + V, also called a foliation.

Note that the existence of an affine realization makes the infinite dimensional
SPDE (1.1) very tractable, because then we have a simple structure of the invariant
manifolds, which might be more complicated for a general FDR. Surprisingly, in
many cases we can deduce the existence of an affine realization from the existence
of a FDR:
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e As shown in [11], the existence of a FDR for the Wiener process driven
HJMM equation implies the existence of an affine realization. Here we use
the name HIMM equation, as it is the Heath-Jarrow-Morton (HJM) model
from [13] with Musiela parametrization presented in [4].

e Asshown in [24], for the general Lévy process driven SPDE (1.1) the flatness
of an invariant manifold is at least equal to the number of driving sources
with small jumps. Thus, if the SPDE (1.1) has driving Lévy processes with
small jumps, then every FDR up to a certain dimension must be an affine
realization.

There is a substantial literature about invariant manifolds and FDRs for SPDEs.
Stochastic invariance of a given finite dimensional submanifold has been studied in
[8], and — based on the support theorem presented in [15] — in [16] for SPDEs driven
by Wiener processes, in [10] for SPDEs driven by Wiener processes and Poisson
random measures, and in [24] for SPDEs driven by Lévy processes. The existence
of FDRs for the HIMM equation driven by Wiener processes has intensively been
studied in the literature, and we refer to [3, 2, 11, 12] and references therein, and
to [1] for a survey. Furthermore, the existence of affine realizations for the HIMM
equation has been studied in [21, 23] with a driving Wiener process, and in [22, 19]
with a driving Lévy process.

The goal of this paper is to clarify when the general SPDE (1.1) driven by Lévy
processes has an affine realization, which has not been treated in the literature
so far. Compared to the aforementioned papers [21, 23, 22, 19], we use a slightly
different concept of an affine realization:

e We demand that for every starting point hg € H the weak solution r to
(1.1) is of the form (1.3), whereas in the aforementioned papers this is only
demanded for every hg € D(A), which denotes the domain of the linear
operator A: D(A) C H — H appearing in (1.1).

e On the other hand, our definition is more relaxed, because we only demand
that the invariant foliations are C°-foliations, whereas in the aforemen-
tioned papers they have to be C''-foliations.

Now, let us outline the main results of this paper. Concerning the precise assump-
tions on the Lévy process X and the parameters (4, «, o) of the SPDE (1.1) we
refer to the beginning of Section 2. We fix a finite dimensional subspace V' C H
and agree on the following terminology. We say that the subspace V is

o A-semi-invariant it A(VND(A)) C V;
o A-invariant if V. C D(A) and A(V) C V.

Our first main result presents necessary and sufficient conditions for the existence
of an affine realization generated by V' in terms of the parameters (A, «, o) of the
SPDE (1.1). We will provide the proof in Section 5.

1.1. Theorem. Suppose that the subspace V is A-semi-invariant. Then the SPDE
(1.1) has an affine realization generated by V if and only if the following three
conditions are fulfilled:

(1) V is A-invariant (or equivalently: V' C D(A)).
(2) For each h € H the projection (e vy is constant on h+ V.
(3) o¥(H) CV forallk=1,...,m.

Concerning Theorem 1.1, let us remark the following two points:

e The assumption that the subspace V' is A-semi-invariant does not mean a
restriction. Indeed, we will show that we can always rewrite the SPDE (1.1)
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equivalently as
dre = (Bro+ B(r))dt + o(r,)dX,
To = h07

such that the subspace V is B-semi-invariant; see Lemmas 2.3 and 2.4
below.

e In condition (2), we denote by II(, y)a the projection of the drift o on the
first coordinate U according to some direct sum decomposition H =U &V
of the Hilbert space. Condition (2) does not depend on the choice of the
subspace U appearing in H = U@V, which follows from Lemma 3.1 below.

Theorem 1.1 has the following immediate consequence:

1.2. Corollary. Suppose that the following three conditions are fulfilled:
(1) V is A-invariant.
(2) a(H)C V.
(3) o*(H)CV forallk=1,...,m.

Then the SPDE (1.1) has an affine realization generated by V.

In applications, one is often interested in linear SPDEs of the type (1.1), which
means that the drift « appearing in (1.1) is constant. We will see that for linear
SPDEs we can even skip the assumption that the subspace V' is A-semi-invariant,
and obtain our second main result, which we will also prove in Section 5.

1.3. Theorem. Suppose that the SPDE (1.1) is linear. Then it has an affine real-
ization generated by V if and only if the following two conditions are fulfilled:

(1) V is A-invariant.

(2) o*(H)CV forallk=1,...,m.

So far, we have specified a finite dimensional subspace V in advance, and asked
for an affine realization generated by V. If the SPDE (1.1) is linear, then there are
two approaches in order to analyze the existence of an affine realization without
specifying a subspace in advance:

e We will present a result (see Theorem 5.6 below) which states that the
linear SPDE (1.1) has an affine realization if and only if the volatility is
quasi-exponential.

e Another approach is to determine all finite dimensional A-invariant sub-
spaces, and to apply Theorem 1.3. This leads to a generalized eigenvalue
problem, which we will illustrate in Section 7 by means of several examples.

The remainder of this paper is organized as follows. In Section 2 we provide the
required preliminaries about SPDEs driven by Lévy processes, and in Section 3 we
provide the required results about direct sum decompositions of Hilbert spaces. In
Section 4 we present our results about C?-foliations, and in Section 5 we provide
the proofs of our main results concerning the existence of affine realizations. In
Section 6, we study the HIMM equation as an example of a nonlinear SPDE, and
in Section 7 we present several examples of linear SPDEs arising in natural sciences
and economics.

2. SPDES DRIVEN BY LEVY PROCESSES

In this section, we provide the required preliminaries about SPDEs driven by
Lévy processes. Let (2, F, (Fi)ier,,P) be a filtered probability space satisfying
the usual conditions. Let X be a R™-valued Lévy process for some positive inte-
ger m € N such that its components X!,..., X™ are nontrivial square-integrable
martingales. Let H be a separable Hilbert space and let A : D(A) C H — H be
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the infinitesimal generator of a Cy-semigroup on H. We assume that the generated
semigroup (S;):>0 is pseudo-contractive; that is, there exists a constant 8 € R such
that

S| < ePt for all t > 0.
Furthermore, let o : H — H and o : H — H™ be Lipschitz continuous mappings.

2.1. Remark. Under the above conditions, for each hg € H the SPDE (1.1) has
a unique weak solution; that is, a H-valued cadlag adapted process r, unique up to
indistinguishability, such that for each & € D(A*) we have

@Jﬁiﬂﬁh®4:£(QV&HV+@#ﬂ%»ﬂ5+[k§UU&JWXm teR,,

where we use the notation
t m ot
[eotnax. =3 [otronixt, ter,
0 170

for the vector Itd integral. We refer the reader, e.g., to [18] for further details.

2.2. Definition. Let B : D(B) C H — H be the infinitesimal generator of a Cy-
semigroup on H, and let 5 : H — H be a Lipschitz continuous mapping. Then the
SPDEFEs (1.1) and (1.4) are called equivalent if for each hg € H the weak solution
to (1.1) with ro = hg coincides with the weak solution to (1.4) with ro = hyg.

Let V' C H be a finite dimensional subspace. The following two auxiliary results
show that the assumption from Theorem 1.1 that V' is A-semi-invariant does not
mean a restriction.

2.3. Lemma. There exists a linear operator T € L(H) such that V is B-semi-
invariant, where the linear operator B : D(B) C H — H is given by D(B) := D(A)
and B:=A+T.

Proof. Let H=U@®YV be a direct sum decomposition of the Hilbert space H with a
closed subspace U. We denote by Iy : H — U and Il : H — V the corresponding
projections. There exists a subspace E C V such that V = (VND(A)) @ E. Let
Ae L(V, H) be the linear operator given by /~1|VOD(A) = Alyrpa) and /~1|E =0. We
define the linear operator T € L(H) as T := —IIyy Ally. Then, for each v € VND(A)
we have

Bv=Av —IlyAv =1IIy Av € V,

showing that V is B-semi-invariant. O

2.4. Lemma. LetT € L(H) be a linear operator, let the linear operator B : D(B) C
H — H be given by D(B) := D(A) and B:= A+ T, and let §: H — H be given
by B :=a —T. Then the following statements are true:

(1) B is the generator of a Cy-semigroup on H.
(2) B is Lipschitz continuous.
(3) The SPDEs (1.1) and (1.4) are equivalent.

Proof. The first statement is a consequence of [17, Thm. 3.1.1], and the second
statement follows from the Lipschitz continuity of o and T'. For the proof of the
third statement, let hg € H be arbitrary, and let r be the weak solution to (1.4)
with 7o = ho. Noting that D(A*) = D(B*) and B* = A* 4+ T*, for each £ € D(B*)
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we obtain

(€)= (€ ho) + / ((B*€,r) + (€, B(rs)))ds + / o(rs_)dX,

— (ko) + / (A€ + T, ra) + (€, a(rs) — Tre))ds + / o (ra_ )X,

0
— (6. ho) + / (A€, 72) + (€. a(ra)))ds + / o(re )dX,, tER,,

showing that r is also a weak solution to (1.1) with o = hg. An analogous calcula-
tion shows that the weak solution to (1.1) with rg = hg is also a weak solution to
(14) with ro = ho. O

3. DIRECT SUM DECOMPOSITIONS OF HILBERT SPACES

In this section, we will provide the required results about direct sum decom-
positions of Hilbert spaces. In particular, we will show that condition (2) from
Theorem 1.1 does not depend on the choice of the decomposition. For what follows,
let H be a Hilbert space.

3.1. Lemma. Let V C H be a finite dimensional subspace, let E C H be a subset,
and let B : E — H be a mapping. Then the following statements are equivalent:
(i) There exists a closed subspace U such that H = U @& V' and the mapping
Iy B is constant on E.
(ii) For every closed subspace U with H = U @V the mapping Iy B is constant
on E.

Proof. (i) = (ii): Let U be an arbitrary closed subspace such that H = U @ V. By
assumption there exists u € U such that IIyy8(h) = u for all h € E. There exist
unique @ € U and v € V such that v = @ + v. Therefore, we have

B(h)=u+v+1Iyp(h) forall he E,

and hence II;3(h) = @ for all h € E, showing that II;3 is constant on E.
(ii) = (i): This implication follows by choosing U = V*. O

We use the following definition for the formulation of condition (2) from Theo-
rem 1.1.

3.2. Definition. Let V. C H be a finite dimensional subspace, let E C H be a
subset, and let 8 : E — H be a mapping. We say that I3 is constant on E
if there exists a closed subspace U such that H =U ® V and the mapping Iy S is
constant on E.

3.3. Remark. By virtue of Lemma 3.1, the Definition 3.2 does not depend on the
choice of the subspace U.

4. INVARIANT FOLIATIONS

In this section, we will present the required results about C°-foliations. The gen-
eral mathematical framework is that of Section 2. Let V' C H be a finite dimensional
subspace. Throughout this section, we assume that V is A-semi-invariant. Recall
that, according to Lemmas 2.3 and 2.4, this does not mean a restriction.

4.1. Definition. Let k € Ny be a nonnegative integer. A family (My)ier, of subsets

M, C H, t € Ry is called a C*-foliation generated by V if there exists a mapping
€ CH(Ry; H) such that

M=)+ V forallt e Ry.

In this case, the mapping v is called a parametrization of the foliation (My)ier, .
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For what follows, let (M,);cr, be a C°-foliation generated by V. Here is the
formal definition of invariance of the foliation.

4.2. Definition. The foliation (My)ier, is called invariant for the SPDE (1.1) if
for all ty € Ry and hg € My, we have ro € My 1o up to an evanescent set!, where
r denotes the weak solution to (1.1) with ro = hg.

In order to prepare the notation for our next result, we define the union M :=
UteR+ M;. Furthermore, we fix a direct sum decomposition H = U ® V of the
Hilbert space H with a closed subspace U, and denote by Iy : H — U and
Iy : H — V the corresponding projections.

4.3. Theorem. The following statements are equivalent:
(i) The foliation (M;)ier, is invariant for the SPDE (1.1).

(ii) The following conditions are satisfied:
(4.1) V' is A-invariant (or equivalently: V C D(A)),
(4.2) My« is constant on My, for eacht € Ry,
(4.3) cfM)CV, k=1,...,m,
and the weak solution 1 : Ry — H to the H-valued PDE
40 { T = AU+ Hoa(u()
¥(0) = o,

where ug € U denotes the unique element such that Mo NU = {ug}, is a
parametrization of the foliation (My)ier, -

Before we provide the proof, we prepare an auxiliary result.

4.4. Lemma. Suppose that conditions (4.1)-(4.3) are fulfilled, and let ¢ : Ry — H
be the weak solution to the PDE (4.4). Then, for all to € Ry and all vg € V the
following statements are true:

(1) The SDE
(5) { dY; = (AY; +Hya(y(ty +1t) +Yy))dt + o(¥(to + 1) + Vi )dX,
’ YO = o

has a unique V -valued strong solution.
(2) The process r := (tg+ ) +Y is the weak solution to the SPDE (1.1) with
ro = ho, where hg := ¥(to) + vo.

Proof. The first statement follows from (4.1) and (4.3). For the proof of the second
statement, let £ € D(A*) be arbitrary. Then, by (4.4) and (4.2) we have

(€, ¥(to +1)) = (§,¥(to)) + (£, ¥(to + 1) —2(to))
to+t
— (e (i) + / ((A*€,0(s)) + (€ Tyali(s)))ds

=<€,1/)(to)>+/o ((A"€p(to + 5)) + (&, Mua(y(to + 5) + Yi))ds, tE€Ry.

LA random set A C Q2 x Ry is called evanescent if the set {w € Q : (w,t) € A for some ¢t € R}
is a P-nullset, cf. [14, 1.1.10].
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Furthermore, by (4.5) we have
t
€)= (g + [ (A0 + (€ Tlvalulto +9) +Y.)ds

t
+/<57U(¢(t0+8)+Y57)>dXS7 teR,.
0

Therefore, we arrive at

t t
<§7Tt> = <£a h0> + / (<A*§,7’5> + <§,O{(T’s)>)d5 + / <€7U(TS—)>dX87 te R-i—a
0 0
showing that r is the weak solution to (1.1) with rq = hg. O

Proof of Theorem 4.3. (i) = (ii): Let d := dimV and let ¢ : Ry — M be a
parametrization of the foliation (My)ier, . According to [21, Lemma 2.10] there
exist (1,...,Cq € D(A*) and an isomorphism 7 : R? — V such that T~! = ((, e),
where we use the notation

(¢, h) == ((C1,h), ..., (Ca,h)) € R for h e V.

We define the continuous mappings & : R, x R? — R? and & : Ry, x R? — (R9)"
as

a(t, z) = (A*C, (1) + T'z) + (¢, a(d(t) + T'2)),
5(t,2) = (¢, a((t) + T2)).
Furthermore, for to € Ry and hg € My, we define the process
20 = (G, — dlto + o)),
where 770 denotes the weak solution to (1.1) with ry = hg. Now, let ¢, € R,
ho € My, and v € V be arbitrary. Then we have

(4.6)
ZiHT = 20 = (Gt = 9lto + 1) = (Gl = Blto + 1) = (G 1™ —ri?)

t t
— (G ho+v) + / ((A°C, %) 1 (¢ a(ro+)) ) ds + / (¢, o(rh))dx,
0 0
(¢ o) — / ((A"C, ) + (¢, () ) ds — / (¢, o(rh )X,
0 0
= (¢, v) + / (a(to + s, Zhoty — Gty + s, Zfﬂ))ds
0
t
+/ (5(to + 5, Z20%Y) — G(to + 5, Z1°))dXs, tER,.
0

Furthermore, since the foliation (M,);cg, is invariant for (1.1), we have rho photv ¢

M, +e Up to an evanescent set, and hence rhotv _ pho ¢ V up to an evanescent
set. Together with (4.6) we obtain

Th0+v _ ,r,ho — T(zh0+v _ Zho)

t
— +/ T(alto + s, ZM+") — G(to + 5, 2))ds
0

t
+/ T(5(to + 8, ZM7) — G(to + 5, Z21°))dX,, tER,.
0
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Now, let & € D(A*) be arbitrary. Then we have
(4.7)

t
(Grto = rl) = (60 + [ {6 T(@lto + 5. 2107) = alto + 5, Z02)ds
0

t
+ / (6, T(5(to + s, ZMTY) — G(tg + 5, ZM))VdX,, teRy.
0

On the other hand, since 7" and r"*? are weak solutions to (1.1) with ro = hg
and r¢g = hg + v, we have
(4.8)

(& rfot —rfo) = (¢ v) + / ((Ag rhoty — phoy 4 (€ a(rlot) — a(r])))ds
0

* /t<€,0(7“23+”) —o(rl2))dX,, teR,.
0
Combining (4.7) and (4.8), we obtain
(A€ v) = (& T (alto + s, (¢, ho — ¢(to) +v)) — alto + s, (¢, ho — d(t0)))))
— (&, a(ho +v) — a(ho)).

This identity shows that & — (A%, v) is continuous on D(A*), proving v € D(A**).
Since A = A** see [20, Thm. 13.12], we obtain v € D(A), which yields (4.1).
Therefore, we obtain

alhg +v) — alhg)
= Av —T(a(to + s, (¢, ho — ¢(to) +v)) — a(to + s, (¢, ho — ¢(t0)))) €V,
which shows that
Mya(he +v) — Myalhe) =0,
proving (4.2). A similar calculation as in (4.6) and (4.7) shows that

(&m0 — B(to + 1)) = (& ho — p(to + 1)) +/ (€&, T(a(to + s, 2™)))ds
(4.9) 0

t
+/ (€, T(5(tg + 5, 2M)))dX,, teR,.
0

On the other hand, since r"® is a weak solution to (1.1), we have

(& — B(to+ 1)) = (&, ho — d(to + 1)) + / (A€, rlo) + (£, a(r]})))ds
(4.10) 0

t
+ [leotionax. ter,.
0
Therefore, we obtain
O'(ho) = T(&(t()v <<7 hO - ¢(t0)>)) € Vma
showing (4.3). The remaining statement is a consequence of Lemma 4.4 (applied
with ¢ = 0 and vp = 0) and the uniqueness of weak solutions to (1.1).

(ii) = (i): This implication follows from Lemma 4.4 and the uniqueness of weak
solutions to (1.1). O

4.5. Remark. Suppose that the mappings o : H — H and o : H — H™ are only
continuous instead of being Lipschitz continuous. If we modify Definition 4.2 by
demanding the existence of an invariant solution for all to € Ry and hg € My,
then we can establish an analogous version of Theorem 4.3:

e The implication (i) = (i) remains true.
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e For the implication (ii) = (i) we additionally assume the existence of weak
solutions to (4.4) and (4.5).
Consequently, analogous versions of Theorem 1.1 and its subsequent results also
hold true without Lipschitz conditions — provided that we have existence of weak
solutions to equations of the types (4.4) and (4.5).

The invariance of C''-foliations has been studied in [21] and [22]. We recall that
for a C'-foliation (M;)icr, and ¢ € Ry the tangent space is defined as TM, :=
%w(t) + V, where ¢ denotes a parametrization of (M)icr, -

4.6. Theorem. Suppose that (M;)cr, is a C'-foliation. Then the following state-
ments are equivalent:

(i) The foliation (My)ier, is invariant for the SPDE (1.1).
(if) We have

(4.11) M C D(A),
(4.12) Ah+a(h) e TM;, heM; andt e Ry,
(4.13) cFM)CcV, k=1,...,m.

If the previous conditions are fulfilled, then for each hg € M the weak solution to
(1.1) with ro = hg is also a strong solution.

Proof. The proof is analogous to that of 21, Thm. 2.11], and therefore omitted. O

4.7. Remark. Suppose that the foliation (M;)er, is invariant for the SPDE (1.1).
According to Theorems 4.3 and 4.6 the following statements are true:

o If (My)ier, is a C'-foliation, then we have M C D(A), and for each hg €
M the weak solution to (1.1) with ro = hg is also a strong solution.

o If (My)icr, is just a CO-foliation, then we only have V. C D(A), and hence,
for hg € M the weak solution to (1.1) with ro = ho does not need to be a
strong solution.

The following result shows the relation between condition (4.2) and the tangential
condition (4.12).

4.8. Proposition. Suppose we have (4.1) and that the PDE (4.4) has a strong
solution 1 € CY(Ry; H) with ¢(Ry) C D(A), which is a parametrization of the
foliation (My)ier, . Then the following statements are true:

(1) We have (4.11).
(2) Conditions (4.2) and (4.12) are equivalent.

Proof. The first statement follows from (4.1) and the relation (R,) C D(A). For
the proof of the second statement, let ¢ € Ry and v € V be arbitrary, and set
h:=1(t) + v € M;. By the PDE (4.4) and condition (4.1) we obtain

Ah+ a(h) = AY(t) + Av + Hya(y(t) +v) + Dya(y(t) +v)
= %w(t) —Mya(y(t)) + Av + HMya(p(t) + v) + Ty a(p(t) +v)

_ %w@) + Av + Ty a(@(t) + v) +(ya(@(t) + v) - Tya(w(t)),

eTM,

showing that conditions (4.2) and (4.12) are equivalent. O

In order to exemplify our previous results, consider the abstract Cauchy problem

d?"t = ATtdt
(4.14)
ro = ho .
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Fix an arbitrary hg € H and let the foliation (M,;);cr, be given by M, := {S;ho}.
According to Theorem 4.3, the foliation (M;)ier, is invariant for the abstract
Cauchy problem (4.14), and we can remark the following points:

o If hy € D(A), then (My)ser, is a C*-foliation, and hence M C D(A).

o If A is the generator of a differentiable semigroup (S¢):>0, then the mapping
t — Stho is continuously differentiable on (0, 00) and we have M; C D(A)
for all £ > 0.

Finally, we present an example showing that the situation MND(A) = () can occur.
For this purpose, we choose the space of forward curves from [9, Sec. 5], which we
will use later in Section 6. Let H be the space of all absolutely continuous functions
h: Ry — R such that

ol = (1m0 + [ + |h’<x>|2w<x>dx)l/2 < oo

for some nondecreasing C'-function w : R, — [1,00) such that w=/3 € LY (R,).
Then the translation semigroup (S;)¢>0 is a Cp-semigroup on H with generator
d/dz on the domain

D(d/dx) = {h € CY(Ry)NH : k' € H}.

4.9. Example. Let hg : Ry — R be the unique absolutely continuous function with
weak derivative

h6 = Z 1[n,n+2*"w(n)*1]-
neNy
Then we have hy € H, because ||ho|| < oo, but for each t € Ry we have Sithy ¢
D(d/dx), because Siho ¢ C1(R.), showing that M N D(d/dx) = 0.

5. EXISTENCE OF AFFINE REALIZATIONS

In this section, we provide the proofs of our main results concerning the existence
of affine realizations. The general mathematical framework is that of Section 2. We
start with the formal definition of an affine realization.

5.1. Definition.

(1) Let V C H be a finite dimensional subspace. We say that the SPDE (1.1)
has an affine realization generated by V if for all hg € H there is an
invariant foliation (M;)er, generated by V such that hg € M.

(2) We say that the SPDE (1.1) has an affine realization if it has an affine
realization generated by some finite dimensional subspace V- C H.

With our preparations from Section 4, we are now ready to provide the proofs
of Theorems 1.1 and 1.3.

Proof of Theorem 1.1. If the SPDE (1.1) has an affine realization, then conditions
(1)—(3) follow from Theorem 4.3.

Conversely, suppose that conditions (1)—(3) are fulfilled. Let H = U @ V be
a direct sum decomposition of the Hilbert space H with a closed subspace U.
Furthermore, let hg € H be arbitrary, and let hy = ug 4+ vg be its decomposition
according to H = U @ V. Let ¢ be the weak solution to the PDE (4.4), and
let (M;)ier, be the foliation M, := ¢ (t) + V. Then we have hy € My, and by
Theorem 4.3 the foliation (M;)ier, is invariant for (1.4). O

Proof of Theorem 1.3. If conditions (1) and (2) are fulfilled, then, according to
Theorem 1.1, the linear SPDE (1.1) has an affine realization.
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Conversely, suppose that the linear SPDE (1.1) has an affine realization. By
Lemmas 2.3 and 2.4 there exists a linear operator T' € L(H) such that with the
linear operator B : D(B) C H — H given by D(B) := D(A) and B := A+ T, and
the mapping 8 : H — H given by 8 := a— T, the following conditions are fulfilled:
V is B-semi-invariant.

B is the generator of a Cy-semigroup on H.

B is Lipschitz continuous.
The SPDEs (1.1) and (1.4) are equivalent.

Let H =U@®YV be a direct sum decomposition of the Hilbert space H with a closed
subspace U. According to Theorem 1.1, the subspace V' is B-invariant, we have that
Iy 3 is constant on V, and we have o*(H) C V for all k = 1,..., m. Noting that
IIyB =Iya — Iy T, and that o € H is constant, we deduce that II;T is constant
on V', which implies V' C ker(IIyyT). Therefore, the subspace V is T-invariant, and
hence it is also A-invariant. O

5.2. Remark. Suppose that the SPDE (1.1) has an affine realization generated by
some finite dimensional subspace V.

o We can construct the curve ¥ and the V -valued process Y appearing in (1.3)
as follows. We fix a direct sum decomposition H = U &V, and decompose
an arbitrary starting point hg € H as hg = uyp+vg according to H =U®V.
Inspecting the proofs of Theorems 1.1 and 4.3, we see that ¢ : Ry — H is
the weak solution to the H-valued PDE (4.4) and and that Y is the strong
solution to the V-valued SDE (4.5) with ty = 0.

o If o(H) C V (as in the situation of Corollary 1.2), then the curve v ap-
pearing in (1.3) is given by ¥(t) = Siho fort € Ry.

e In any case, we can decompose the weak solution to the H-valued SPDE
(1.1) into the weak solution to the H-valued PDE (4.4) and the strong
solution to the V-valued SDE (4.5).

e Even for hy € D(A) the invariant foliation is generally only a C°-foliation,
and hence, due to Remark 4.7, the weak solution to the SPDE (1.1) is
generally not a strong solution.

o If Iya(D(A)) C D(A) and My« is Lipschitz continuous on D(A) with
respect to the graph norm

1hllpay = VIRIZ + [[AR]1?, b € D(A)
(as, for example, in the situation of Corollary 1.2), then, according to [17,
Thm. 6.1.7], for each starting point hg € D(A) the PDE (4.4) admits a
classical solution, which implies that the invariant foliation is a C*-foliation
and that the weak solution to the SPDE (1.1) is also a strong solution.

Finally, we will derive a result concerning the existence of affine realizations for
linear SPDEs without specifying a finite dimensional subspace in advance. For this
purpose, we require the concept of quasi-exponential volatilities.

5.3. Definition. We introduce the following notions:
(1) If o*(H) C D(A>) for all k =1,...,m, then we define the subspace A, C
H as

Ay = (A"0%(h):n €Ny and h € H).
k=1

(2) The volatility o is called A-quasi-exponential, if we have o*(H) C D(A™)
forallk=1,...,m and dim A, < oco.

The following two auxiliary results are immediate consequences of Definition 5.3.
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5.4. Lemma. LetV be a finite dimensional A-invariant subspace such that o*(H) C
V for allk =1,...,m. Then the volatility o is A-quasi-exponential.

5.5. Lemma. Suppose that the volatility o is A-quasi-exponential, and set V := A, .
Then V is a finite dimensional A-invariant subspace, and we have o*(H) C 'V for
allk=1,...,m.

Now, we are ready to formulate and prove the announced result.

5.6. Theorem. Suppose that the SPDE (1.1) is linear. Then it has an affine real-
ization if and only if the volatility o is A-quasi-exponential.

Proof. Suppose that the linear SPDE (1.1) has an affine realization. By Theorem 1.3
there exists a finite dimensional subspace V' C H such that V is A-invariant and
oF(H) c V for all k = 1,...,m. According to Lemma 5.4, the volatility o is A-
quasi-exponential.

Conversely, Suppose that the volatility ¢ is A-quasi-exponential, and set V :=
A,. By Lemma 5.5, the subspace V is a finite dimensional A-invariant subspace,
and we have o*(H) C V for all k = 1,...,m. Therefore, by Theorem 1.3 the linear
SPDE (1.1) has an affine realization. O

6. THE HIMM EQUATION

In the section, we treat the HIMM equation as an example of a nonlinear SPDE.
More precisely, we consider the SPDE
(6.1) dry = (%m + apgm(re))dt + o (r)dW;
’ To = h()

driven by a R™-valued Wiener processes W. The state space H of (6.1) is the space
used in Example 4.9. The weak solutions r to (6.1) are interest rate curves in a
market of zero coupon bonds. In order to ensure that this bond market is free of
arbitrage, we assume that the drift term in (6.1) is given by the HJM drift condition

(6.2) apma(h) =Y ¥ (h) - Ta*(h),
k=1

where T : H — H denotes the integral operator given by Th := fo. h(n)dn for
h € H. We refer, e.g., to [9] for further details concerning the derivation of the
HJIMM equation (6.1) and the HIM drift condition (6.2).

Our goal of this section is to provide an alternative and rather short proof of a
well-known result concerning the existence of FDRs for the HIMM equation (6.1),
which can, e.g., be found in [3], [2] or [21]. For this purpose, we start with an
auxiliary result.

6.1. Lemma. Let V be a finite dimensional (d/dz)-invariant subspace. Then the
subspace V + P(V'), where

(6.3) PV):=(h-g:heV and g€ TV),

is finite dimensional and (d/dx)-invariant, too.

Proof. The subspace V 4+ P(V) is finite dimensional, because we have
dim(V + P(V)) < dim V + (dim V)? < oc.

Let h € V and g € TV be arbitrary. Then there exists f € V such that g = T'f.
Since V is (d/dx)-invariant, we obtain f’ € V', and hence

to= [T tway=1= (- 50+ 10 = [ rn+ 50 €TV + )
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Therefore, and since V' is (d/dz)-invariant, we deduce
d d d
Z(hog) = —h- = P
daz(h 9) dxh g+h dxgeV—F (V),
showing that V + P(V) is (d/dx)-invariant. O

6.2. Proposition. Suppose that the volatility o is (d/dx)-quasi-exponential. Then
the HIMM equation (6.1) has an affine realization.

Proof. For simplicity of notation, we set A := d/dx. By Lemma 5.5, the subspace
A, is a finite dimensional A-invariant subspace, and we have o*(H) C A, for all
k=1,...,m. By Lemma 6.1, the subspace V := A, + P(A,) is finite dimensional

and A-invariant, too. Moreover, we have o*(H) C A, C V forallk = 1,...,m, and
by (6.2) and (6.3) we have apyv(H) C V. Therefore, Corollary 1.2 concludes the
proof. O

6.3. Remark. Suppose that the volatility o is (d/dx)-quasi-exponential.

e Note that the just presented result is more general than [21, Prop. 6.2],
because here we obtain a representation of the form (1.3) for every start-
ing point hg € H, whereas the aforementioned result only provides such a
representation for each starting point hg € D(d/dzx).

e [For each hg € H the curve ¥ appearing in (1.3) is given by ¥(t) = Sihg
for t € Ry, which follows from Remark 5.2. Furthermore, for each hy €
D(d/dz) the invariant foliation is a C-foliation and the weak solution to
the HIMM equation (6.1) is also a strong solution.

o If we add driving Lévy processes with jumps in the HIMM equation (6.1),
then the statement of Proposition 6.2 is no longer true, because the drift
condition becomes more involved. We refer to [22] for details on this subject.

7. EXAMPLES OF LINEAR SPDESs

In this section, we present several examples of linear SPDEs arising in natural
sciences and economics. Our approach in these example is to determine all finite
dimensional invariant subspaces, and to apply Theorem 1.3 afterwards. For this pro-
cedure, we determine all eigenvalues A of the generator A, and then we distinguish
two cases:

e For a general operator A, we determine all solutions of the generalized
eigenvalue problem. More precisely, let A\ € C be an eigenvalue of A and
let n € N be arbitrary. If A € R, then we determine all solutions of the
generalized eigenvalue problem

(7.1) (A—\" =0,

and in the case A € C\ R we determine all solutions of the generalized
eigenvalue problem

(7.2) (A=XN)(A-X)"=0.

e If Ais symmetric?, then every eigenvalue is real, and for an eigenvalue A € R
it suffices to determine all solutions of the eigenvalue problem

(7.3) A—A=0.

2For our purposes, we do not need that the operator A is self-adjoint, because we merely
consider its restrictions on finite dimensional subspaces of H.
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Our general mathematical framework in this section is that of Section 2; in par-
ticular, throughout this section, the driving process X denotes a R™-valued Lévy
process for some positive integer m € N.

First, we deal with the HIMM equation, which we have already encountered in
Section 6. Here we consider the linear HIMM equation

{ dry = (d%rthaHJM)dtJrodXt

7.4
( ) ro = ho.

In order to be consistent with the upcoming examples, we consider (7.4) on the
state space L?(R,, p) for some appropriate measure p. Moreover, in order to ensure
the absence of arbitrage, we assume that the drift term is given by
_ 4 (=T
OHIM = (=To),
where ¥ denotes the cumulant generating function of the Lévy process X. We refer,
e.g., to [7, Sec. 2.1] for further details.

7.1. Proposition. The following statements are equivalent:

(i) The linear HIMM equation (7.4) has an affine realization.
(ii) There are finite sets I C R, J C R x (0,00), and an integer p € Ngy such

that
oF e @(xijeXp()\x) :7=0,...,p)
Ael
(7.5) @ @ (z +— 27 exp(ux) cos(vz),
(n,v)eJ

x> 27 exp(uz)sin(va) : j =0,...,p)
forallk=1,... 5 m.

Proof. We set A := d/dx, and let n € N be arbitrary. For A € R all solutions to the
ODE (7.1) are given by the linear space
(2l exp(Az):j=0,...,n—1).
Furthermore, for A = 4 iv € C\ R with v > 0 all solutions to the ODE (7.2) are
given by the linear space
(z + 27 exp(ux) cos(vx), = — 27 exp(px)sin(va) : j =0,...,n —1).
Therefore, applying Theorem 1.3 completes the proof. (]

7.2. Remark. We refer to [26, Thm. 5] for a closely related result regarding the
linear HIMM equation driven by Wiener processes.

Next, we consider the stochastic transport equation
(7.6) { duy = ((v,V)ug + a)dt + o(u—)dX,
uy = ho,
which describes the contaminant of a fluid with velocity v € R? over time. Here the

state space is H = L?(C, p) with a closed set C' C R? and an appropriate measure
p. We assume that the closed set C' has the property

C:30+{tvt€R+},

and that for every y € C there exist unique elements z € 9C and t € Ry such
that y = x + tv. The first order differential operator (v, V) appearing in (7.6) is
generated by the translation semigroup (Siu)(z) = u(x 4+ tv) for ¢ > 0 and « € C.
Here are two examples which are covered by this framework:
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e The HIMM equation (7.4), where we have C =R, 0C = {0} and v = 1.
e The SPDE presented in [25], which describes the mortality rates of demo-
graphic evolutions. Here the sets C,9C C R? are given by

C={(s,y) Ry xRy > —s},
9C = {t(0,1) : t e R.}U{t(1,—1) : t € Ry},
and we have the velocity v = (1, —1).

7.3. Proposition. We suppose there exist functions £ : 0C — R™ and h : Ry —
R™ such that

of (x4 tv) = &¥(x) - hF(t)  for all (x,t) € OC x Ry and allk =1,...,m,

and h¥ is of the form (7.5) for all k = 1,...,m. Then the stochastic transport
equation (7.6) has an affine realization.

Proof. Setting A := (v, V), for all z € 9C and all t € Ry we have
Aok (z +tv) = 5 (x) - (W¥Y (), k=1,...,m,
and hence, combining Theorem 1.3 and Proposition 7.1 concludes the proof. (]
Now, we consider examples of second order operators, with corresponding appli-

cations typically arising in natural sciences. Our first such example is the stochastic
cable equation (cf. [6, Ex. 0.8])

(7 7) dvt = %()\Q%Ut — ’Ut)dt + O'dXt
. vo = ho,
which describes the voltage of an electric cable over time. The constants A, 7 > 0

are physical constants of the electric cable; A is the length constant and 7 is the time

constant. Here the state space is H = L?((0,7)) and we can choose the generator
2

A= —- on the domain D(A) = H*((0,7)) N H{((0,7)). Thus, the electric cable
is modeled by the interval [0, 7] and we consider Dirichlet boundary conditions,
which means that there is no voltage at the end points of the cable.

7.4. Proposition. The following statements are equivalent:

(i) The stochastic cable equation (7.7) has an affine realization.
(ii) There is a finite index set I C N such that

ok e @(x — sin(nz)), k=1,...,m.
nel
Proof. The eigenvalues of the Sturm-Liouville eigenvalue problem
v+ =0, u0)=u(r)=0

are given by A, = n?, n € N, and the corresponding eigenfunctions are given by

un(x) = sin(nz), neN.
Therefore, Theorem 1.3 completes the proof. (|

Next, we consider the stochastic heat equation
78) { duy = aludt +odX,
ug = ho,

which describes the heat of a medium in a region over time. The constant a > 0
is the heat conductivity. Here we have the state space H = L?(0), where O C R?
denotes the open unit ball

O={zcR?: 2% +23 <1},
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and we can choose the generator A = —A on the domain D(A4) = H2(0) N H}(O).
Therefore, the region, in which we measure the temperature, is the closed unit ball
O and we consider Dirichlet boundary conditions, which means that the tempera-
ture is zero at the boundary 0O of the ball. In the upcoming result, we use polar
coordinates, and we agree on the following notation:

e For p € Ny we denote by J, : Ry — R the Bessel function of the first kind.
e For (p,q) € Ny xN we denote by A,, > 0 the g-th positive zero of the Bessel
function J,,.
7.5. Proposition. The following statements are equivalent:

(i) The stochastic heat equation (7.8) has an affine realization.
(ii) There is a finite index set I C Ng x N such that

e @ ((r) = cos(pp)Jp(Mpar), (,9) = sin(pp) Jp(Apgr))
(p,a)€l
forallk=1,... 5 m.

Proof. The eigenvalues of the Laplace eigenvalue problem

Au+ u=0, u=0ond0

are given by )‘iq’ (p,q) € Ny x N, and the corresponding eigenfunctions are, by

using polar coordinates, given by
Upq (1, ©) = cos(pp) Jp(Apgr) and  vpg(r, @) = sin(pp)Jp(Apgr)-

Therefore, Theorem 1.3 completes the proof. O

Both, the Hermite semigroup (also called Dunkl-Hermite semigroup or Ornstein-
Uhlenbeck semigroup) and the Laguerre semigroup play a central role in quantum
mechanics and mathematical physics. First, we consider the stochastic Hermite
equation

duy = (=5 +(x,V)wdt+ o(u_)dX,
(7.9)
ug = ho

on the state space H = L%(R%, exp(—||z||3)dz) for some d € N. If d > 2, then for
B € Nd we define the generalized Hermite polynomial Hp as

d
Hpy(x) =[] Hp, (i), = €R?,
i=1

where the (Hp)nen, denote the usual Hermite polynomials.

7.6. Proposition. The following statements are equivalent:

(1) The stochastic Hermite equation (7.9) has an affine realization.
(2) There is a finite index set I C Ny such that

oF(H) c @D(Hps : B € N§ with 8| = n)
nel
forallk=1,... 5 m.

Proof. The eigenvalue problem
Au

*7 + <$,VU> = \u

has the eigenvalues A\, = n, n € Ny with corresponding eigenfunctions
{Hps : B € N¢ with |3| = n}.
Therefore, Theorem 1.3 completes the proof. O
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Next, we consider the stochastic Laguerre equation

dus = —((x,0%) + (1 — 2, V))uwdt + o(us_)dX.

710 { b= (@07 + (1= V) udt + ofur)dXs
up = ho

on the state space H = L?(R%, B(R%), exp(—||z[|1)) for some d € N. If d > 2, then
for B € N we define the generalized Laguerre polynomial Lg as

d
Lﬁ(.’l}) = HLﬂi (xz), MRS Rd,
i=1

where the (L, )nen, denote the usual Laguerre polynomials.

7.7. Proposition. The following statements are equivalent:

(1) The stochastic Laguerre equation (7.10) has an affine realization.
(2) There is a finite index set I C Ng such that

o"(H) C @(Lﬁ : B e Nd with |8] = n)
nel

forallk=1,...,m.
Proof. The eigenvalue problem
(x,0%u) + (1 — 2, Vu) + Au =0
has the eigenvalues \,, = n, n € Ny with corresponding eigenfunctions
{Lg : B € Nd with ] = n}.
Therefore, Theorem 1.3 completes the proof. O
In [5], a model for the term structure of interest rates, which is different from the

HJMM equation (7.4), was proposed. Namely, it was assumed that the fluctuation
process satisfies a second order SPDE of the form

¥ = 5Ly, + Lv,)dt + odX,
S
with a positive constant x > 0 and Dirichlet boundary conditions. Here the state
space is H = L?((0,1),exp(x/k)dx), and we can choose the generator

A d

2dxz?  dx

on the domain D(A) = H2((0,1)) N H((0,1)).

(7.11)

A=—

7.8. Proposition. The following statements are equivalent:

(1) The second order term structure equation (7.11) has an affine realization.
(2) There is a finite index set I C N such that

ok ¢ @(m — exp(—z/k)sin(nmzx))
nel

forallk=1,... 5 m.
Proof. The eigenvalue problem

gu" +u' + =0, u0)=u(l)=0
has the eigenvalues

1
An = %(1 +n27r2/$2), n €N,
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with corresponding eigenfunctions

up(z) = exp(—x/k) sin(nmz), n €N.

Therefore, Theorem 1.3 completes the proof. O

7.9.

Remark. We refer to [26, Thm. 6] for a closely related result regarding the

second order term structure equation (7.11) driven by Wiener processes.
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