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Exercise 1 (4 points)

Let B = (B¢)>0 be a standardized Brownian motion with natural filtration (F;):>0 and define
L:=sup{0 <s<1:B;=0}

(a) Prove that for 0 < a < b,
P (B, # 0 for all s € [a,b]) = /P(%y > b—a)dPP(y),

where 75 = inf{u > 0 : Eu = s} for a standardized Brownian motion (Et)tzg that is
independent of Foy = (50 Fath-

(b) Using part (a), prove that
2
P(L < s) = = arcsin(v/s).
T

HINT: First show that P(L < s) = % flofs \/ (HT'SS)Z (Hfs)er, where you can use that the distribu-

tion of 75 is known from the lecture. Then, the transformation t(r) =

S

s s useful.

Exercise 2 (4 points)

Let B = (B¢)i>0 be a standardized Brownian motion.
(a) Prove that B has almost surely for any ¢ > 0 at least one zero in (0, ¢).

(b) Let A(w) := {t € [0,00) : By(w) = 0}. Use part (a) and the strong Markov property to
prove that A is almost surely a closed set without isolated points.

Exercise 3 (4 points)

Let B = (By)>0 be a standardized Brownian motion and T}, := inf{s > 0 : By =z} for > 0.
Prove that (T3).>0 is a process with independent and stationary increments.

Exercise 4 (4 points)

Let B = (By)t>0 be a standardized Brownian motion on a probability space (£, .4,P). Prove
the following:

(a) The mapping [0,1] x @ — R with (¢,w) + B;(w) is measurable w.r.t. %([0,1]) ® A.
(b) We have A\({t € [0,1] : B¢(w) = 0}) = 0 P-almost surely.



