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Exercise 1 (4 points)

Let C([0, 1]) be the set of continuous functions from [0, 1] to R and B(R)[0,1] the product-σ-
algebra on R[0,1]. Prove the following:

(a) Singletons {f}, f ∈ C([0, 1]), are not measurable w.r.t. B(R)[0,1].

(b) C([0, 1]) /∈ B(R)[0,1], i.e. C([0, 1]) is not measurable w.r.t. the product-σ-algebra on R[0,1].

Exercise 2 (4 points)

Let B = (Bt)t≥0 a standardized Brownian motion in C([0,∞)).

(a) Let F = (Ft)t≥0 with Ft = σ(Bs : s ≤ t) be the induced filtration and µ ∈ R. Prove that
the following processes are martingales w.r.t. F :

(i) (Bt)t≥0,

(ii) (B2
t − t)t≥0,

(iii)
(
exp

(
µBt − µ2

2 t
))

t≥0
.

(b) Let a ∈ R \ {0} and Ta := inf{s > 0 : Bs = a} the first hitting time of a.

(i) Prove that for every x > 0 we have E[e−xTa ] = e−|a|
√
2x.

(ii) Deduce that E[Ta] = ∞.

Exercise 3 (4 points)

Let M = (Mt)t≥0 be a martingale with right-continuous sample paths w.r.t. a filtration
F = (Ft)t≥0. Let τ be a F-stopping time, i.e. {τ ≤ t} ∈ Ft for every t ≥ 0. Prove that

E[Mτ ] = E[M0]

if one of the following conditions holds true:

(i) τ(ω) ≤ n0 for some n0 ∈ N and almost all ω ∈ Ω.

(ii) P(τ < ∞) = 1, E[|Mτ |] < ∞ and E[Mt1{τ>t}] → 0 for t → ∞.

Hint: Define the approximating sequence of stopping times

τn(ω) := inf

{
k

2n
: τ(ω) ≤ k

2n
, k ∈ N0

}
and use the corresponding result in discrete time (see lecture notes Probability Theory
I, Theorem 5.15).
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Exercise 4 (4 points)

Let F = (Ft)t≥0 be a filtration. A random time τ is called weak stopping time w.r.t. F if
{τ < t} ∈ Ft for all t ≥ 0. The filtration is called right-continuous if Fs =

⋂
t>sFt for all

s ≥ 0.
Let F be a right-continuous filtration and τ a random time. Prove that τ is a weak stopping
time w.r.t. F if and only if τ is a stopping time w.r.t. F (see Exercise 3 for the definition of
a stopping time).
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