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Exercise 1 (4 points)
Prove the following:

(a) The space (C([0,00),d) endowed with the metric d(f,g9) = > 5o, 2%%, where
di(f, 9) = sup,eo |/ (x) — g()] is Polish.

(b) The space (C¢([0,00), dsup) of continuous functions on [0, co) with compact support and
endowed with the supremum metric is separable. Is it also complete?

Exercise 2 (4 points)

Prove that every Polish space £ is Borel isomorphic to a Borel subset of [0, 1], i.e. there exists a
Borel measurable injection @ : £ — [0, 1] with ®(£) € #4([0,1]) and Borel measurable inverse
mapping @1 : ®(&) — £.

Exercise 3 (4 points)

Let 4 be a finite Borel measure on a Polish space £. Prove that for every B € #(€) and
every ¢ > 0 there exists a compact set K € #(€) with K C B such that u(B\ K) < . In
particular, every Borel measure is tight.

Exercise 4 (4 points)

Let (C([0,1]),dsup) be the set of continuous functions from [0,1] to R endowed with the
supremum metric. Prove the following:

(a) The finite-dimensional projections m;, ., : C([0,1]) — RF with f — (f(t1),..., f(tx))
are continuous and measurable.

(b) We have Z(C([0,1])) = Z(R)U nc([o,1]).



