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Exercise 1 (6 points)

Let (N¢)i>0 be a Poisson process with intensity A > 0 and (Dy,)nen a sequence of independent
and identically distributed random variables that is independent of (N¢)¢>o. Then the process
(Y2)e>0 given by

N
Y, =) Dy

k=1
is called a compound Poisson process.
) Prove that (Y:):>0 has stationary and independent increments.
Assume E[|D;|] < co. Determine E[Yy].
Assume E[D?] < co. Determine Var(Y;) and Cov(Ys, V).
Determine the characteristic function ®y, of Y.

Let (X,,)nen be a sequence of independent and identically distributed random variables
that are independent of (N¢):>0 and consider D,, = 1x,ea) for some Borel set A C R

and the associated compound Poisson process Y;(A) = ZkNQ 1yx,ca}- Determine the
law of Y;(A).

Exercise 2 (6 points)

Let I be an index set and R’ endowed with the product topology, i.e. the smallest topology
such that all projections p; : R’ — R are continuous.

(a) Prove that

Rzm) = | Byi=A; xRV A4; € (R BR)

el JCI JjeJ
J countable

HinT: Prove that the right-hand side is a o-algebra.

(b) Let I be at most countable. Prove that

BR") =R B(R).

el

(c) Show that B(R!) # ®,.; Z(R) for uncountable 1.
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Exercise 3 (4 points)

For each n € IN, let (Ey,,d,) be a Polish space. Prove that E := [, .y B endowed with the

product topology is Polish.

HINT: First, prove that d(z,y) :== Y -, %% defines a metric on F x E. Then show that
topology induced by d is the product topology.



