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A compound Poisson process is a process of the form:

Xt =

Nt∑
k=1

Yk, X0 = 0

where N is a Poisson process with intensity λ, (Yk)k≥1 are i.i.d random variables with cumulative

distribution function F (y) = P(Y1 ≤ y), independent of N . Let F (dy) be the measure associated

with F and Fn its n-th convolution. i.e.,

Fn(y) = P

(
n∑

k=1

Yk ≤ y

)
.

Problem 1 (4 Points). (a) Show that X has independent and stationary increments.

(b) Show that the cumulative distribution function of the random variable Xt is

P(Xt ≤ x) = exp(−λt)
∞∑
n=0

(λt)n

n!
Fn(x).

Problem 2 (4 Points). If E|Y1| <∞;

(a) Show that

E(Xt) = λtE(Y1).

(b) Show that the process

Mt = Xt − λtE(Y1)

for t ≥ 0 is a martingale.

Problem 3 (4 Points). Let (Nt)t≥0 be a Poisson process with a constant intensity λ and M the

associated compensated martingale, i.e., Mt = Nt − λt.
(a) Let (Xi, Yi)i≥1 be i.i.d random variables, independent of N , and let

Ut =

Nt∑
i=1

Xi and Vt =

Nt∑
i=1

Yi

be compound Poisson processes.

Compute [U, V ]t and 〈U, V 〉t.
(b) Let p and q be two square integrable functions and

Xt =

∫ t

0
p(s)dMs, Yt =

∫ t

0
q(s)dMs.

Compute [X,Y ]t and 〈X,Y 〉t .



Problem 4 (4 Points). An inhomogeneous Poisson process N with intensity λ is a counting

process with independent increments which satis�es

P(Nt −Ns = n) = exp(−Λ(s, t))
(Λ(s, t))n

n!

where

Λ(s, t) = Λ(t)− Λ(s) =

∫ t

s
λ(u)du

and

Λ(t) =

∫ t

0
λ(u)du for t ≥ s.

(a) Show that

Mt = Nt −
∫ t

0
λ(u)du

for t ≥ 0 is a martingale.

(b) Give two examples of non-semimartingales.


