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Problem 1 (4 Points). Let G be the generator of a Feller semigroup. If f € Dom(G) and its
bounded, show that

<f(Xt) -7 - [ t Gf(Xs)ds>

t>0

is a martingale. If, in particular Gf = 0, then f(X;) is a martingale.
Hint: If f € Dom(G), then
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Problem 2 (4 Points). Let X = (X;);>0 be a Markov process with generator G. Show that for
f € Dom(G) with Gf € C, and X > 0,

(s + [ 000 - s

>0

is a martingale.
Hint: Use product rule and the Chapman Kolmogorov equation.

Problem 3 (4 Points). The following problem illustrates the important steps in the proof of
the Burkholder-Davis-Gundy inequality. Let W = (W});>0 be a Brownian motion and X a

measurable, adapted process satisfying E [ fOT \Xt\det} < oo for some real numbers 7' > 0 and
m > 1. Show that

E U /OT Xtth‘zm} < (m(2m — 1))"T™"'E UOT |Xt|2mdt} .

Hint: Consider the martingale M; = fg XdWy, for 0 <t < T, and apply the Ito’s rule to the
submartingale |M;|>™.

Problem 4 (4 Points). Let M = (MW, ... M@) be a vector of continuous, local martingales
and denote .
;= = ‘ < )
[MIIF = max M), A Z;<M ) 0<t<o0
1=

Show that for any m > 0, there exist (universal) positive constants A, ¥, such that
AnE[AT] S E [(IM[7)°™"] < 7imE [AF]

holds for every stopping time 7.
Use the 1-dimensional Burkholder-Davis-Gundy inequality for the proof.



