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Problem 1 (4 Points). Let X = (X;):>0 be a Poisson process with parameter A > 0.

(a) Show that Y; = X; — At is a martingale with respect to the filtration (F;);>0 generated by
the family of random variables { X, : s € [0,¢]}.
(Hint: Y; is a martingale implies (i) Y; € LY, for all ¢ > 0. (i) E[Y;|Fs] = Y5, for 0 < s < t.

(b) Show that
X

lim =t =\ a.s.

Problem 2 (4 Points). (a) Let X = (X;)i>0 and ¥ = (Y3)¢>0 be two independent Poisson
processes with parameters A > 0 and p > 0. Show that (X; + Y;):>0 is a Poisson process
with parameter A + pu.

(b) Let X = (Xi)i>0 and Y = (Y2)¢>0 be two independent standard Brownian motions. Show
that
Xi+Y,

V2

is also a standard Brownian motion.

Problem 3 (4 Points). Let (£,),>0 be a martingale with a 7 stopping time with respect to the
filtration (Fy,)n>0 such that the following conditions holds:

(i) T <00 a.s.

(73) & is integrable
(7i1) E[énlrsn] — 0 as n — co.
Then

E[(;] = E[¢]

Problem 4 (4 Points). A real-valued stochastic process X = (X;);>0 is measurable if the
d

mapping [0,00) x Q — R% (¢, w) — X;(w) is B([0,00]) @ F — B(RY) measurable.
(a) Give an example of a predictable process.
(b) Give an example of an optional process which is not predictable
(c) Give an example of an adapted stochastic process X that is not measurable.
(d)

d) Show that every progressively measurable stochastic process X = (X¢)i>0 with respect to
the filtration (F;)¢>0 is also measurable.



