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Abstract

We consider the full information best choice problem from a sequence
X1,...,X, of independent random variables. Under the basic assumption
of convergence of the corresponding imbedded point processes in the plane
to a Poisson process we establish that the optimal choice problem can be
approximated by the optimal choice problem in the limiting Poisson process.
This allows to derive approximations to the optimal choice probability and
also to determine approximatively optimal stopping times. An extension of
this result to the best m-choice problem is also given.
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1 Introduction

The best choice problem of a random sequence Xi,..., X, is to find a stopping
time 7 < n to maximize the best choice probability P(X, = M,), where M, =
maxi<;<p X, under all stopping times 7 < n. Thus we aim to find an optimal
stopping time T}, < n such that

P(Xy, = M,) = max P(X, = M,) (1.1)

over all stopping times 7 < n.

Gilbert and Mosteller (1966) found the solution of the full information best
choice problem, where X, ..., X, are iid with known continuous distribution func-
tion F. In this case the optimal stopping time is given by

*On June 30, 2011 Andreas Faller died completely unexpected. He was an extraordinary tal-
ented young researcher.
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where by =0, >0, () (07 =15 =1, i=12,...

The asymptotic behaviour of b; is described by b; 1 1, i(1—0b;) — ¢ = 0.8043. ..
The optimal probability v, = P(Xy, = M,) does not depend on F', is strictly
decreasing in n and has limiting value v

Un = Voo = 0.580164 . . . (1.3)

A continuous time version of the problem with random number of points given
by a homogeneous Poisson process with intensity A was studied in Sakaguchi (1976).
As A — oo the same limit v, appears as limiting optimal choice probability as
observed in Berezovskil and Gnedin (1984) and Gnedin and Sakaguchi (1992). In
Gnedin (1996) this limiting optimal choice probability v, was identified as optimal
choice probability in an associated plane Poisson process on [0, 1] x (—oo, 0] with
intensity measure Ajg1]®A(—oo,0)- The link with the original problem was established
by an explicit imbedding of finite iid sequences in the Poisson process. Multistop
best choice problems for Poisson processes were considered in Sakaguchi (1991) and
Saario and Sakaguchi (1992).

The approach in Gnedin (1996) was extended in Kiithne and Riischendorf
(2000c) to the best choice problem for (inhomogeneous) discounted sequences
X; = ¢Y;, where (Y;) are iid and ¢; are constants which imply convergence of
imbedded normalized point processes N, = > " | 5( i X;—bny tO sOME Poisson pro-

n’ an

cess N in the plane. The proofs in that paper make use of Gnedin’s (1996) result
as well as of some general approximation results in [KR]' (2000a). The aim of this
paper is to extend this approach to general inhomogeneous best choice problems for
independent sequences under the basic assumption of convergence of the imbedded
point processes NN,, to some Poisson process N in the plane. Subsequently we also
consider an extension to the m-choice problem, where m choices described by stop-
ping times 1 < 717 < --- < T}, < n are allowed and the aim is to find m stopping
times 77" < --- <17 < n with

P(Xgp VooV Xpm = M,) = sup P(\/ X1, = M,) (1.4)

i=1
the sup being over all stopping times 77 < --- < T}, < n.

For the corresponding generalized Moser problem of maximizing FX, resp.
EV", X, a general approximation approach has been developed in [KR] (2000a),
[FR] (2009) for m = 1, resp. in [KR] (2002) and [FR] (2010) for m > 1; see also
Goldstein and Samuel-Cahn (2006). For a detailed history of this problem we refer
to Ferguson (2007) for m = 1 resp. to [FR] (2010) in case m > 1. Our results
for (1.3) are in particular applicable to sequences X; = ¢;Z; + d; with iid random
sequences (Z;) and with discount and observation factors ¢;, d;. The corresponding

Kiihne and Riischendorf is abbreviated within this paper with [KR], Faller and Riischendorf
with [FR].
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results for the Moser type problems for these sequences can be found in [FR] (2009;
2010).

There are further interesting types of choice problems as e.g. the expected rank
choicee problem (see Bruss and Ferguson, 1993; Saario and Sakaguchi, 1995), multi-
ple buying selling problems (Gnedin, 1981; Bruss and Ferguson, 1997; Bruss, 2010)
or multicriteria extensions (Gnedin, 1992) which are not dealt with in this paper.

2 Approximative optimal best choice solution

We consider the optimal best choice problem (1.1) for a sequence (X;) of indepen-
dent random variables, i.e. to find optimal stopping times 7,, < n such that

P(Xr, = M,) =sup P(X, = M,), (2.1)
TN
over all stopping times 7 < n. The basic assumption in our approach is convergence
of the imbedded planar point process to a Poisson point process N,

& d
=1

on M. = [0,1] x (¢, 00). Here X]* = %i=t2 j5 a normalization of X; typically induced
from a form of the central limit theorem for maxima a, > 0,0, € R and ¢ €
R U {—o0}. For some general conditions to imply this convergence and examples
see [KR] (2000a,b) or [FR] (2009). We consider Poisson processes N restricted
on M. which may have infinite intensity along the lower boundary [0,1] x {c}.
We assume that the intensity measure p of N is a Radon measure on M, with the
topology induced by the usual topology on [0, 1] x R. Thus any compact set A C M,

has only finitely many points of N. Convergence in distribution ‘NN, % N on M.
means convergence in distribution of the restricted point processes. We generally
assume that the intensity measure u is Lebesgue-continuous with density denoted
as ¢(t,x). Thus the Poisson process

N = 25(7'1@,%) on ]\4c (23)
k>1

does not have multiple points.

We consider also the best choice problem for the continuous time Poisson process
N. An N-stopping time 7" : Q — [0,1] is a stopping time w.r.t. the filtration
Ay == a(N(-N[0,¢] x (¢,¢])), t € [0,1. An N-stopping time T is called ‘optimal
best choice stopping time’ for N if

P(Yr =supYy) =sup P(Ys = sup Yy) (2.4)
k k

the supremum being taken over all N-stopping times S.
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In the following theorem we derive the optimal stopping time 7T for the contin-
uous time best choice problem for the Poisson process N. Further we show that
the best choice problem for Xi,..., X, is approximated by the best choice prob-
lem for N. This allows us to get approximations of the best choice probabilities
v, = P(X7, = M,) and to construct asymptotically optimal best choice stopping
sequences T,. Our approximation result needs the following intensity condition,
which is not necessary, when dealing with the limiting best choice problem (see
Section 3).

(I) Intensity Condition: For all ¢t € [0,1) let u((¢, 1] x (¢, 00]) = 0.

Theorem 2.1 Let the imbedded point process N, converge in distribution to the
Poisson process N on M, and let the intensity condition (I) hold true. Then we
get:

(a) The optimal best choice stopping time T for N is given by

T =inf{r, | Yy, = sup Y,, Y, >v(m)}, (2.5)

TjE[O,Tk]

where the threshold v : [0,1] — [¢,00) is a solution of the integral equation

1 o)
6#((T71]X(v(t)7y])u dr,dy) =1 Vte[0,1),
/t / , (dr, dy) 0,1) (2.6)
v(l)=c

v s monotonically nonincreasing and can be chosen right continuous. The op-
timal probability for the best choice problem for N is given by

s = P(Yr =supYy)
k

1 00
_ / (011 (e.00]) / e~ IX WD)y (. ) 2.7)
0 o)
1 po(r) pl ) )
n / / / ([0 (" oc]) / (e)u«r,ux(y,oo])u(dr, dy)(dr’, dy).
0 c r! y'Vo(r

(b) Approzimation of the optimal best choice probabilities holds true:

lim v, = lim P(Xp, = M,) = s.

n—oo n—oo

(¢) T, :=min{l <i<nl|X,=MX,> anv(L) 4 by} defines an asymptotically
optimal sequence of stopping times, 1.e.

lim P(X; = M,)=s.

n—o0
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Proof: For (t,z) € [0,1) X [¢,00) we want to determine optimal stopping times
To(t,z) > tn for X7, 1 < j < n, which maximize
P(X7 =2V max X7)

tn<j<n

under all stopping times 7 > tn. Define for ¢ > tn

Zn(t, ) :P<X" — 2V max X" |XT, X”)
tn<j<n
Then we have to maximize EZ!(t,z) = P(X]} = 2 V maxy<jc, XJ'). By the
classical recursive equation for optimal stopping of finite sequences the optimal
stopping times T,(¢,x) are given by (see e.g. Proposition 2.1 in [FR] (2010))
To(t,x) :== T (t,z) where T."(t,x) := n and

T (t,2) =min{k <i<n|P(X! =2V max X! |X{,...,X]")
tn<j<n
>P(XT>z(t o = xvtg?an | X7, XD, X] —:C\/mmg)éX]}
=min{k <i<n|PX> mzLXX”|X”)
<j<n
> P(Xoif 0 = X7 v%@;x | X7, X, X —x\/mm<ejt}<{zX}
By backward induction in I = n — 1,...,[tn| we obtain for tn < i < [ that

T7Ht,x) = TN L, X)) on { X! =z V maxm<]<1X } and further that T>l(t x) is
independent of O'(X Iy X[j, - Thus

[tn]"

To(t,x) = min {tn <i <n | P(X]' > max X7 | X}")

1<Jj<n
>P(X" oy =XV max X' | X'), X]' =2V max X'}
X ) 1<j<n tn<j<t J

=min {tn <i<n|h, (LX) > g, (£, X]"), X' =2V max X'}

tn<j<i J

where
gn(t,x) = P(X7, (o) = TV max X1

tn<j<n J

(2.8)
hn(t, ) == P( max X < ).
tn<j<n
h., is monotonically nondecreasing in (s, t) and converges uniformly in compact sets

in [0,1] x (¢, 00] to
hoo(t, ) := P(N((t,1] x (z,0]) = 0) = e #(E:1x@oc)),

To prove that g, (,z) also converges uniformly on compact sets in [0, 1] x (¢, o0
we decompose g, into two monotone components.

gn(t,x) = sup  P(X] =2V max X7)
>tn tn<j<n
stopping times
= sup  P(X]'=2V max X7, max X > )
>tn tn<j<n tn<j<n
stopping times
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= sup  P(X]'Vr= max (X} V), max X} > x)
>tn tn<j<n tn<j<n
stopping times

= sup  P(X]'Var= max (X]'Vz))— P(max X7 <x)

>in tn<j<n tn<j<n
stopping times
= Gult, x) — halt, z). (2.9)

For the second equality we use that by assumption P(X" = z) = 0. g,(t, ) is
monotonically nondecreasing in (¢, z) and thus converges pointwise to some func-
tion §oo(t,z). We next prove that g, is continuous which then implies uniform
convergence. On one hand side we have for s <t and = > ¢

gn(s,7) < sup P(X]'Vaz > max (X}'Vz))
T>sn in<j<n
stopping times

< sup P(X!Vaza > max (XI'Vz), max (X! Vz)< max (XVz))
T X J Y . ] : J
>sn tn<j<n sn<j<in tn<j<n
stopping times

+ P( max (X} Vz)> max (X}'Vz))

sn<j<tn tn<j<n

< gn(t,z) + P( max X > x).

sn<j<tn J

On the other hand

Gn(s,7) = sup  P(X!'Vz> max (X} Vr))
T>8n sn<j<n
stopping times

> sup P(X]'Vr> max (X]'Vuz))
T>sn tn<g<n
stopping times

— P( max (X}'Vz)> max (X} Vuz))

sn<j<in tn<j<n
> q — TL
> gn(t,x) P(sgg?énXJ > ).
This implies
|Gn(5,7) — gn(t, )] < P( max X > x).

sn<j<tn
and thus continuity of g (¢, z) in t.

To prove continuity of g in z let x < y. Then

0< gn(tv y) - gn(t7$)
< sup  P(X7pVy= max (X} Vy), Xz Ve < max (X]'Vz))

>sn tn<j<n tn<j<n
stopping times

n
P(x < tgg?i{an < ).

N

In consequence g (t, x) is continuous and g, — g, uniformly on compact subsets
of [0,1] X (¢, 00). Point process convergence and the representation in (2.8) imply
that

Joolt, ) = P(YT(M) =xV sup Yk)

t<t <1
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with the N-stopping time

T(t,x)= imf{nC >t|Yey=aV sup Y, hoo(mg, Ys) > goo(Tk,Yk)}.

t<T; Tk
The argument above also applies to the modified random variables

X':= sup Y.

(2
i—1 n
o <Tk<n

Defining ¢, hoo as above we obtain in this case g,(t,2) | goo(t, ) since the
discrete stopping problems majorize the continuous time stopping problem. In con-
sequence T'(t,x) are the optimal stopping times for N, i.e.

Joo(t, ) = sup P(YT =xV sup Yk),
T>1 t<tp <1
N-stopping time

As a result we get the following estimate

gn(t,z) = P(X%L(m) =zV tﬁ?i(nX;’) — goo(t, T),

with the stopping times

T (t, ) := min {tn <i<n|X]'=2V max X7 hoo(L, X]') > goo(£, X]")}.

tn<j<i

Thus the limit goo(t, ) is the same for (X) and for (X7).

The arguments above in the case x > ¢ can also be extended to the case x = c.
Note that for x > ¢
9oo(t, ) < P(Yr(a) = sup Yi)
t<tp<1
< sup P(YT = Ssup Yk) < goo(ta iL’) + hoo(tax)

T>t t<T<1
N-stopping time

From the intensity assumption (I) and since ho(t,¢) = 0 we obtain

Jo(t,¢) == lim goo(t,z) = P(YT(t,C) = sup Yk)
Tle t<Tr<1
= sup P(YT = sup Yk).

>t t<m<1
N-stopping time

Since for z > 0
In(t, ) < gn(t, ) < gnlt,x) + hn(t, o)
it follows that
lim g, (,¢) = goo(t, €).

n—o0

By assumption (I) P(N((t,1] x (¢,00]) = 1) > 0 for ¢t € [0,1). Thus goo(t, ) is
monotonically nonincreasing in x with g (t,¢) > 0 and g (t,00) = 0. Also by (I)
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hoo(t, ) is monotonically nondecreasing in x with ho(t,¢) = 0 and hy(t,00) = 1.
In consequence there exists v(t) € (¢, 00) with

heo(t, (1)) = goo(t, v(1))- (2.10)
This implies the representation

T(t,z)=inf{m, >t|Y,=2V sup Y}, Y, >v(m)}.

t<T;<Tg

We next prove that v is monotonically nonincreasing. Since g (t, ) — hoo(t, x)
is monotonically nonincreasing in x for any ¢ it is sufficient to show that for s < ¢

Goo(8,0(t)) — hoo(s,v(t)) = 0. (2.11)

To that aim we get for s < t

N

P(Yp4az =2 VsupYy) — P(Ypua) = o Vsup Yy)

T >t T >S

900<t7 :L“) - goo(sv "E)

< P(xV sup Y > Yyue) = Vsup Yy)
s<TE <t T >t
< P( sup Yy > 2)gao(t, ).
s<TR <t

On the other hand

hoo(t, 2) — hoc(s,2) = P( sup Yy > 2)hoo(t, z),

s<TE<t
which yields with x := v(¢) the claim in (2.11).
Monotonicity of v allows us to determine g (¢, ). Note that for = > v(t)
goo(t,z) := P(3ng : Vn = ng : 3% € (¢,1] : EI;—; >z N((5 5] ¥ (’2%1, ;—n]) =1,
N((t, 5 x (z,00]) = 0,and N((55,1] x (&, 00]) = 0)

1 00
_ / o ((tr]x (z.00]) / e~ 1w (. ).
t T

and in case = < v(t)

Joo(t, ) = P(Ing : Vn = ng : A5 € (t,1] : I > x:
N((Zz__nlvﬁ] X (2;7}72]7]) =1 for zj_n > U(%),N((t, Zg__nl] X (:L“,OO]) =0,
and N((5=,1] x (55, 00]) = 0)
+P(E|n0:Vn>n0:E|t<5—;<2%<1,3x<§7<2]7
N((Z;—nl,fn] X (2;7},2]7]) =1 for 2]_n > 0(2%),
N((52, 2] x (52, &) =1 for & < (L),
N((t, 5 x (£, 00]) = 0,and N((,1] x (s, 00]) = 0)



Approximative solutions of best choice problems 9

1 00
_ / o—h((tr]x (z.00]) / e~ (w0]) gy

Vo(r)

~1(z)
/ / / —u((t,r]x (y',00]) / e (r,1]x (y,00]) (d?” dy) (d?" dy )
y'Vo(r)

This implies

1 00
oot 0(8)) = / ot (o(t).00)) /() (1< oel) (. diy)
t v(t

From condition (2.10) this is equal to ha(t, v(t)) = e MEUXEED “and as conse-
quence we obtain equality from (2.6). O

In general the optimal best choice probability s in (2.7) has to be evaluated
numerically. Certain classes of intensity functions however allow an explicit evalu-
ation.

Example 2.1 Consider densities of the intensity measure p of the form

g(t,y) = —a(t)F'(y), (2.12)

where a : [0, 1] — [0, 00] is continuous and integrable, a is not identical zero in any
neighbourhood of 1 and F : [c,o0] — R monotomcally nomncreasmg, continuous
with lim, . F(x) = oo and F(o0) = 0. Defining A(t ft s)ds, we obtain

OF@) gy _q
/ / et (11X (z.y]) p(dr,dy) = / ¢ dy.
)

In consequence v solves the equation

d
F(v(t) = —= 2.1
() = 57 (213)
where d = 0.8043522 ... is the unique solution of
/ ¢ gy =1. (2.14)
0 )

The asymptotic optimal choice probability can be obtained from (2.7) by some cal-
culation as
-y

3:6_d+(ed—1—d)/ € " dy = 0.5801642. ..
d Y

This is identical to the asymptotic optimal choice probability in the iid case
(see (1.3)). In particular in case of the three extreme value distribution types A,
®,, and ¥, one gets for the limiting Poisson processes intensities with densities
g(t, z) of the form g(t,x) = —F'(y) with F(z) =e " incase A, F(z) =27% 2 >0
in case ¥, a > 0, and F(z) = (—z)* for z < 0, F(x) =0, z > 0 in case V,, a > 0.
Thus, these cases fit the form in (2.12). Also the example of a best choice problem
for X; = ¢;Y; for some iid sequence dealt with in [KR] (2000c¢) fits this condition.



10 Faller and Riischendorf

3 Poisson processes with finite intensities

Gnedin and Sakaguchi (1992) considered the best choice problem for iid sequence
(Yx) with distribution functions F' arriving at Poisson distributed time points. For
continuous F' this can be described by a planar Poisson process N with density
g(t,y) = a(t)F'(y) where a : [0,1] — [0, 00] is continuous integrable. N does not
fulfill the infinite intensity condition (I) in Section 2. For the best choice problem
in Poisson processes our method of proof can be modified to deal also with the case
of finite intensity.

Let N =), = 6.y, be a Poisson process on [0, 1] x (¢, oo] with finite Lebesgue
continuous intensity measure, i.e. p satisfies

(Ir) Finite Intensity Condition: p([0,1) X (¢, o0]) < 0.

Then the following modifications of the proof of Theorem 2.1 allow to solve this
case. Note that under condition (If) no longer ho(,¢) = 0 and thus in general no
longer one can find to any t € [0,1) an x > ¢ such that ho(t,2) < goo(t,x). This
property holds true only in [0, ¢y) with

1 o)
to := sup {t e [0,1] | / / e“((’”’ux(c’y])u(dr, dy) > 1}. (3.1)
t c

This can be seen as follows: For t € [0,y) and for x close to ¢ holds

Joo(t, ) > P(YT(W) =sup Yx V) > hyo(t, x)

T >t

with stopping time T(t,z) := inf{m, > t | Y, > x}. If for some t ¢ [0,ty) there
would exist some v(t) € (¢,00) with heo(t, v(t)) = goo(t, v(t)), then v(t) = ¢ would
give a contradiction.

So far we have obtained optimality of the stopping times T'(¢, z) for z > ¢. We
next consider the case x = ¢. Since N has only finitely many points in [0, 1] X (¢, 00)
it follows that

Jo(t,x) = P(Ypue) =supYy > x)

T >t

zlc

— P(Yr(,e) =sup Yy > ¢) = P(Yru,e) = sup Yz) — hao(t, ).
T >t T >t

The inequality

sup P(Yr =supYy)
T>t T >t
N-stopping time

< sup P(YpVa=supVyVa)=gw(t,r) + hoolt, x)
N-stol;rp>ir€g time Tt

then implies optimality of T'(¢,¢) and we obtain the following result.
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Theorem 3.1 Let the Poisson process satisfy the finite intensity condition (Iy).
Then the optimal choice stopping time for N is given by

T = inf {Tk | Yy = sup Y, Y, > U(Tk)}>
7;€[0,7%]

where v : [0, 1] — [¢,00) is a solution of the integral equation

// W% 0Oy (dr dy) = 1V € [0, o),
®)

=c Vie [to, 1]

v 18 monotonically nonincreasing and can be chosen right continuous. The optimal
choice probability is given by

s:=PYr=supV;, T <1)
k

1 00
_ / (011 (e.00]) / 1% oDy (. )
0 v(r)

to  pro(r’) 1 00
0 c r! y'Vo(r

Example 3.1 In case of the finite intensity measure p with densz'ty g(t y) =
a(t)F'(y) as in Gnedin and Sakaguchi (1992) let F'(c) = 0 and A(t ft

Then we obtain

ADA-F@) oy _ 1
/ / pl((r1] % (2.9]) p(dr, dy) = / dy.
0 Yy

Thus we get tg =0 and v = ¢ if A(0) < d where d is the constant given in (2.14).

If A(0) > d, then ty is the smallest point satisfying A(to) = d, and fort € [0,t,)
v(t) is a solution of the equation

Some detailed calculations yield in this case the optimal choice probability s as

A0) oy _ 1
e 0 / C if A(0) < d,
s = 0 Y

- A(0) o~y
e 4 (ed —1- d)/ —dy, if A(O) > d.
d Y

This coincides with the results obtained in Gnedin and Sakaguchi (1992).
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4 The optimal m-choice problem

In this section we consider the optimal m-choice problem (1.4) for independent
sequences (X;). Let X = Xi=ta denote the normalized version as in Section 2.
Similarly we consider the optlmal m-choice problem for continuous time Poisson
processes in the plane defined by

\/ Yrm = sup V) = sup \/ Yr = sup ) (4.1)
iy 0Ty << T <1 i1
T;,N-stopping times

and call (7]™) = (T;"™) optimal m-choice stopping times. The condition ¢t < T3 <

)

- < Ty < 1 means that T,y < T; on {T;_1 <1} and T; = 1 on {T;_; = 1}.

The following lemma gives a characterization of optimal m-choice stopping
times in the discrete case.

Lemma 4.1 Define for (t,x) € [0,1) x [¢,0)

m e n n o o__ n
gr(t,x) == sup P(Xp V-V X7 —x\/tniai( X7)
tn<Ty<-<Tm<n n<j<n
stopping times

and
1 . n
h(t,x) == g;”_l(t, x) + h}l(t,x).
Then

ggL(t, iU) = P( ,?wln,m(t’x) VeV Xn#[m(t,x) =2V max X?)

tn<j<n

with optimal stopping times given by

19" (t,x) = min{tn<i<n—m+1 |

hot (£, X7) > gnt (£, X7), X' = 2V max X'},

n’ tn<j<i (4 2)
1" (¢ ) o= min{ T (o) <i<n—m+ 1 | '

hm l+1( Xn) > g;r:z l+1( Xn) Xn — 7V max Xn}

tn<j<i J

for2 <l <m.

Proof: Let tn < S < n—m + 1 be a stopping time and Z < maxy,<j<s X7
be a random variable. Furthermore let for 1 < ¢ < n, M be o(X],,...,X})
measurable with M < X7\, vV M, and P(M* = z) = 0 for all > c. In order
to maximize P(Z V X7V M7 = &V maXy,<jc, X') w.r.t. all stopping times T,
S <T <n-—m-+1 we define

Yii=P(ZVX]'VM'=2V max XI'| X}, ...,X]").

tn<j<n ’
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Thus we have to maximize EYr = P(Z V X7V M} = &V maX;,<jc, X}'). The
optimal stopping times are given by T,,(t, z) = T, (t, z) with

Tt @)
= min{k < i < n—m—|—1|P(Z\/X”\/M"—a:\/tma§ X3P XY, X
ngn
X =2V max X!}
tn<j<i
=min{k<i<n—-m-+1|PX'VM= X"\/ma<XX"|X”)
1<Jsn
> P(XPoig ) V Mpzig = X7 \/lgljagLX” | X7,
X" =V max X'}
tn<j<t

For the second equality we use that P(X]' = X} > ¢) = 0 for i # j and thus
X = oV maxy«j<i X]” > x is strictly larger than Z. Thus Z can not be the
maximum. In consequence we get for k > S

T>5(t,x) =min{k <i<n—m+1| ﬁn(%,XZ”) > gn(£,X1"), XI' =2V max X7}

tn<j<i J
(4.3)
where
ha(t,z) == P(x vV M|}, =z V t7£r<l;a§nX )

= P(M[},; = xV max X7}) + hi(t, ),

tn<j<n

gn(t,a:) = P(X;L—vn(t7$) V MTn(t,x) =2V max Xn)

tn<j<n J

By induction we obtain from (4.3) the representation in (4.2). Define for m = 1:

M! = —o0, for m = 2: M} := X;>,(t 2 ete. O

Theorem 4.2 (Approximative solution of the best m-choice problem)
Let Ny % N on M, = [0,1] X (¢,00] and let N satisfy the intensity condition (I).

a) The optimal m-choice stopping times for N are given by T7"(0,¢),..., T (0, c),
where
T (t,x) =inf{r, >t | Yy =2V sup Y, Yy >v"(m)},
75 €(t, 7]
T (t,x) = inf{m, > T/, (t,z) | Vi =2V sup Y;, Y, >v" ")},
T €(t,71]

for 2 <1 < m. The thresholds v™(t) are solutions of the equations

g, m(t))—hm(t V(1)) fort € [0,1) (4.4)
v™(1) =
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with
ggno(t, :I:') = P<YT1m(t,gc) VARV YTZJZ(t@) =2V sup Yk)

t<t<1

and

hl (t,x) = e rlBlx(@ecD form =1,

R (t,x) = g7 (¢, x) + hl (¢, 1) form > 2.

™ 2 [0,1] = [e,00) is monotonically nonincreasing and can be chosen right
continuous. Furthermore, v™(t) < v™ 1(t) fort € [0,1] (m > 2).

b) lim P(Xpnm V-V Xpnm = M,) = s,, = g2 (0, ¢)

n—o00 1

¢) The stopping times T)™ = Tl”’m defined by

) o 45
= min{T <i<n—m 41| Xy = M, Xy > a0 (D) +0b,) (45)

n

" = min{l <i <n—m+1|X; =M, X; > a,v™(L) + by},

for 2 <1 < m are approzimative optimal m-choice stopping times, i.e.

n—oo

Proof: The proof of b), ¢) is similar to the corresponding part in Theorem 2.1. We
therefore concentrate on the proof of a).

As in the proof of Theorem 2.1 we obtain

g (t,x) = sup PYr, V---VYp =xV sup Yj). (4.7)
t<T1,....,Tm<1 t<tp<1
N-stopping times

Furthermore we note that v™ is continuous in 1, limyy v™(¢) = c. If not, then
v"™(t,) — d > c for some sequence t,, T 1 and thus ¢ (¢,, v (t,)) — 0. The inequal-
ity A% (tn, v"™(tn)) = hl (tn,v™(t,)) = €% =1> 0 then yields a contradiction.

We have to show that for m > 2, v™ < v™!. Using the characterization of v™
in (4.4) this inequality follows from
g (t,x) — hi(t,z) < gm_l(t, x) — hg’;‘l(t,x). (4.8)

oo

for x = v™(t). For m = 2 we obtain from (4.7)

g2 (t,x) < 2g1 (t, @),

which implies (4.8). For m > 3 (4.8) is equivalent to

gg(t’ :L‘) - ggno_l(t7 l‘) < g?o_l(t7 ZL’) - g;no_Q(t’ :E) (49)
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We prove (4.9) by induction. By induction hypothesis we assume that v~ <
v™ 2 < ... < v and all of the v* are monotonically nonincreasing. Also we
have limyy v™() = c. Assume that v™(s) > v™ !(s) for some s € [0,1). Since
limgy 0™ (¢) = limgq 0™ 1(¢) = ¢ and since v ! is monotonically nonincreasing,
there exists some ¢ € [s,1) with v™(¢) > v™ (¢) and v™(t) > v™(r) for all r > t.
We establish (4.9) for z = v™(¢).

From the definition of the thresholds follows Tj™(t,z) < T (¢, z) < T} (¢, x)
for all 1 <k <m — 2. We define the stopping time

T(t, ) = T7"( )X g1 .0) <72 (1,00}
m—2
+ Z "(t, 37)X{Tlm(t,;;;):T{“*Q(t,x)}m---m{m1(t,x):T;ﬁ;?(t,x)}m{Tim(t,m)<T;”*2(t,z)}
1=2
+ Tt x)X{T;n(t,x):T{”*(t,x)}m...m{TTg@_Q(t,x):ngg(t,x)}-

A

T(t,z) only stops at time points T{"(t,z),..., T/ (t,x) but not at time points
T 2(t,x),..., T/" 3 (t,z) when these are < 1. We now obtain from (4.7) the in-
equality

gg(tv I) - gglo_l(t ZL’)
S P(Yrrga) Ve VYrmeey =2V sup Yy)

t<t<1

Voo VY o =aVosup Vi) = P(Ypq =2V sup Yj)

t<t<1 t<tp<1

- P(YTim72(

t,x
= P(Yrma) V-V Ympey =V sup Yy, Yiga <V sup Yi) — gm 2 (t, x)
t<tp<1 t<tp<1

< P(Yrym Vo VY, o) =2V sup Yy)— g2 >(t,z)

t<tp <1
< gqono_l(t7 ZE) - g$_2(t7 I)7

with the stopping times

Ti(t, @) = T7" (6 )X g )ty T 15 (6 B)X 1 (1) =T (1,00
Ti(t, x) == T]"(t, m)X{Tlm(t,x);éT(t,x)}ﬂuﬂ{Tim(t,z);éT(t,x)}

+ T4 (8, x>X{T{”(t,x):T(t,x)}u---u{Tim(t,x):T(t,a:)}
fori=2,...,m—1.

Thus (4.9) holds true for x = v™(¢) and, therefore, v™(t) < v !(t), a contra-
diction. This implies the statement v™ < v™ L.

In the final step we prove that ™ is monotonically nonincreasing. Since
g2 (t,x) — hZ(t,z) is monotonically nonincreasing in x for any ¢, it suffices to
prove that for s <t

Goo (s, 0™ (8)) — R (s, ™ (t)) = 0. (4.10)
We define for (s, z) € [0,1) x (¢, 0]
A(S’z) = {YT{”(s,m) VARV YT&n(s’x) =xV 83:}21 Yk, YTimfl(S’I)

VeV YTm:ll(S’a:) <xV sup Yi}.

s<T <1
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Then
g (s, x) — go (s, x) = P(Agsa))

and for s <t

P(A@a) — P(Ais)
= P(A(s0): N((s, 1] X (z,00]) = 0) + P(A(s,2)) P(N((s, 7] x (2, 00]) > 1)
— P(As)
= —P(A(sa), N((5,1] X (z,00]) = 1) + P(Agzq)) (1 — e #x oDy

P(Aw)

< m(h1 (t,z) — hio(s,x))

With z = v™(t) we obtain the inequality in (4.10) and thus monotonicity of
v O

To calculate the optimal thresholds we need to calculate the densities of record
stopping times with general threshold v.

Lemma 4.3 Let v : [0,1] — [¢,00) be monotonically nonincreasing, right con-
tinuous with v > ¢ on [0,1). Define the record stopping time associated to v for

(t,x) € 10,1) x (c,00) by

T(t,x):=inf{m, >t | Y, =2V sup Y}, Y, > v(m)},

Tj e(taTk:]

(a) If x > v(t), then (T'(t, ), Yr@o)ir@e)<1y has Lebesgue density

e—p,((t,s}X(nyOODg S,Y), ZfS e (t1 ) > T,
Flew)(s,y) = { (5,9) (t,1), (4.11)

0, if s €[0,t] ory<x
on [0,1) x R.
(b) For x <w(t), (T'(t,x),Yrua)Xr(tz)<1y has Lebesgue density

Fla(s,y (4.12)

y/\v r
(1 + / / er(tslx(@2D gy dz))

cem @D g (s y)var, (5, 9), ifs€(t1),y>u,
0, if s €[0,t] ory<x

on [0,1) x R.
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Proof:

(a) If x > v(t), then for s € (¢t,1) and z € (x,00)
P(T(t,lL‘)gS,YT(t) )
= P(3ng:Vn =ng: 35 € (t,s]: 3L € (z,2]:
((>2n]><( ])—0N((2n,2;]><(2]—;”00]):0,
N((E, ] (52 = 0,and N(CEE, A1) x (52, 1) = 1)

/ / —u((t,r]x (z,00]) (dT’ dy)

(b) If 2 < v(t) then for s € (t,1) and z € (x,00) holds with M, = {t,z) : z > v(¢t)}
P(T(t,(l}) < SuyT(t,x) < Z) = Al + AQ
where

Ay = P(3ng:Vn =ng: 3% € (t,s]: 3L € (z,2]:
N((t, 5 x (w,00]) = 0, N((57, 3

n
) on 2n72n] X (;—n,oo]) :Oa
ng’QL"]X($’ 2”])_0andN<(2_l Z]X<];15Ln]va):1)

N(( o
= / / e mbrxteeclly (v y) u(dr, dy)
t x
and

Ay = P(3ng : Vn >n0'3t<L<i<s:3x<i<i<z:
N((52, 2] x (L2, £]) =1 for £ < v(&) and &

271 72TL
N((t, 5 % (3 OO])
L] x (&

and N((

y/\vr
/ / / / wErD5ooD y(dr! dy') xan, (r, y) p(dr, dy). O

Conditioning by (17"(t,z), Yrm, gc))X{Tm(t z)<1} We obtain for x > v™(t) as con-
sequence a formula for g™ (¢, x) using that v™ is monotonically nonincreasing

1 [e'e)
ﬁmmz//'@@wwmwm%mmww
t x

This allows to calculate the optimal threshold ™. Finally we can calculate g7 (¢, x)
for x < v™(t) using that

1 [e’)
ﬁwmz//'w@wwMWW%mw@w
t x
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Here ;") is the density of (17" (¢, ), Yrp (¢, 2)) X {777 (t,0)<1} from Lemma 4.3 involv-
ing the optimal thresholds v™.

For certain densities g(t,z) the optimal stopping curves can be determined
directly. To that purpose define constants d,, and functions H,, in the following
way: Let for m € IN d,,, be the uniquely determined constant with

dm x
e / ¢ / H™(y)dydz — H™(d,). (4.13)
o T Jo
Here the functions H™ for z > 0 are inductively defined by H'(z) := ¢~ and

e ” _Z/ / H™ 1 y)dydz, z < dp_1,

H™(z2) :=
e ” / / Hm_l(:vy)R(x,y,z,dm_l)dydx, 2> dpy

for m > 2, where

y —1
1 T Vi (dzt) — L ~(1-n)
1—=x -z
\/ d —1 _1736 ﬁ _u
R(z,y,z,d) =4 — UAE) i d/ Ty
1 xd (1-ayy u
d/zv(dzl) €_du n xV (dz ) — xe—(l—x)z if y < d.
( Jaoa v I-w |

In the following theorem we given an application to the case where the intensity
measure 4 of the Poisson process NV has a density of the form

g9(t,y) = —a(t)F'(y)

with a continuous integrable function a : [0,1] — [0, co] not identical zero in any
neighbourhood of 1 and F' : [¢,00] — R monotonically nonincreasing, continuous
with lim,|. F'(z) = oo and F(c0) = 0.

In this situation we get the following result for the optimal m-choice problem
for N.

Theorem 4.4 Under the conditions stated above the optimal threshold v™(t) for
t €10,1) is a solution of

F(u™(t)) = % with A(t) ::/t a(s)ds. (4.14)

Further W7 (t,x) = H™(A(t)F(z)) and the optimal m-choice probability is given by

s™ = H™(c0).
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Proof: At first let v(¢), t € [0,1) be a solution of

Fu(t) = %

where d > 0 and T'(t, x) is the record stopping time associated to v. Let v : [0, 1] —
[c, 00) be chosen right continuous. To calculate F{; . the density of (T'(¢, ), Yruz))
in case < v(t) we have to calculate

sAv~ () pyAv(r)
/ / e (Bx @2y ).
t T

For y € (x,v(t)] holds

sAv~1 (v) v
/ / eu((t,s]x(m,zl),u(dr, dz)
t xX

s (y) y
_ / a(r) / A=A (F@FE) B () dadr
t T

s/\v_l(y) y
:/t a(r)dr/ m Ze —(A(D)=A(5))F(2) 5 o (A()—A(5)) F(2)

AW ~AGIV(EEY) (A —A(s)F(x) (. —(A(t)—A(s))F —(A(t)—A(s))F(z
T(f)ye(() ())()(e(() (NF(y) _ o=(A®) ())())

_ ()A(S)(()) At)—A(s))(F(z)-F
_ A0 (- F @) _ 1)

Using some substitutions we obtain further

Y(z) AT L(z) v(r) )
s|x(x,z 1
/ / e (s @2) y(dr dz) = / a(r)/ Y ORI oK
sAv—1(y sAv—1(y) z
- —(A()-A() 55 —(A(t)—A(s))F(x) e A(s))F(w)
= / 1 a(r) (e A0 — e )d _() o
sAv~1(y)

1
AV(FES) L o (A A(s))dz g, AD—ADF@) AV (7(57)~ AV (5y)
22 A(D)—A(s) A(D—A(s) -

1
A(s)v(%y))

With the substitution 2z’ = (A(t) — A(s))z this is identical to

AM-AG) d

d
AVEE o= g (A -Ae)F@) _ AV AV EG))
AW-A(s) g 2? dzde A(t)—A(s)
AV (EE)
— 1 -z e A(t)—A(s))F(x A(S)\/(%)fA(s)V(%)
= {[—;e ]_/ sz} delANACNID) — AOAm

A()—A(s) A(t)— A(S)

AV (5(ay) 7A(5)v(%)d AV(Ey) AL ¢
{_ aw-ae ¢ 0 T ammam e Y
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Y L ) AV )= AV (i)
— @ 2 1. L (Al —A(s) Fz) _ F(y) F(2)
AR-AG) 4 2 A(t)—A(s)
AV (Ey)

Together we obtain for s € (¢,1) and y € (x,v(t)]
S ADZAD (o

JZAE) —(AW)-A(9) F (=)

ABV(FES) " AL .
F(t,r)(syy) = { TA)—A(s) gé; € Fe + A(t)(_ix(s)
A=Al 4
+ 5 A(?‘ e~ (AO—AB)F () _ g4 AV (FEy) 2z
(1=A) (A(t)—A(s)) F(y)

=)

() (—=F"(y))xar, (5, 9)
= R (48 AW F (), AW F(x).d) a(s)(=F'(3)). xar, (5,9):

Similarly we obtain for y > v(t)

/ / w((t,s]x(z,2]) (dT dZ)
&)

A(t)—A(s)
A(S)V(F(x))d % € odeAD—AE)F() _ A(t);;‘)(S)X((I;<Z)

A=A g 2
In consequence also in this case for s € (¢,1) and y € [v(t), 00) (thus A(t)F(y) < d)

holds
(o) = R (501 AOF ) AOF(@), ) al9)(~F ()xan (1),

This representation of F{, ) allows to prove the statement by induction. The case

m = 1 has already been given in Example 3.1.
For the induction step m — 1 — m we get for x > v™ (¢) (thus A(t)F(x) <
dy,—1) using the induction hypothesis

1 [e’e)
'(t,x) = / / Wt (s, y)e MOl (ds, dy)
t x
1 [e'e)
- / H™ (A(s) F(y))e~ AO-ADF@ o 5)(— F'(y))dyds
t x

A(s)F(x)
/ a(s) A(s)F(m)/ Hm—l( )dzdse (t)F(z)
A(s) 0

Al F(x)
/ Hm 1( )dzdyefA(t)F(x).
0 y 0

In the last equalities we used the substitutions z = A(s)F(y) resp. y = A(s)F(x).

Thus for z > v™ 1(t) we have
he(t,x) = H™ (AQ)F(x)).
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Similarly in the case z < v™ 1 (¢):

Y(t, x) // Rz 1syFm 1(s,y)dyds

/ / A HA(s)F(y >>R(g<(;)>
)( F/( ))dyds

(A@)F(x) /\ m m,l)
_ m—1 [ A(s)
= /t /0 H (A(t)z>

i <fl((i)) ) %5 A(t)F(l’), dm—l) Z((i)) dzds

AWF(y), ADF (), dn-1)

1 A(t)F(z 771
_ /0 /0 >Hm1(yz)R(y,z,A(t)F(m),dm1)dzdy.

In the last equalities we used the substitutions z = A(t)F(y) resp. y = %. Thus

for x < v™1(t) (and, therefore, A(t)F(x) > d,,_;) holds
heo(t, @) = H™(A(t) F(x)).

Thus for = > v™(t) we have

AMF(z) o
g (t, ) :/ / H™(2)dzdye AWF@),
0

Equalizing this with A (¢, x) = H™(A(t)F(x)) it follow that the optimal thresh-
old v™(t) is determined by
A F(™(t)) = dp, (4.15)

with d,,, as determined in (4.12). This completes the induction. O

We next will determine the solution of the optimal 2-choice problem for this
type of densities. The constant d; is given by

dy = 0.8043522.. ., (4.16)

the unique solution of

d1 Y
/ Cdy=1. (4.17)
o Y

With some detailed calculations we obtain

(%) e +e ) eyT_ldy, if 2 < d,
z) = _
e +e M4 (e —1—d) f;l %dy, it z > d;.

This implies the optimal one-choice probability

oo L~y
= H2(oo) —e 44 (ed1 —-1- dl)/ e—dy = 0.5801642. .. (4.18)
Y
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The calculation of H3 is involved. We obtain

H2(2)+e 7?1 [0 < J 1‘;7@’ dyde — [+ [T eyy_ldydx}, if 2z < dj,

H3(2) =

H?(2) + e K, [ eygldwm}, if di < 2 < da,
where

di
K, = ﬂdy = 0.6676616 . ..
0 Yy

dy T d1 xT
Ky ;_/ ?/ udydx_/ %/ L gydy = 0.2144351 . ..
0 0 Y 0 0 Y

The case dy < z is left open. In consequence we obtain
dy = 1.5817197 . ..

is that constant > d;, which solves the equation

do
Kl/d %dy — log (Z—f) + Ky =1
Numerical calculation yields the optimal two-choice probability
sy = H?(00) = 0.8443 . ..

The functions H™, m > 4 seem to be too difficult to be calculated explicitly and
the corresponding optimal m-choice probability can only be calculated numerically
(and even that is a challenge).

Example 4.1 Let (X;) be iid with continuous standard normal distribution func-
tion F' = ®. Then normalizing constants from extreme value theory are given by

1 log logn + log 47
n=———, b, = /21 — .
¢ v2logn een 2y/2logn

Then we obtain that

(XTln’m VARV XT;LL,W = Mn)  — Hm+1(oo).

H
I

. {1<i<n—m+1|Xi—Mi,F(Xi)>CI><anlog (ldmﬁ) —l—bn)},

e}

(4.19)
define for 2 < I < m an asymptotically optimal sequence of m-choice stopping
times.

A

= {T[j;" <i<n-m+l|X; =M, F(X;)>® <anlog( -

dme»l
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As in Section 3 for one-choice problem the proof of optimality of the stopping
times T7"*(¢, x), ..., T)"(t, ) in Theorem 4.2 can be modified to hold true for Poisson
processes N with finite intensity measure u. As result we obtain

Theorem 4.5 Let the Poisson process N on [0, 1] x (¢, o] fulfill the finite intensity
condition Iy.

a) The optimal m-choice stopping times for N are given by (T7",...,T) =
(1T7(0,¢),...,T7(0,c)) with
Tt x) =inf{m, >t | Yy =2V sup Y,, Y, >v" (1)},
T]‘E(tﬂ'k}

T"(t,x) = inf{r, >T"(t,z) | Yy =2V sup Y, Y, > vm’”l(rk)},

Tje(t77-k]

for 2 < 1 < m. The corresponding stopping thresholds v™ are determined as
solutions of

oot 0™ (1)) = hey(£,0™ (1)) for t € [0, 47"),
V™ (t) =c fort e [ty 1],
where ty" :=sup{t € [0,1] | gZ(¢t,c) > hZ(t,c)}.

The functions g%, hZ are given by

(4.20)

goa(t,x) = P(Ypme) V-V Yrmua) =2V sup Yy)

t<tE<1
and
hl (t,x) = e rlB1x(@ecD form =1,
R (t, ) i= g™ (¢, x) + hl (t,7) form > 2.
v™ 1 [0,1] — [¢,00] is monotonically nonincreasing and can be chosen right

continuous. Furthermore,

v™(t) <™t fort €10,1],m > 2.

b) The optimal m-choice probability is given by
Sm = PYrm V- VYm =sup ¥y, T" < 1) = liingglo(t,a:).
k zlc

Theorem 4.5 allows to generalize the optimal (one-)choice results in Gnedin and
Sakaguchi (1992) resp. Example 3.1 for iid sequences with distribution function F’
arriving at Poisson distributed time points to the m-choice case. Let the intensity
measure 4 of a Poisson process N have Lebesgue density

g(t,y) = a(t)F'(y) (4.21)

with continuous and integrable function a : [0,1] — [0, 00] and continuous dis-
tribution function F'. Define A(t) := j;l a(s)ds and let the constants d,, and the
functions H™ be defined as in (4.13). The point ¢j* is defined as for m = 1 in
Example 3.1.
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Theorem 4.6 Let N be a Poisson process with finite intensity (4.21). Then we
have

a) If A(0) < d, then t§' =0 and v™ = c.
b) If A(0) > d,, then t§* is the minimal solution of A(ty') = d,,. For t €
0, tg")v™(t) is a solution of

F™(t) =1 — —=. (4.22)

c) h2(t,z) = H™(A(t)(1 — F(x))) for x > —oo and the optimal m-choice proba-
bility is given by
$m = H™1(A(0)) — =4O, (4.23)

Proof: The proof is similar to that of Theorem 4.4 replacing the decreasing function
F' there by the decreasing function 1 — F' here. O
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