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Abstract

We consider optimal stopping of sequences of random variables
satisfying some asymptotic independence property. Assuming that
the embedded planar point processes converge to a Poisson process
we introduce some further conditions to obtain approximation of the
optimal stopping problem of the discrete time sequence by the opti-
mal stopping of the limiting Poisson process. This limiting problem
can be solved in several cases. We apply this method to obtain ap-
proximations for the stopping of moving average sequences, of hidden
Markov chains, and of max-autoregressive sequences. We also briefly
discuss extensions to the case of Poisson cluster processes in the limit.

Keywords: Optimal stopping, Poisson processes, asymptotic indepen-
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1 Introduction

The aim of this paper is to extend the recent approach in Kithne and Ri-
schendorf (2000) (in the following abbreviated by KR (2000)) for approxima-
tively optimal stopping of independent sequences X1, ..., X, to dependent
sequences. The basic assumption in this approach is convergence of the
embedded planar point process

n
No=3 e(sx,) 2N (1.1)
i=1
to some Poisson point process N with intensity measure p with Lebesgue-
density h. Here X, ; = @ is some normalization of X; induced from
the central limit theorem for maxima. Then under some additional condi-
tions it is proved that the optimal stopping problem of X;,..., X, can be
approximated by the optimal stopping of the Poisson process. Finally it is
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2 Approximate optimal stopping of dependent sequences

shown that the optimal stopping of a Poisson process with intensity p can
be reduced to solving a differential equation of the form

V(1) = —/U(t)/x ht,y)dyde, 0 <t <1 (1.2)
o(l) = f(1).

The solution of (1.2) is the optimal stopping curve u for the Poisson process.
Here f is a decreasing function describing the lower boundary of the inten-
sity and p is assumed to have singularities only on the lower boundary; in
technical terms p is a Radon measure on My = {(t,y) € [0,1] x R;y > f(¢)}
supplied with the relative topology of [0,1] x IR. Additional to the conti-
nuity assumption (D) on u as described above we need that v satisfies the
separation condition

(S) (v=1)jog >c >0 forall t<1. (1.3)

Finally for convergence of the stopping problems we need that the positive
parts M of the maxima M, = max{Xj,...,X,} are uniformly integrable
(condition (G)) and the lower curve condition (L), i.e.

limu,(1—¢) > —co forall &>0, (1.4)

where w1 ..., U, is the optimal stopping curve of X, 1,..., X, , and u,(s)
= Up,[n,sv1 18 the functional form of w, ;. Convergence of the stopping prob-
lem means convergence of the optimal stopping times, stopping time distri-
butions, and stopping value.

To extend this program to dependent sequences we need some kind of
asymptotic independence assumption (A) as well as a modification (L') of
the lower curve condition.

As application we derive approximative optimal stopping results for some
finite moving average processes, for hidden Markov models (chain dependent
sequences), and for max-autoregressive sequences. In a subsequent section
we briefly consider the case where in the limit we obtain a Poisson-cluster
process. This needs some alternative construction and allows to consider
also some infinite MA-processes. For some details on the arguments we refer
to the dissertation of Kiihne (1997) on which this paper is based.

2 Approximation of optimal stopping
For general dependent sequences the point process approximation in (1.1)

plus some conditions related to (D), (S), and (L) will not imply approxima-
tion of the stopping problems as the following simple example shows clearly.
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Example 2.1 Let (Y;) be iid exponentially distributed and let T,, denote the
optimal stopping time of Y1,...,Y,. Let ny = 102 k> 1, and my, € {ng_1+
2,...,n} be such that Yy, =Y, 42V ... VY, , and define

Xio= {—1 i=mp—1.

Then (X;) exhibit the same point process behavior as (Y;) but have a com-
pletely different stopping behavior. Consider stopping of (X1, ..., Xn,), then
TP = inf{i € {np_1+1,...,n4} : X; = —1}+1 is a stopping time with X0 =
Xy 142V VX, and so limg_,o EXT’g—log ny = limg_,o (EM,,, —log nks =
v =05772... > 0 =lim o (EYr, ) (see Kennedy and Kertz (1991)).

The essential local information allowing to stop at the mazimum is lost
by the asymptotic approrimation of the point process.

Let (X,:)1<i<n be a double sequence of random variables with adapted
filtration F = (F1,. .., Fnn). Consider the following assumptions:

Condition (A) (asymptotic independence) Assume that for ¢ € [0,1)

PNn('m[tvl]XR)‘]:n,[nt]fl i} PN(-ﬂ[t,].]XH:{) (21)

For a threshold stopping time 7 with threshold v define 7=¢ as the first time
over threshold v after time ¢. Let u denote the optimal stopping curve of the
Poisson process N.

Condition (L) There exist non-increasing constants u,,; such that u, g1
— u(t),t € [0,1), the optimal stopping curve of the limiting Poisson process,
and for the threshold stopping time 7}, = inf{i : X,,; > w,;} holds

%gr% liixis;}p E|Xn’T7/12[ns] |1{T7,12[ns]2[nt]} =0 forall s <1.

Finally we consider the direct generalization of the lower curve condition.
Define v, ; = esssup{ E(X,, .| Fni); T > i}.

Condition (L)
1igg§£f Evp fng > —oo, forall ¢ <1.

We now can formulate our main approximation result. Let T denote the
optimal stopping time of the limiting Poisson process N = Y &(;, 4, let K7
denote the optimal stopping index and let 7, denote an optimal stopping
time of X,,;. (For more details on the notation see KR (2000).)

Theorem 2.2 (Approximation of stopping problems) Assume that
N, =X, 5( X converges on My to a Poisson process N with inten-

4
n’ ’

sity u satisfying (D). Let the optimal stopping curve u be the unique solution
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of (1.2) and satisfy the separation condition (S). Finally assume conditions

(A), (G), and (L'). Then

CL) E(’Yn,[ntﬂfn,[nt]—l) i} u(t),t € [07 1) (22)
b))  (Tp, Xnz,) = (T,yxr) and EX, 1, = Bygr = u(0)
¢) (T}) is an asymptotically optimal sequence of stopping times,

i.e. BEXnm — u(0).
Proof Theorem 2.2a): Define for 1 </ <m <n
Mn,Z,m — Ant VeV Xn,m7 Mn - Mn,l,n‘

For t € [0,1) we define a!,, = [n(t+ (1 —t)1)],0 <i < k, X)) = M, i

nank’ank
and the filtration 7' = (F},1,..., Fp 1) = (Fpal -+ Fpqr ). This induces

Ay
a finite stopping problem for X, ; = XHf if afﬁl <1 < aﬁl?k with correspond-
ing filtration F,; which majorizes the corresponding stopping problem of
Xp,i since Ym- > X, for all <. From point process convergence and the
continuous mapping theorem we conclude that

k
(Xn ks ’X;z,k) - (Mt,t—i-(l—t)%? T Mt-ﬁ-(l—t)’“—;lm)
= (X,gl,...,X,;k), (2.3)
where M, = sup{yx; 7% € (s,t]} is the corresponding max in the Poisson
process. Here and in the following we assume w.l.g. almost sure convergence
of the points (see the corresponding argument in KR (2000)).

We prove by backward induction from k—1 to 1 convergence of the optimal
stopping behavior:

(7;;;1 ) = U i+1 1 =0, k=1, (24)

where (u, ;) is the optimal stopping curve of the independent sequence (X} *).
We start with the induction step i+1 — .
Consider the Bellmann equation

(%’f}il ) (X”H ( /Z+2| nz—l—l) |~7:7/”) (2.5)

where by the induction assumption £ (’y’ ”2\ i +1) N Uy, ;- This implies

E( /H-Q‘]:/ ) )I]_- X
conditional convergence P~\7nk Mnit1)n. £ Eul .,y Define the mapping
N
0 _ _
M (Z 531,721.)) = sup; #; and Nf1 = > 5(17an). Then
t+(1-t) L nre

J i
<gpsSt+(1-t)¢

I !

1141 ’ Mn ai71 1.a? ]:n,i 0 3 /
PX |]:n7, — P ? n,k+ n,k — PM (N”)|]:"1 (26)
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By the independence assumption (A) holds

i /o P i .
PNalFni 25 PN' where N? = g E(r; ;)"
. . 7293
A< <t+(1-t) £

Therefore, we conclude as in Resnick (1987, section 4)

ri41 /o P 0 nTE 17
PXn,k |‘Fn,1 —_ PM Nt PXk . (27)

For sequences of random variables X,,, X in a separable metric space holds:
X, B X if there exist measurable sets m, with P(m,) — 0 such that
pointwise

Xolme + X1y, — X. (2.8)

Therefore, we obtain measurable sets m,,, P(m,) — 0 such that pointwise
for all w

N |F . Nt D N?
PYalFuit,e + PN, 5 PN

This implies by the continuous mapping theorem

AN (NG D N
pPM N+ PN, 2 pMON (2.9)

ri+1 i+1

ie. pXok Vi By pXit

Together, we obtain from (2.9), (2.7)

7idl /it2 ) ) il
PXni VEOL T F i) s P pXGT Ve (2.10)

To conclude from (2.10) convergence of conditional expectations as in (2.4)
we next establish uniform integrability. By assumption (G) (M) is uni-
formly integrable. Therefore, also (E(M,|F} ;1)) is uniformly integrable
and so with X, = E(M;|F), ;1)1 gt 7 y holds

n,z‘+1)>L

lim limsup £X,, = 0. (2.11)
L—0oo n—oo

From the integrability condition (L") we conclude as in the proof of Theorem
3.2 in KR (2000):

lim EX, 720 = u(t) = By _p5i, t€[0,1). (2.12)

n—oo

The positive parts of these random variables are by (2.11) uniformly inte-

grable. Therefore, with ¢t = % we obtain {X y 1]} is w.i. This
TR~ nelN

nk=1
k

implies that {X;lﬁf}ne]N is u.i., again using (2.11), and, therefore,

lim limsup EX’

k1
'k = (0 for any k.
[ sy nk+{Xk <L} y
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7,+lvE

. k ( Z+2|]: 1) X/ i1y
Denoting P, , = P %, N FL (@) e (w) 4+ PR Vit ], (w)

and Py, = PX Ve and let X MY be random variables on a proba-

bility space (', A, Q) with X% < M% and

X, — p (X,k|]:7/L2+1)|]:r/L,z‘(w)‘

~—

Then for w € m, holds

/OO vdP, .
L

= E(X”H E(y /H2| nz+1)1{X;jj1vE(»y;lj’,j2\f;m+l)zL}’]:;z,i)(w)
and we obtain

o
lim lim sup xdP,
L—oo n—oo L

< hm lim sup EQX 1{Xw >+ hm limsup Eq M 1ipre>1y = 0.
L—0o n—oo —00  n—00
A similar estimate holds for the lower tail. From the uniform integrability
of P, we conclude [zdP, ., — [xdF,,, i.e.

E(X/ZH B, /H2| nz+1)|fr/1, ) i E(X™ v U;g,i+2)-
This implies
; D
B Fh) — Uiy (2.13)

This proves the induction step. The beginning of the induction with ¢ = k—1
is similar but simpler since the second conditional term is not present in this
case.

In particular (2.4) implies

P
E (il Fro) = s

For the limit as k& — oo one obtains as in the proof of Theorem 2.5 in KR
(2000) convergence of the point process of maxima to N:

k
D
- Z€(t+(l—t)%,X,’€i) — N(-N[t, 1] x R).
i=1

Define u*(t) = uj, 1.t < 1. N* fulfills the assumptions of the approxi-

mation theorem (KR (2000, Theorem 3.2)). Therefore, we obtain u* — wu.
Since u* > w, Vk, this implies that

lim P (E(Yn g Fng—1) > u(t) +) =0, for all € > 0.

n—oo
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(2.12) and condition (G) imply E (fyn,[m”]:[nﬂ_l) L5 u(t) for t € [0,1) and
so a) holds. O

Proof of b, c: In the next step of the proof we establish convergence as in
(2.4) also for the random time point 7T". Let (T ) be a squence of stopping

time such that <:fj, X fn> — (T,Y). By a Skorohod type argument as in
KR (2000) we assume that convergence is a.s. Our aim is to prove
P
E (fyn’fnﬂvﬁ) Ly w(T) on {T < 1} (2.14)

For the proof we use a discretization argument and define for £ € IN, & <
n,x € [0,1)

g(w) = jinf{i € N;i> ko) = B2
and gi(x) = [nge(Z)+1]An, for 1<z <n-—1. (2.15)
gp maps a number in {1,...,n — 1} to the nearest number of the form
(™ 4 1],i =1,...,k — 1,n. With ¢} = (maxfn<z<g iy X — Vn,g;;@))

we obtain

E (IYTL’gZ(i:n) |fn’fn> S E (’anfn-‘rl |fn7{fn)

< B (,Vn,gg(fn) V. omax_ X"7i|"rn,7~“n)

Tn<l<g£(Tn)

= B (Vg Fui )+E<e£]]—"n5n). (2.16)

Since limy o gr(z) = x,Vx € [0,1) and g attains only k values we obtain
from (2.4)

E (g Vo, ) = ulge(T)) on {T < 51

and, therefore,

lim lim F < g(fn)u—n,ﬁ) =u(T) on {T < 1}. (2.17)

k—o0 n—>00

Consider next the behavior of e}l. We state

kh_)rgo hinfi.élpp (E (eZ!ann) 1{fn<n%} > €> =0 for all € > 0. (2.18)
Note that e} — ex = ; — T . For almost all Q
ote that e — ey <T<Tl<gk(T)y u(gr( )>>+ or almost all w €

there exists k,, € IN such that

#{(1(w), yi(w)); T(w) < 7i(w) < gr(T(W)), yi(w) > ygre } =0 for k > k.
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Otherwise there would exist infinitely many points 7;(w) close to T'(w) such
that y¢¥ > u(r;(w)) in contradiction to the separation assumption on the
Poisson process N. This implies ey, k—> 0 a.s.

—00

By the first part of this proof (7, pg)new is uniformly integrable. Since
(M;F)nen is uniformly integrable we obtain (E (e’,}]fnfﬂ) Lz o, ko1 }> is

" nelN
u.i. and (2.18) follows as in the first part of proof. From (2.16) we obtain

E (’y”j:nJrl ‘fnfn) —E <7n792(%n) |J:ﬂfn>
< E(IF,7)

0

IN

Thus
tim timsup P ((E(, 7, 1%,5) = E (g Foz))

i) 2 ) =0

for all € > 0. So with (2.17) this implies (2.14).
In the final step we prove convergence of the optimal stopping time T,,.
Define T,, = inf{i : X,,; > u (%)} We state that

P(T,=T,) —1. (2.19)

By the approximation result for threshold stopping times KR (2000, Propo-
sition 2.4) holds

T,
(,Xn f> L (T, yger). (2.20)
Assuming a.s. convergence and 7 < 1, we obtain by (2.14)
P
E(,7.1F7,) — u(T). (2.21)

By the continuity assumption (D) ygr > w(7T). Then forw € Q and n > n,,

X, 7 W)= (QM + u(T)) (w). From (2.21) for n > n/,

—u(T
By, 7,11 F7) (@) < (W58 (1)) (w).
Together this implies for n > n, V), : X 7 (w) > E(7, 7 ,|F7 )(w), ie.
P(T, >T,) — 1. (2.22)
Conversely, suppose for some subsequence (n”) holds

P(Tr > To) — d > 0. (2.23)
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T,
n' ?

Then with some subsequence n’ C (n”) such that ( Xn’,Tn/) converges

and % — T’ we obtain as in the proof of (2.22), P(Ty > T,y) — 1 in
contradiction to (2.23). This implies (2.19).

Asymptotic optimality of 7 follows similar to the proof of the approxi-
mation theorem in KR (2000, Theorem 4.5). Thus the proof of a), b), c) is
complete. O

A wuseful result to establish the point process convergence in Theorem 2.2
is the following theorem. A simple proof of this result was given in Kiihne
(1997) based on the conditioning argument as in Jakubowski (1986), Beska
et al. (1982)

Theorem 2.3 (Point process convergence. Durrett and Resnick
(1978, Th. 3.1)) Let (X,;) be a sequence of random variables with filtra-
tion (Fni), b a measure on [0,1] X (a,00), and for all x > a with u([0,1] x
{z}) =0 holds:

[nt]
N P(Xpy > @l Fnia) 2 p((0,4] x [z, 00))

i=1
and

sup P(X,,; > x| Fpi-1) .

1<i<n

Then N, = Z&t( X L5 N a Poisson process on [0,1] X (a,00) with

)
intensity 1/[0,1] x (a,00).

L
n

3 Optimal stopping of finite moving average

processes
Let
k
X;=> ¢Yi;, ‘€N, (3.1)
j=1

denote a finite moving average (MA) process where (Y;) are iid r.v.s with
distribution function F in the domain of an extreme value distribution A, ¥,
®,. Point process convergence of MA-processes has been intensively studied.
We will investigate approximatively optimal stopping of MA-sequences in
some of these cases.
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3.1

a)

b)

Approximate optimal stopping of dependent sequences

F € D(%,).
Theorem 3.1 Let k € IN,F' € D(V,),a > 0 be integrable with right end-
point of the support wF = 0 and assume c; > 0. Then we obtain with
=F(n )% Z1;[ c1 convergence of the optimal stopping problem:
1
Eifj G
1, x>0
P(‘)Z" §x> = 1—(-z )a’g%, 0>xz—(agﬁ1)—a%
(CE) 55 (—) ™kt w < — (k)T

c)

1
T =inf{i <n:X; >w, ;} with w, = a, (azL “k) defines an

asymptotically optimal sequence of stopping times.

Proof: For the proof we apply Theorem 2.2

1) Point process convergence: By Davis and Resnick (1991) holds

iﬁ(;,g) 2N (3.2)

i=1

where @, = F~'(n"%). N is a Poisson process with intensity Ajo1] ®

« I(a+1)k
vk, Uk([2,0]) = c(a, k)(—2)**, 2 < 0, where c(a, k) = W
Replacing a,, by a,, the point process converges to a Poisson point

process with intensity A1 ® v/, v/ ([z,0]) = (—2)**, 2 < 0.
Condition (G) is trivially satisfied, as M — 0 for all n.

(D) and uniqueness of the optimal stopping curve of N by the differ-
ential equation in (1.2) has been proved in KR (2000, Theorem 4.5).
Note that f = —oc in this case.

Asymptotic independence (A): Note that

PNn(~ﬂ[t,1}X]R)‘Xl,.‘.,X[nt]_l
S xS ey g K X
(ﬁ’ﬁ) i=[nt]+k+1 ( ﬁ)

Sl

By the normalization we have that Zgnt[];;f £(1.%4) 2,0, where 0 de-

notes the zero-measure. Also

PZ?:[nt]JrkJrle(% Tz‘>|X1"“’X[nt] 1

>
i=[nt]+k+1 (1 Xi)
mn’an

—p Ly PN, (3.3)

which implies PVaiteul X1 X1 Ly pNiay,
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5) Condition (L'): For £ =1,... k define
T! =inf{i <n:i+l=0modk, X; > w, ;}.

Then by the independence of X; involved we obtain from Kennedy and
Kertz (1991)

- Xre
g T, B gy = 0.

This implies using 7, = Ty A... ATF and 0 > Xpy > Xy AL A X

. . XT/ . . k XTZ
fm T B Hmonpey 2 Ly lim, 5, B ( an”l{Tf;>n—[ne}}> =0.

This implies (L).

From Kennedy and Kertz (1990, p. 398) we use that for F' € D(G)

wn_bn

n(l1—F(w,)) —» & < — == log G(x). (3.4)
This implies that

Wint] e\

? — —<].—t) a (m) = u(t), (35)

which is the optimal stopping curve in the limiting Poisson process. There-
fore, (T) is an asymptotically optimal stopping sequence and convergence
in a), b) follows from Theorem 2.2 O

3.2 F € D(A).
Consider F' = F,, € D(A), where for p > 0, € R
1— F,,(z) ~ Kx“e™ as v — oo. (3.6)

Consider a finite MA-process X; = Zle ¢;Yi—j, where (Y;) are iid, ¥; ~ F.

Proposition 3.2 (Point process convergence. Rootzen (1986, Th.
6.3)) Let F = F,, have a density f € C' with f(z) ~ K'z%e™, o =
a+p—1, K' = Kp. Assume that

zD'(x)
D(x)

< 00, (3.7)

lim sup
T—r00
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where D(x) = { f)e”,  2>0 , and let a,,b, be the normalizing con-

f(@), x <0
stants of the associated iid sequence Z; where Z; 2 X, (see Rootzen (1986,
(5.3) and (5.5))). Then

€0, ximy N (3.8)
=Gy
a Poisson process with intensity p = N1 ® v, v([z,00)) = e, € R, if
any of the following conditions holds:
1) ¢; > 0, Vi and e f'(z) is bounded for x € (—o0,0] for some ¢ > 0.
2) f(=2) fulfills the assumptions on f(z) with some p' > p and some o', K.

The normal distribution satisfies the assumptions above. Under addi-
tional assumptions also convergence for infinite MA-processes are proved in
Rootzen (1986). As consequence we obtain from Theorem 2.2

Corollary 3.3 Suppose F' = I, fulfills the conditions of Proposition 3.2,
then (formally with ¢ = 0, see the following Remark 3.4 a))

EXrp, —b,
1) = s og(14c)
Qn,
1 e™®
_ 1—=— x> —log(l+c
2 P(Mgm% T T a(l+c)
fn 56“"’(1—1—0), x < —log(l+c)

3)  Let w, be constants with n(1 — F(w,)) — 1, then for any ¢ € [0,1)

T, = infi<n:(i>n—[ne| and X; > wy_;)

_ (i)H—C
or | i <n—[ne] and Xia_bn >l (%) = logli_:c

s an asymptotically optimal sequence of stopping times.

Proof: The proof is analogous to the proof of Theorem 3.1. (G) is implied
by the uniform integrability of the normalized maxima of the iid sequence
and the k-independence of X;. O

Remark 3.4 a) Note that the general formulation with ¢ # 0 corresponds
to the optimal stopping of X;+d; with additional observation costs d; > 0,

d; 1 where d"T[”” — —clogt and with normalizations b; = b; + ¢;. The

optimal stopping curve in the limit then is ul(t) = log 1_13:20 (see KR
(2000, Theorem 4.3)).
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b) A similar result as in Corollary 3.3 (with the same stopping limits) also
holds for p = 1 if there exists exactly one index i with ¢; = max{c;,1 <
Jj < m} and if any of the following assumptions from Rootzen (1986,
Theorem 7.5) holds:

7‘2‘1’

2) F(z)=0 (e g ) as z — —oo for y such that min c]w% = max; ¢;.

7|z‘p
3) F(z)~ K|z|*¢ 7 for~ such that min; cjyi = max; ¢;.

This class contains for p = 1 the exponential distribution.

¢) Related stopping results also hold true for the class S,(7y). Let wp = oo

for some distribution function F on R. Then F € S.(vy) for some v > 0

if limg_y oo 1;5;‘255) =d € (0,00) and lim,_, 1;2@’:(;)@/) =e", Vy € R.

S.(0) contains the log-normal distribution as well as the distribution func-
tion F' defined by 1 — F(x) = e Tea™ > 1, a > 0.

If F=F,, pe(0,1), then F e S.(0). If F=F,,, p=1, a < —1, then
F € S,.(1) (see Davis and Resnick (1988)).

Also, if F € D(A) N S,(vy) is integrable ¢; > 0 for all j, then point
process convergence as in (3.8) holds if v = 0 or ¢; = max{c;} for some
unique index i. (In Davis and Resnick (1988) in fact a convergence result
for infinite MA-processes is proved.) As in Corollary 3.3 we obtain the
asymptotics of the stopping problem. It seems to be difficult to establish
condition (L) for the infinite case in this example.

d) For MA-processes with polynomial tails and F € D(®,,) the limiting point
processes typically are cluster Poisson processes which need a different
technique and will be dealt in short in chapter 6.

4 Hidden Markov chains (chain dependent
sequences)

Let (J,)new be an aperiodic irreducible Markov chain with m states, tran-
sition matrix (p;j)1<ij<m and stationary distribution 7y, ..., 7. (X;)ien is
called hidden Markov chain (or chain-dependent) if

P(Jn :j,Xn S T | J07"'7<]1'L—17X17"'7X’n—1)
= P(Jn = j> Xn <u ’ Jnfl) :pJn—I,jFJn—1<x>7

for some distribution functions Fi,..., F,,. The Markov chain J, chooses
the distribution function at the nth state.



14 Approximate optimal stopping of dependent sequences

Proposition 4.1 ( Point process convergence. Durrett and Resnick
(1978, Example 3.1)) Let (X;) be chain-dependent and assume that

ngglonzzzl miFi(anr + b,) = v(z, 00) (4.1)

for some constants a,, b, and some non-degenerate measure v on IR. Then

Nn:iﬁ(i

D
N xi—bn) — N (4.2)
a Poisson process with intensity A1) ® v where v — e V(@) s q df of an
extreme value type.

Proof: For the proof observe that

[nt]

> P(Xni > | Fnio1)
=1
[nt] [nt]

= Y P(X;>za, + byl Jima) =) (1= Fy,_, (za, +by,))
i=1 i=1

— Z Z(l — F’](LECLn + bn))l{Jz;l:j}

j=1i=1

j=1
~ Y ntmi(1 — Fj(za, + by)) ~ tv(z,00).
j=1
This implies the result by applying Theorem 2.3. O

We now establish approximation of the optimal stopping problem of this
class of hidden Markov chains if the limit of type ®,. Then the optimal

limiting stopping curve is given by u(t) = (ﬁ)a (1—1t)a.

Theorem 4.2 (Optimal stopping of hidden Markov chain) Assume
condition (4.1) where v([z,00)) = e for some a > 1 then with T, the
optimal stopping time of the hidden Markov chain Xi,..., X, holds:

p o ()
1—=x a2j1, x2<ﬁ)é
X7 N N
Y P(GEse) ol g (5) T e 0<a< ()
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3)

T! := inf {1 <i<n: X;> (—Jé (1 - ;)i} defines an asymptoti-

8]
a—

cally optimal sequence of stopping times.

Proof: For the proof we establish the conditions of Theorem 2.2.

1)

4)

Point process convergence of N, — N is stated in Proposition 4.1.
Condition (D) for the intensity measure has been established in KR
(2000, Theorem 4.4, case ¢ = 0)).

Condition (A): PNuteulFn B pNien | with ¢ = [nt—1]. Observe that

PNn(-m[o,l]xR)\f}; _ PNn('m[Ozl]XIR”J[nt—l]

j=1
—  PNEOIXR) - p g g

nt—1] :.7}

For the proof we just have to repeat the arguments in the proof of
Proposition 4.1 to establish point process convergence.

(G) : (Aj—f) N is uniformly integrable. For the proof let for k €

{1,...,m}, (Y/)iew be iid with d.f. Fj independent of (Y/);en for

(2

j#k and of (J,)new,- Then at stage n  X; can be defined as Y}
with probability pj, ,x and, therefore, X; < V' v ...V Y™ With
G;=1AL Y7 mF;holds F; < Gjand G € D(®,). Therefore, there
exist iid 1.v.s (Z))jew, Z) ~ G, Z! > Y/, and pPY e D(®,). This

7 K3

implies uniform integrability of {ﬁYlk V...V Yf} ,1 < k < m, and,

therefore, of (al @ \n/ Y;k> Finally this implies uniform integrability
" k=1i=1

of (iMf[ ) :

Condition (L) follows from lim, Ef—: = 0, point process conver-
gence N, B N and KR (2000, Theorem 4.4).

Now the statement of Theorem 4.2 follows from Theorem 2.2 and the
calculations in KR (2000, Theorem 4.4) for the limiting stopping problem.

5

O

Max-AR(1) sequences

Let (Y;) be an iid sequence with d.f. FeD(¥,), a > 1. Further let (Z;)
be a sequence of independent r.v.s, 0 < Z; < 1, independent of (Y;) and let
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Xo be an r.v. with EX; < oo. A max-autoregressive process of order 1
(max-AR(1)) is defined by

Xi = ZZ maX{XZ-_l, Y;}, 1 Z 1. (51)

The extremes of this process were investigated in Alpuim, Catkan, and Hiisler
(1995). Also the clustering properties of the exceedance point process in case
F € D(®,) has been investigated in that paper (see also the references there).
The cases F' € D(A), D(¥,) do not exhibit this clustering property and so
are simpler to deal with. To derive the optimal stopping approximations
we can not apply Theorem 2.2 directly since we do not have point process
convergence of the inbedded point process to a Poisson process. Instead we
argue by comparison with a related point process.

Theorem 5.1 Assume that F € D(®,),a > 1,0 < Z, <1, 1 yI" pze
td,0 < t < 1, and EZ® < [ for some < 1, then with (a,) the max-
normalization of F' and a, = a,d* holds:

1

) B (=)

an

1 Nt
2)  T.:= mf{1 <i<n: X;>(324)" (1- n)}
defines an asymptotically optimal sequence of stopping times.
Proof: Define )N(Z = Z,;Y;, 1 > 1, then
i=1 \nan

n’an

a Poisson process with intensity defined by u([0,¢] x [z, 00)) = tz™.
For the proof of (5.2) we establish the condition of Theorem 2.3. Let
1 — F(z) = L(z)z~* with some L € RV;, then

P(Y.Z > ad,) = [P (n > an:”) dP% (z)

Zi

() e
= (/L (x%) (;)ﬂ dPZi(zi)> x_o‘a;a;.

Therefore,

[nt] [nt] a 1\~ @ 1
S PYiZi>aw) = 3 [ I (:c") () AP% (z)a 0" =
i=1 i=1 Zi Zj d

—a [nt]

z %1 / _
~ = Z¥dP — tx?.
d n 1:21
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Finally,
sup {P(X; > 2a,)} < sup {P(Y; > 2@,)} — 0.

1<i<n 1<i<n

This implies (5.2) by Theorem 2.3 on point process convergence.

The point process N fulfills (D) and (@) , is uniformly integrable.
"/ nelN

a—1
KR (2000, Theorem 4.4)). Further, by the approximation result for optimal
stopping of independent sequences, KR (2000, Theorem 4.4),

The optimal stopping curve of N is u(t) = ull(t) = (L)E (1—t)a (cf.

T' = inf {z - X, > &nu(z)} (5.3)
n
is asymptotically optimal and
X5,
E—= — u(0). (5.4)
a,

This implies that u(0) is a lower bound for the asymptotically optimal stop-
ping value of Xj;.
In the next step we prove that

1
lim sup — E7,,1 < u(0). (5.5)

n—oo  Ap

i.e. u(0) is in fact identical with the asymptotically optimal stopping value.
For the proof note that

[nt]

Xi) € Mooy 11 ZiV My ymyi1 oy
i=[(n—y/m)]

and

My -y rfnt P,

Qn
From M, = X; VYyZy V...V Y,Z, and KR (2000, Proposition 4.1) we
obtain that (M’T> . is uniformly integrable. Then (M) converges

an n

0.

in distribution and in L! and £ Hz[’ifgn_ ) Z; < BVY"=1 — 0, which implies
Hﬁg(m\/ﬁ)t] Z; 40 since 0 < Z; < 1. Together we obtain that
Xin
pl Py, (5.6)
an

Since Mn,[ns],[nt] = X[ns] \% Y[ns]—&-lz[ns]—s-l V...V Y[nt] Z[nt] this implies

]Wn, [ns],[nt] —bn

an— Finsi-1 Dy pMay (5.7)
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Convergence as in (5.7) was the basic starting step in the proof of Theorem
2.2. Following the further steps of this proof we obtain (5.5). Obviously
stopping of X; majorizes stopping of X, and equality holds in (5.5); i.e. part
1) is proved.

To prove asymptotic optimality of 7 we have to establish that

JORAEAN u(0). (5.8)

an,
To that purpose we prove that 7 only stops asymptotically at time points
where X; = X;. Define T/ = sup{i <7 : X; = X;}. Then

P(T'=T) -1 (5.9)

We prove (5.9) by contradiction. By definition Xpv > Xpniq > .00 > X
. & 1 X
W.lLg. assume that <:2”, T T, T,

an 7 n ' an

D . .
= (T",y,T",y"), assume pointwise

convergence for all w € Q and yy, # u(7,),Vk € IN,7; # 75,7 # j. Let T be
the optimal stopping time of N and let w — 0, then

T (w) =T, (w) for all n > n,,. (5.10)

For the proof note that % — T and T' < 1 a.s. Since X; > )71, T < T
and so 7" < 1 a.s. This yields T'(w) = T"(w) and by continuity 3/'(w) <
u(T'(w)) and, therefore, y"(w) > u(T'(w)). By the first part of the proof
(T"(w),y"(w)) can be assumed to be a point of N. Therefore, we obtain
from (D) that y"(w) > u(T"(w)) and so X?;(“) >u (T’/T;L(w) for n > n,,.

This implies that at time 7)/(w) the condition in the definition of 7} (w)
is fulfilled i.e. T)(w) = T for n > n,. Assume now that (5.8) does not
hold. Then by the previous argument P(7T"” < T") > 0 i.e., there exists
g€ (0,1)NQ with P(T” < ¢ <T" < 1) > 0. Then from definition of 7}/ and
the above ordering relation liminf, .., P (X;—‘jf] > 5) > 0 for some € > 0 in
contradiction to (5.6).

Thus we obtain 7" (w) = T"(w) for n > n,, and, therefore, T (w) = T/ (w)
for n > n,, which implies asymptotic optimality of 7} . O

6 Some extensions to Poisson cluster
processes

The results in this paper can also be extended partially to the case where one
has point process convergence to some Poisson cluster process, as is typical
for more general MA-processes. Consider e.g. iid r.v.s (Y;) with distribution
function ' € D(®,). Let a > 1, ¢; € R, j € IN with ¢; # 0 for at least one
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index j, say ¢1 # 0, and 322, [¢;|° < oo for some 0 < § < 1. Consider the
infinite MA-process

X’i = ch}/;+17j' (61)
j=1
Assume any of the following conditions:
1) ¢;>0forallyj

2) ¢; <0, for all j and also F(0 —-) € D(®,)

3) P(|lYi| > =) € RV_,, and lim, P((‘Y1|>$)) = p exists. If p = 1 then

¢; > 0 for some j; if p = 0 then ¢; < 0 for some j.

Under any of these conditions point process convergence holds on [0, 1] x
(0,09

Lo

N, = Z‘g(i ) i i G (6.2)

where N’ = > ¢, ., is a Poisson process with intensity 1 = Ajg1) ® v with
v([z,00]) = 2~ (see Resnick (1987, Chapter 4.5)).

So the limiting point process N is a Poisson cluster process with deter-
ministic cluster based on the underlying Poisson process N'. For the optimal
stopping we will observe at stage n approximatively these limiting clusters
and so it is intuitively clear that essentially the underlying Poisson process
determines asymptotically the optimal stopping problem. At any observed
large point one should wait until the point of the cluster arrives with the
biggest coefficient. This program can be made precise and the method of
the proof of Theorem 2.2 can be extended to yield the following theorem
which we only formulate under conditions 1), 2) (details of the argument
will be given elsewhere).

Theorem 6.1 Consider the infinite moving average process in (6.1) with
F € D(®,),a > 1 and either condition 1) or 2). Also assume w.l.g. that
sup,{|ci|} = 1. Then we obtain

DS ()
X L-ary o2 ()"
PP o ()T e 0sas ()
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Define m = inf{i : ¢; = sup;{|c;|}}, w = sup{s; |ci| > |e1|}, then

7= it iz w1 Xz a2l (L), (63)
Cm, n
. .
Xi—l V... \/Xi—w < *angugf <Z>} +m-—-1
2 e n

defines an asymptotically optimal sequence of stopping times. Here ull(t) =
1
(%) 1-p=

u!! is the optimal stopping curve of the underlying Poisson process N’
and the stopping sequence 7, , is defined according to the idea sketched
above.

The case of random clusters in the limiting process is technically more
involved even if the basic idea again is simple. When reaching a large random
cluster one compares the first observed point with the max expected value
of the points in the cluster to come. This max however is not fixed but
has to be estimated from an initial small part of the data like the first \/n
of the data. The details are somewhat technically involved and have been
done in Kiihne (1997) for the case of processes of the form X; = Y; + Y,
with a random cluster of two points in the limit and X; =Y, +bY;_1 + Y, o
with a three point random cluster for F € D(A) N S,(1). The method
extends to more general cases. The formulation of the asymptotically optimal
stopping time is somewhat involved but the leading idea again is to reduce
this problem essentially to the underlying Poisson process and modify the
optimal stopping curve by consideration of the cluster structure.
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