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Abstract In this paper we study derivative pricing under information on observed market
prices of some derivatives. To this purpose we characterize minimal distance martingale mea-
sures under constraints on a finite number of random variables with respect to f-divergence
distances in a general semimartingale setting. As a result a characterization of optimal portfo-
lios of the underlyings and the given derivatives is obtained.
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1 INTRODUCTION

A common approach to derivative pricing in incomplete markets is to base the prices
on a minimal distance martingale measure with respect to certain distances like L2-
distance (see [26] and [6]), Hellinger distance (see [19]), entropy distance (see [9])
and others.

This approach to derivative pricing takes into consideration the probabilistic model
of the future behaviour of the underlyings, but not the information on derivative prices
observed in the market. In order to include this information in the model we con-
sider only those martingale measures which yield derivative prices consistent with the
observed market prices. For derivative pricing we propose the minimal distance mar-
tingale measure consistent with observed market prices. A related idea of derivative
pricing is studied by Kallsen in [17] and [16]. There derivative prices are considered
such that it is optimal for an investor to hold a given non-zero position in the derivatives
in order to maximize his expected utility. In the recent paper [18] the least favourable
martingale measure consistent with observed market prices is proposed for derivative
pricing. This pricing measure can actually be seen as minimal distance martingale
measure consistent with observed market prices, see Section 4, and thus this proposal
is consistent with our idea of integration of information on the market prices.
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We consider the class of all f-divergence distances defined by strictly convex, dif-
ferentiable functions f which includes the distances above and many further examples
(see [21]). We obtain some necessary and some sufficient conditions for projections of
the underlying measure on the set of martingale measures consistent with the observed
prices of a finite number of derivatives in a general semimartingale market model.

A related problem is studied by Avellaneda (see [2]), who characterizes the proba-
bility measure which minimizes the relative entropy distance of the pricing measure to
the class of all probability measures consistent with the observed market prices. How-
ever, the calibrated pricing measure obtained in this way is not necessarily a martingale
measure.

The paper is organized as follows. In Section 2 we recall a characterization of
f-projections on classes of distributions determined by inequality constraints. Based
on this result we obtain in Section 3 characterizations of minimal distance martingale
measures under constraints. We derive some necessary and some sufficient conditions
for minimal distance martingale measures under constraints. In Section 4 we remind
the notion of a minimax measure with respect to concave utility functions and convex
sets of probability measures. Minimax martingale measures are equivalent to mini-
mal distance martingale measures with respect to f-divergence distances induced by
the convex conjugate of the utility function. As a consequence the characterizations
of minimal distance martingale measures consistent with observed market prices are
closely related to the determination of optimal portfolios, if one allows additionally
constant positions in the derivatives with observed market prices.

2 f-DIVERGENCES AND MINIMAL DISTANCE
MEASURES

In the following we recall a characterization of projections with respect to f-diver-
gence distances on classes of distributions determined by inequality constraints. For a
detailed discussion of f-divergence distances we refer to [21] or [28].

Let (£2, F, P) be a probability space.

Definition 2.1 Let () < P and let f : (0,50) — IR be a convex function. Then the
f-divergence distance between () and P is defined as:

[f(%)dP | ifthe integral exists
P) = P
r@iipy={ I

where f(0) = lxlilolf(l‘)

Examples of f-divergence distances are the Kullback-Leibler or entropy distance
for f(#) = =z logu, the total variation distance for f(#) = |# — 1], the Hellinger
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distance for f(z) = —/x, the reverse relative entropy distance for f(z) = —log(z)
and many others.

In the following we assume that f is a continuous, strictly convex and differentiable
function. Let K be a convex set of probability measures on (£, F) dominated by P. A
measure Q* € K is called a f-projection of P on K if

H@(IP) = inf F(QIIP) = F(KI|P).

Let I be a convex cone of real valued random variables on (2, F), i.e.

k
{Zaifi to; >0, fi e F}=F,

i=1

and define the moment family determined by inequality constraints with respect to F
as
Krp={Q< P:FCLYQ)and Eqf > Oforall f € F}.

The following result was given in [23], Theorem 2:

Theorem 2.2 Let Q° < P satisfy f(Q*||P) < oo and assume that d := EQ*f’(ng
is finite.

)

(i) Q* € K is the f-projection of P on K if and only if

) < bl (G5

EQ*f’( )forallQ € K with f(Q[|P) < c.

(ii) If @* € K is the f-projection on K, then
dQ*

!
! ( dP

(iii) If Q* € Kp such that f’(%) —d € F, then Q* is the f-projection on K .

) —d € F, the L*(Q, F, Q*)-closure of F.

Proposition 8.5 in [21] shows the existence of a f-projection of P on a convex
class K under the assumptions that X is closed in the variational distance topology
and lim f(x—x) = oo. By Corollary 2.3 in [11] a f-projection is equivalent to P if

r—0oQ

F/(0) = —oo and if there exists a measure () € K with () ~ P and with finite distance

J(@I|P) < oo

3 CHARACTERIZATION OF MINIMAL DISTANCE
MARTINGALE MEASURES UNDER CONSTRAINTS

In the following we apply Theorem 2.2 to characterize f-projections on the set of mar-
tingale measures which fulfill some additional constraints. Our mathematical frame-
work is as follows: (2, F, (Ft)o<i<r, P) is a filtered probability space, where the
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filtration is assumed to be right-continuous and F = Fr. Let S be a R<valued semi-
martingale with deterministic Sy. Vector stochastic integrals are written as ¢ - Sy =
fot @5sdSs. (For the definition of a vector stochastic integral see [14].)

Let M (M,.) be the set of P-absolutely continuous (local) martingale measures
and M*® (M) the subset of M (M, ) consisting of probability measures which are
equivalent to P. Let H,, ..., H, be a finite set of Fr-measurable random variables
andr € {0,...,n}.

We define the set of martingale measures with constraints as

M = {QeM:H, . . . H,eI Q) EgH; >0forl<i<r
and EgH; = 0 forr+1<i < n}.

The class M stands for the set of martingale measures consistent with some informa-
tion on the prices of derivatives Hy, . . ., I,,. Notice that price information of the form
EqH; € [g;,p;] can also be described by inequality constraints as in the definition of
M. The sets /ﬁloc, Me, are defined analogously to M. We assume throughout
that

loc

/\767&&

For a R%valued local martingale N the class L}, (N) of predictable integrands
is defined in [14]. For @ € Mj,. we denote by L}, (S, Q) the class of integrands
L}, .(S) which is defined with respect to the measure ). The following theorem gives
a necessary condition for the f-projection of P on M.

Theorem 3.1 Let Q* E M satisfy f(Q*||P) < oco. If Q* is the f-projection of P on
Mandd := Eq- (%2 75 " is finite, then

f’(%) :d—i—gp.ST—i_;ﬂiHi Q*-a.s. (3.1

with g1, .. ., pin € R, such that p; > 0 and p;(Eg+ H;) = 0 for 1 < ¢ < r, and with
some process p € L}, (S, Q%), such that ¢ - S is a martingale under Q*.

Proof. First we introduce a set (G of random variables which determines M as a mo-
ment family. Define the set G’ as

G ={p-Sr:¢ =Yy, 1) 8 < t;,Y" bounded F,-measurable}.
Let G be the convex cone generated by the set
GU{H;:1<i<n}U{-H;:r+1<i<n}.
Then we have the following characterization of M.

M = {Q<P:GCLYQ)and Eqg > 0forall g € G}.
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The necessary condition in Theorem 2.2 (ii) yields: f’(%) —d € G. Corollary
2.5.2 in [29] (for a multidimensional version see Theorem 1.6 in [7]) implies that the
L (Q*)-closure of the vector space generated by G is contained in

{o-St 9 € L,.(S,Q%), such that ¢ - S is a Q*-martingale}.

According to Proposition 1.1 in [13] this result is valid without the assumption of a
complete filtration. Extending Proposition1.3.3 in [25] from vector spaces to the class
of closed convex cones one gets

f’(%) = d+go~ST+;ﬂiHi Q" -as.,

where p; > 0 for 1 < ¢ < r. This implies by the definition of d that y; (Eg+ H;) = 0
for1 <i<r. |

The following theorem is a variant of Theorem 3.1. It shows that the necessary condi-
tion in Theorem 3.1 is also valid for the set M, under the additional assumption that
S is locally bounded.

Theorem 3.2 Let S be locally bounded Let Q* € /\/llOC satisfy f(Q7||P) < oo. If
Q* is the f-projection of P on Mioe and d := Eg- /(% 75 ) is finite, then

7 (%) =d+¢-Sp+ ;MHZ» Q*-a.s. (3.2)

with pa, .. ., pin € R, such that p; > 0 and p;(Eg+ H;) = 0 for 1 < ¢ < r, and with
some process ¢ € L}, (S, Q%), such that ¢ - S is a martingale under Q*.
Proof. Let G, be the convex cone generated by
{¢-Sr: goi = Yil]s“tl]l[oj,], s; < 1, Y bounded Fs,-measurable, T S 'yi}
U{H; <i<n}U{-H;:r+1<i<n},

where 47 := {T" stopping time : 5" is bounded}.
Then the convex cone (G, determines M, as a moment family

Mie = {Q< P: G CLYQ)and Eqg >0 Vg € Groc}
The presentation (3.2) is then obtained as in the proof of Theorem 3.1. a

Remark. Theorems 3.1 and 3.2 are generalizations of the corresponding results in the
case without constraints, see [11], [12], [20] and [24].

From Theorem 2.2 (i) we obtain the following sufficient condition for f-projections
of P on M,. (M). We denote by L(S) the set of predictable, S-integrable processes
with respect to P (see [13]).
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Theorem 3.3 Let Q* € M\lOC with f(Q*||P) < oo such that for some process ¢ €
L(S) and py, . .., pn € R the following conditions hold:

. dQ* -
(4) I (%) =d+4+¢-Sr+ ZuiHi P-a.s.,
i=1
(47) —¢ - S is bounded from below P-a.s.,

(747) Eg+(¢-Sr) =0,
(iv) i >0, pi(EgeH;) =0 for1 <i<r.

Then Q% is the f-projection of P on M\loc.

Proof. From Corollary 3.5 in [1] it follows from condition (ii) that —¢ - S is a )-local
martingale and hence a (-supermartingale for any ) € M,,.. Therefore,

dQ* -
E ’( ) d+ Eq(p- S (Eo H;
o'\ 7p + Eq(e - St) + ;ﬂ Q
dQ*
= @\ 7P
Now the result follows from Theorem 2.2 (i). O

The following proposition shows that one can transform the minimization problem

inf f(Q||P) with respect to M into a minimization problem with respect to M
QeM
including some penalty terms for violating the constraints. The coefficients ~; in the

penalty terms can be interpreted as Lagrange multipliers.

Proposition 3.4 Let S and H, ..., H, be bounded and inf_ Ef(%) < oo. As-
QeM

sume the existence of a measure (Qy € M such that Eg,H; > 0forl <i<r
and f(Qo||P) < oo. Furthermore assume that there exists a neighbourhood V of
(0,...,0) € R™" such that for all v € V there exists an element Q € M with
F(QIP) <ocoand (EqH,y1,...,EqQH,) = v.

Then Q* € Misa f-projection of P on M, ie.

H@7||P) = inf f(QIP),
QeEM

if and only if there are 1, . . ., ¥n € R such that
FQIPY+3_viBor i = nf {F(QIP)+_ % FQHi)
i=1 i=1

and~; <0,7i(Eg+H;) =0for1 <i<r.
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Proof. 1. Since S is bounded it follows that the set M of absolutely continuous mar-
tingale measures is closed in variation. As f, ..., H, are bounded this is also true
for M' :=={Q € M : EqgH; = Oforr +1 < i < n}. Since M, M’ are convex,
they are also closed in o( L', L>), if one identifies ) € M with its Radon-Nikodym
density with respect to P (see for example Proposition IV.3.1 in [25]). We define a
function B : M’ — R” by

B(Q) = (—EqH:,...,—EqH,).

Obviously the component mappings of B are convex and continuous with respect to
o (L', L*>°). The optimization problem is to minimize the lower semicontinuous func-
tional f(-]|P) (see Theorem 1.47 in [21]) over M,

inff(Q[|P).
QeM
This problem can be written in the form

inf f(Q|P),
QEM
BQ<0
where B() < 0 is understood componentwise.

The assumption on the existence of an inner point )y in M’ allows to apply a
Lagrange multiplier theorem (see [8], Theorem II1.5.1), which results in the following
equivalence:

Q* € M is a f-projection of P on M if and only if there are +; < 0 such that

FQUP)+> Bt = inf {FQIP)+3 vFEoMi}, (3
i=1 i=1
and v;(Eqg-H;) = 0forl <i<r.

2. Next we follow a similar line of argument to handle the equality constraints in
the right-hand side of (3.3). Since the component mappings of B are continuous and
linear, the mapping J : M — R, defined by J(Q) := f(Q||P) + >, viEqH;, is
lower semicontinuous and convex. We define a function B’ : M — R"~" by

B/(Q) = (EQHT-I—la ceey EQHH).
The optimization problem

inf J(Q)

QeEM’

can be written as

oot Q)
B/(Q)=0
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The perturbation function ® : M x R"~° — R is chosen as

J(Q), ifQeMand B'(Q) = v

0, otherwise.

#(Q,0) == |

For v € R™™7 define h(v) := Qm/fw ®((Q, v). By assumption ~(0) is finite. Ob-
€

serve that M is closed, .J is lower semicontinuous and convex, and 5’ is linear and
continuous. Therefore, the function h is convex (see [8], Lemma III.5.2, Lemma
II1.2.1). From Theorem 23.4 in [22] it follows that A is subdifferentiable in 0. Hence
by Proposition II1.3.2 in [8] we obtain the following equivalence:

Q* € M’ solves Qien/\f/ll J(Q) if and only if there are 7,41, ..., ¥» € R such that

QNP+ ) viBo il = Jnf {F(@I1P) + > viEqH:}.

i=1 i=1

d

Remark. Following the line of arguments of the proof of Theorem 7.1 in [11] one veri-
fies that under the additional assumption f’(%) € LY(Q*) the coefficients 71, . . ., ¥,
in Proposition 3.4 correspond to —giy, . .., — iy, Where p; are the coefficients of the
characterization of Q* in Theorem 3.1.

4 RELATIONSHIP TO PORTFOLIO OPTIMIZATION

Minimal distance martingale measures are closely related to minimax martingale mea-
sures and hence to utility maximization problems. We briefly restate the notion of a
minimax measure and some results about minimax measures for general convex mod-
els as introduced in [11], Section 4, in order to point out the relationship to portfolio
optimization. In the following, as in Section 2, we denote by K a general convex set
of probability measures on (£, F) dominated by P.

A utility function u: R — R U {—0c0} is assumed to be strictly increasing, strictly

concave, continuously differentiable in dom(u) := {# € R | u(x) > —oo} and to
satisfy
u'(c0) = lim u'(z) =0, 4.1)
r—0oQ
u'(z) = lifr}u'(x):oo 4.2)

for z := inf{x € R | u(z) > —oo}. (This implies that either dom(u) = (&, o0) or
dom(u) = [z, 00).)

We denote by [ the inverse of the derivative of u. Assumption (4.1) implies that
I(0) = co. The convex conjugate function u* : R4 — R of u is defined by

W) = sup{u(e) - av) = ull() - V().
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For Q € K and # > & we define
Ug(z) :==sup{Eu(Y):Y € LY(Q), EQY < z, Eu(Y)™ < o}. 4.3)

The value Ug (x) can be interpreted as the maximal expected utility which can be

. . . . d
achieved with endowment z, if the market prices are computed by @). If Eq(I(A %))
is finite for all A > 0, then Ug(x) has the following well-known representation (see
for example [11], Lemma 4.1):

Uglz) = Elu ([(/\Q(x)%))}, 4.4)

where Aq () is chosen such that ET(Ag(z) %) = 2.
The random variable 7 (/\Q(x)%) can be interpreted as optimal contingent claim
which is financeable under the pricing measure Q).

Definition 4.1 A measure Q* = Q*(z) € K is called minimax measure with respect
to endowment « and model K if it minimizes ¢ — Ugq(x) overall @ € K, i.e.,
Ug+ = U ;= inf U, .
ol0) = Ul)i= jnf Ug(e)
We refer to [3], [10] and [11] for further information about minimax measures. We
denote by u3_(-||-) the f-divergence distance corresponding to f(x) = u*(Aox).
Under the assumptions:

dz > z withU(z) < oo, 4.5)
d
EQI(/\£) <oo¥A>0YQeX (4.6)

one gets the following result (see Proposition 4.3 in [11]):

Proposition 4.2 Let z > z.

(i) Let Ao > 0 such that \o € OU(x). If Q* € K is a u} -projection of P on K,
then Q* is a minimax measure for K and Ao = Ag- ().

(ii) If Q* € K is a minimax measure, then (Q* is a ujQ* (x)—projection of Pon K
and Ag+ (z) € oU (z).

This result shows that minimax measures can be determined by distance minimiza-
tion and conversely a uj -projection has an alternative interpretation in the sense of
utility-maximization. Notice that for the standard utility functions like u(x) = %p
(p € (=00, 1)\ {0}), u(z) = logz and u(x) = 1 — e 2% (p € (0, 00)) the minimax
measure does not depend on z respectively the u3-projection does not depend on A.
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Since U () typically is not known explicitly it is of interest to be able to determine
some Ay € 9U(x). In the next proposition we give a sufficient condition to imply
Ao € 8U(l‘)

According to the relationship between minimax measures and u}-projections in
Proposition 4.2 the preceding results induce also necessary and sufficient conditions
for a minimax measure in /ﬁ respectively in /ﬁloc.

Assume that the conditions 4.5, 4.6 hold true for /a (/ﬁloc).

Proposition 4.3 Let Q* € M (M\loc), A > 0 satisfy w3 (Q*||P) < co. Assume that
for some ¢ € L(S) and constants 1, . . ., jtn, € R the following conditions hold:

(Z) I(/\%) Il‘+g0~ST—|—Z/,LZ'(HZ'—EQ*HZ’) P-a.s.,
i=1

(47) @ - S is bounded from below P-a.s.,
i) For(p-S1) =0,
(iv) i < 0and pi(Eg+Hi) =0forl <i<r.

Then Q* is a minimax measure for M (M\loc) and x and X € 9U (x).

*

Proof. Since Eg+T(A%%) =  one gets that A = \g-+ (). Moreover, since (u’;\)’(x)/:\
—AI{Az), we conclude from Theorem 3.3 that Q* is the u}-projection of P on M
(/ﬁloc) and that the condition of Theorem 2.2 (i) is fulfilled. Hence for all measures
Qe M (Moo satisfying u (@||P) < oo one gets EQI(/\%) < 2. This implies
that

Ug-(z) = E{u([(x\cil?;))}gUQ(x).

Assumption (4.6) implies that (see Lemma 4.1 in [11])
{Qek :ul(Q|IP) <<} = {QeK:Uy(x)< o}

Therefore, (J* is a minimax measure for x and /a (/ﬁloc). From Proposition 4.2 we
conclude that A = Mg« (x) € U (z). O

In the following we point out the relationship between minimal distance martingale
measures under constraints and portfolio optimization. We consider a market model
which consists of d 4+ 1 assets. We assume that the assets 0, ..., d are modeled by
the R4+ 1-valued semimartingale S = (S°, ..., S) and suppose without loss of gen-
erality that the price of asset 0 is constant, i.e., S = 1. Assume that additionally to
the price process S also the prices {p1, ..., pn} of a finite set of contingent claims
{Hy,...,H,} are known at time { = 0. We suppose that one can buy or sell these
contingent claims in ¢ = 0.
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We call a pair (¢, it) of a predictable, S-integrable, R4+!-valued process ¢ and a
vector ¢ € R™ an admissible strategy if

d n
YoeiSi = w—) mpit+e- S
=0 i=1

for any ¢ € R, and the process ¢ - S is bounded from below. The set of admissible
strategies is denoted by .A.
We define an optimal portfolio strategy as a strategy (p, i) € A which maximizes

(Sﬁa/i)HE(U(QL"HD'ST-!-iM(Hi—pi))) 4.7

overall (¢, 1) € A. We denote by M the class of martingale measures consistent with
the observed market prices of the derivatives H1, ..., H,,

M:={QeM:H eL(Q)and EqH; = p;, 1 <i<n}.

Optimal portfolio strategies can be obtained from a representation of the u3 -

projection )* of P on M as in Theorem 3.1. Assume that the conditions 4.5, 4.6
hold true for M.

Theorem 4.4 Let Q* € M be the u} -projection of P on M\for some Ag € OU (x),

Ao > 0.
(i) There exist constants jiy, . . ., fin, € R and a process p € L(S) such that:
dQ* _ SN
f(/\o dp)=$+80'5T+Zﬂi(Hi—pi)~ (4.8)

i=1

(ii) If representation (4.8) holds and if the stochastic integral ¢ - S is bounded from
below, then (2, i) is an optimal portfolio strategy (where 39 = = + & - Sy —
n o~ d ~
D im1 Hibi = D i1 $ySt).

Proof. 1. Theorem 3.1 and the identity Ao = Mg+ () (see Proposition 4.2) imply the
existence of the representation in (4.8).

2. By the definition of ¢! and observing that S° is assumed to be identical 1 it holds
that 3¢ 31Si = @ — SO0, fiipi + @ - S; for any t € R and hence (3, /i) € A.
From Corollary 3.5 in [1] it follows that ¢ - .S is a ()*-local martingale and hence a
()*-supermartingale for any (¢, i) € A. Therefore,

Eq« (x—l—g0~ST +Zn:ﬂi(Hi —pi)) < =z

i=1
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Since I(Ao%2") is the optimal contingent claim which is financeable under the pricing

dP
measure ()* and the endowment # (see (4.4)) we conclude that (&, ji) is an optimal
portfolio strategy. a
Remarks. 1. If the utility-function is finite on (—oco, c0), i.e. & = —oo, then the

condition that & - S is bounded from below is not fulfilled in general. In this case one
has to choose a suitable extended concept of admissible strategies in order to solve
utility maximization problems. This issue is discussed in [24], [5] and [15].

2. Theorem 4.4 shows that if derivative prices are computed by the minimax (re-
spectively, minimal distance) measure )* for M and =, then the optimal contingent
claim can be duplicated by a strategy (@, /{). Hence although it may be profitable to
invest in the derivatives H1, ..., H, it turns out that one cannot increase the maximal
expected utility in comparison to the strategy (&, i) by trading in further derivatives.
This shows that (* yields consistent derivative prices in the sense of [18].

3. There is a close relationship of the portfolio optimization problem (4.7) to
utility-based hedging of one contingent claim :

sup  E(u(zo + ¢ - St — Hy)). 4.9)
(p,—1)eA
If for k = 1 and i = —1 the strategy ¢ in representation (4.8) is such that @ - S is

bounded from below, then & turns out to be the optimal portfolio strategy for the utility-
based hedging problem (4.9) with initial endowment xzy = z—p;. Hence problem (4.7)
is closely related to problem (4.9). In the portfolio optimization problem (4.7) we have
a fixed initial price of the derivative, in the utility-based hedging problem (4.9) we have
a fixed number of derivatives in the set of allowed portfolios. Due to this relationship,
results of this paper are closely related to results on utility-based hedging. The problem
of utility-based hedging has been studied recently in [4], [5], [11] and [15].

Example. We consider a discrete-time market model. Let S = (Sp, S1, ..., S7) be the
price of arisky asset where Sy € R, S > 0and S; = Sy Hizl X where X1,..., Xp
are (0, co)-valued random variables. Moreover the price p of one derivative 7 is given.
Theorem 3.3 gives as sufficient conditions for a measure Q* € M , where

M\::{QEM:EQH:p},
to minimize the relative entropy (corresponding to f(z) = x log #) over all measures
in M:
dQ* o @ S+HuH

dP — E(ewStuH)’
(i) ¢ - S is bounded from below.

@
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In the discrete-time setting condition (ii) implies condition (iii) in Theorem 3.3. Con-
dition (i) can be written in the following equivalent way:

dQ* eET:l vi(Xi—1)+uH

dp B E(@ET:1 ’Yz(Xz—l)-I—uH) !

where v; is F;_1-measurable and ¢ € R. The random variable +; describes the amount
of money invested at time ¢ in the risky asset.

The condition that Q* € M leads to T' + 1 recursive nonlinear equations for the
parameters y;, pt. First yp is determined dependent on the parameter i by the equation:

B ((XT —1) e'YT(XT—l)+NH|fT_1) - 0.
Then vy7_; is determined by
E ((XT_1 — ew_l(XT_1—1)+vT(XT—1)+uH|fT_2) - 0
Finally v; is determined by
E ((X1 1) eTin Wz(Xz—1)+71(X1—1)+NH|}“O) = 0

According to a generalized Bayes formula (see for example [27], page 438-439) this
procedure ensures that J* is a martingale measure.
The parameter p is determined by the moment constraint g+ H = p. One has

finally to check condition (ii) for ¢; := W Then as consequence ()*

as constructed above is the minimal distance measure for M and f (z) = zloga.
Moreover (¢, /) is an optimal portfolio strategy for the exponential utility function
u(x) = —e~". Notice that for the exponential utility function the optimal portfolio
strategy is independent of the initial endowment, as €Y% = e¥e? |
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