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Abstract

Necessary and sufficient conditions for a Karhunen class
sequence to form an unconditional basis and a minimal
basis are given.

Let {X,}I2 ., be a centered weakly stationary se-
quence with a covariance function R(-). There is the inter-
esting question whether each element € in Lo ({Xa }FZ. )
can be expressed in the form
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where the summation is understood in the quadratic mean
sense. This expression is a special form of a stochastic in-
tegral when a random measure Z(-,-) is defined on Z x
(Z - integers). The question of the possibility to express
each element ¢ in Lo({X,}) in the form ( ) is very impor-
tant for predicting next values of {X,}}2° . Knowing
that (1) holds we can find the best predictors in the set of

{Enﬁt a"X"
theoretical and practical reasons. Rozanov (1960) proved
that {X,}} ., is an unconditional basis for the range
space L2({Xn}),1.e. {an}s%_ inthe expression (4) are
defined unambiguously, if and only if { X} ., possess-
es a spectral density function ¢(-) on (—w, ) satisfying

only. This fact is very serious from both

0<c<p(A)<C< o

s. [Leb.]. We next generalize this result to the Karhunen
class. Let R(-,-) be a covariance function on Z x Z ex-
pressible in the form

R m) = [ Fu) T 00 ) @

where p is a measure such that there exists the Radon-
Nikodym derivative h(:) = d” 2£ and where v(-) is fixed a
o-finite measure, {f,} is a fixed orthonormal system in

Lo(v), i.e.
[ 807

In the case that f,(}) = €™, v the Lebesgue measure
on [—,7], in this way we obtain the weakly stationary
sequences with existing spectral density functions. If {f}
is a complete system in Lz(v) then

EZ({Xn}) = EZ(/—‘v fn) = Eg(ﬂ),

where ~ means isometry. Now, we shall define random

variables Y, = [ fh" ;‘ Z(d)) where Z(-,-) is an orthogo-
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) U(dX) = bam.

nal random measure generating the sequence {X,
l.e. :

m:ﬁnWﬂw>hq

Y, will be defined when E{|Y,|?} =
- fs Lff,li dp = fs U—;E dv < oo and, further

E{X,Y, }—/fn f""\)

/ fon Fm dv = bam.

p(dr) =

This fact proves that the random variables {Yy, Xn L P
form a biorthonormal system for £5({X,}) under the as-
sumption f l——— dv < oo for every n € Z. The question
of representablllty of random variables € € L2{{Xn}1Z o
in the form (l) is' the question of when the system of
variables {X,},;% ., forms a basis in the Hilbert space
L2{{Xn}}. In order to investigate this question it Is natu-
ral to be limited to the case when the system {X,}52°
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is minimal. The minimality of a weakly stationary se-
quence {X,};;2 , was introduced by Kolmogorov (1941)
who proved a necessary and sufficient condition for mini-
mality, which is the existence of the following integral
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where ¢(-) is the spectral function of {X HE o As
is known the system {X,}}2° . is minimal if and on-

ly if there exists in a Hilbert space a conjugate system
of variables {Y,}}'2  forming a biorthogonal system in
Lo{{Xn}}. If this conjugate system {Y,} is complete,
then every variable § € £3{X,} is uniquely determined by
(1). The existence of a biorthogonal system for £5({X,})

under the assumption f l—:du < oo for every n € Z
proves the minimality of {X,,}n_ i.e. foreachne Z

Xn € LoAXm; mE Z, m#n}.

From a general result in Hilbert spaces a minimal system
{Xn}}& . is an unconditional basis in L3({X,}) if and
only if the system {X,,}7%___ is Besselian and Hilbertian,
see [3].
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Definition 1 The minimal sysiem { X,

in Lo({Xn)) if for each h € La({Xn))
= o |2
ST EY) <
and is Hilberlian if for any sequence {c,} 2 . with

e}

> eal? < 0

there exisis h € Lo({Xn}) such that E{hY,} = c,.

As is well known, cf. Rozanov (1960), the system
i1s Besselian if and only if there exists a con-

{Xn

stant ’E;\ih that
> BV} < CE{hP).

If we put h = [ p(})
equivalent to
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/ (I v(d)) < C / ()

Z(d)), ¢ € La(y), then this is
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This inequality holds for each ¢ € L3(p). Using this fact

we obtain the equivalent condition

a.e. [v].
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1s Hilbertian

On the other hand, the system {X,}}2
if and only if there is a constant ¢ > 0 such that
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for each g € Lo({Xn}). With g =

this gives similarly as above

JspdZ, o € Lo(p)

h(}) < a.e. [v].
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Based on these considerations we obtain the following the-
orem.

Theorem 1. Let {X, } be a random sequence with R(-,-)
on Zx Z as a covariance function belonging to the Karhuner
class, i.e.

R(n, m) = / a0 T O9) (@),

n,mezZ

is Besselian Where v is a fixed o-finite measure, {f,} is a fixed com-

plete orthonormal systems in Ly(v) and dpx = hdv. Then

1. {X.)}}& . is minimal iff

‘j’n’2 . . A
}—du < oo foreveryneZ
4 1

2. A minimal system {X,} % ., is an unconditional
basis of Lo({Xn}) iff there exist 0 < ¢ < C < o0
such that

= <h()<

a.e. [v].
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An interesting open problem seems to be to find a
characterization of the class of processes with representa-
tion as in (2) analogously to the characterization of weak-
ly stationary processes by the Herglotz lemma.

In the case of S = (—w,7), v = Lebesgue measure,
FalA) = 7!— e™A for n € Z, p and g is a finite measure
on S, then all the covariance functions of the form

R(n,m) = /—7r fn(’\) Jm(X) p(dd)

are stationary ones and vice versa. In general, if (5,5,v
is a medsure spdce with an orthonormal system of fun
tions {f,}12 . i.e.

/5 Fa () TN () = b
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€ Z, then the question is I
covariance functions of
[
1 \ — |/ \) f i \
w( l,m) = / .;71,(’\) Jm()}’l ((Q/ )?
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