A Martingale Approach
to Optimal Stopping

Hans Rudolf Lerche
University of Freiburg i. Br.
Germany
e-mail: lerche@stochastik.uni-freiburg.de

www.stochastik.uni-freiburg.de/homepages/lerche



Contents

. Classical Theory

. The Parking Problem and its Generalisation

. The Main Idea: OS as GPP

. Examples

a) Optimality of Parabolas

b) Perpetual Put Option

c) The Repeated Significance Test as Bayes-Test
d) The Disruption Problem

. The Generality of the GPP

Diffusions with Random Discounting

5. GPP: Discrete Case
6. Related Literature



Classical Theory

X diffusion with infinitesimal generator D
r(x,t) loss at (x,t)

u(x,t) = rglgl E@®@tr(Xg,S), S stopping time

The optimal continuation region:
C* = {(z, 1) | r(z,t) > u(z, 1)}
The optimal stopping rule:

T* = inf{t > 0| (X, t) & C*}.

Solution via free boundary problem (FBP):

u; = Du in C*
u =r on 0C*
Uy = Ty on OC*

See Shiryaev, Optimal Stopping Rules.

A stopping problem corresponds to a stationary
FBP, if Du = 0 or Du = ru. The paper discusses
the question of the structure of stopping problems

with stationary FBP.



The Parking Problem

So = —Q
Sn:zn:Xz_Q
1=1

X; i.i.d. geometric (p)
p: probability of empty spot

Park as near as possible at ”0"!

Find stopping time T™ of S;,72 > 0 with
E|ST* |:m11nE|ST|.

Solution: T* = min{n > 1| S, > —so}
with so = min{s € IN | 1 — 2(1 — p)* > 0}



Generalized Parking Problem
(GPP)

Let g be a convex function with a unique minimum
at * > 0.
Assume X i.i.d. with EX; > 0,

Sn — zn: Xi, S() = 0.
=1

Find a stopping time T™* with Eg(St+) = mzin Eg(ST)

A

Y

Solution (Keener, Lerche, Woodroofe ’94):

T* = min{n > 0| S, > a} with a < z*.



The Main Idea: OS as GPP

Let (Z:, 335t > 0) denote a continuous stochastic
process.

Find a stopping time T with:

FE <ZT*]-{T*<oo}) — migx E (ZT]-{T<oo})

Idea:

Find a process (X;, F;;t > 0), and a nonnegative
martingale (M;, Fy;t > 0) with My = 1 and a (con-
cave) function g with unique maximum at x* such
that

Zy = g(Xy)M; a.s.

Then
EZrlircosy = E (g(Xr)Mrlirco)
< g(z*)E (Mrl{r<oc})
< g(x¥)

With T* = min{t > 0 | X; = x*} the inequalities
become equalities, if £ (MT*l{T*<oo}) = 1.



Optimality of Parabolic
Boundaries

Let X; = B;+xy, t > 0 B; standard Brownian mo-
tion. For a measurable function h find a stopping

time T that maximizes

(i srn( %)
(Moerbeke(1974))

oo
Let H(x) = / e“* =% /24201 dyy with 8 > 0
0
and assume that there exists a unique point x* with

h(x) B h(x*) B
sup

= =C* and 0<C* <0
zcR H(x) H(xx*)

Theorem 1:

Let ¢ < *. Then

i (5]

el ()

where T = inf {t > 0 | \/% = az*}



.Xt oC u2 u2
(t + 1)_5H ( — / eUXt— 5t o—"54,28-1 4,
vVi+1 0

is a positive martingale with starting value H (xy).
Then M; = (t+1)"PH(X;/+/t + 1)/H(x,) is a pos-
itive martingale with EM, = 1.

Then
(t+1)""h (\/%) = H(mo)z((;;))Mt
< H(xz)C*M;
Then
(i ) s

But EMp« =1 and P(T* < oc0) = 1 for

T*:inf{t>0|\/f—+L1:w*}.

Special case: Dvoretzky(1965), Chow-Robbins(1965)

1
h(x) = x, :c():O,B:E

E(Xr/(T 4+ 1)) = max with

Xt
T*:min{t>0| =x"
VETRT }

z* is solution of x = (1—x?) [;° e**=u*/2 dyy (Shepp 1969)



Perpetual Put Option

Samuelson(1965), McKean(1965)

Xy = oB; + ut  Brownian Motion with drift p
and variance o?.

Find stopping time T which maximizes

Epe_rT(K — eXT)+1{T<OO}.

Idea:
Find Q and g with Epe ™ "T(K — eX7)" = Egg(Xr),
where Q < P and g has a unique maximum at x*.

ThenT* = min{t > 0| X(t) = x*}, if Q(T* < o00) = 1.



Let

— (K — &)t _ 4G
f(x) = (K —e”)" and M; = TR

Then
Ee " f(Xr) = Ef(Xr)(eXT)"*(e*T)%e T,

Choose g(x) = f(x)e ** and « such that

M, = e*%Te~ " is a martingale. With

M,; = exp|a(oB;) + aut — rt]
= exp [(ao)B; — t(ao)?/2]

My = 1 and M, is a positive marginale. Then

2
+ M 1) 2r

Let K <1+ (—a™)~!. Then g has a unique maxi-
mum at z* = log £ < 0. Under Q X, has drift

a —1

2 27
a_a'z—l—u:—a'2 'u—4—|——2<0.
o o
This yields Q(T* < oc0) =1, if x* < 0.

If o < 0 then P(T* < o0) =1 and

sup Epe "T(K — e*T)* = Epe ™" (K — eXr*)*
T



The Repeated Significance Test is
a Bayes-Test
W (t),t > 0 Brownian motion with drift 0

Testing sequentially: Hy: 0 < 0 versus H; : 0 > 0
Prior: G(df) = ¢(10)+/7d0

R(T,d) =

—

(Pg{5 rejects Ho} + 202E9T) G(d0)

— o0
o0

_|_/ (Pg{é rejects Hi} + 292E0T) G(do)

Find (7", 6") with R(T",6") = min R(T, ).

0" =0r =Lwm>y T"=7

PNAS, 83 (1986)



0 o

/ Py{6 rejects Hy}G(dO) —I—/ {6 rejects H1}G(dO)
—00 0
= /Gm,T(—0070]1{5>0}?(d$)

+ [ Gur(0, 0011 5o P(da)

> [ min(Grur(~00, 0, Guir (0, 00 P(de)
= [ (-0
G = N(0,r7 1), P = /PgG(dG)
/ 02E,TG(d0)

_ / T / 0>Glyy (1) .r(d0)dP
= [ (st i) P

- /( 0 (st gy P
_ W

T+ 7r

P

wW(T) 1 >

G =N




Representation of the risk:

= 257

with g(x) = ®(—vx) + cx/2

g is convex with unique minimum x*

R = [ o0 ) dP 2 g

Let T* = min{t > 0 | W (¢)?/(t + r) = x=*}
Since P{T* < oo} = 1 it follows

R(T",8;.) = g(a").

The same type of argument holds for the SPRT.
The representation is R(T', 1) = /g(|0| (W (T)|)dQ
with @ = 1(Py + P_g),0 > 0.



Disruption Problem

Dissertation of Shiryaev (1961)

Observations: W (t) = B(t) + 6(t — 7)™ with
B(t),t > 0 standard Brownian motion,
6 > 0 fixed

Filtration: F;, = o(W(s);0 < s < 1)

Change-point: 7 random time,
with distribution w = pdy+(1—p)F,
where F(t) =1 — e

Risk: R(T) = P(T < 1)+ cE (T —1)7
Find T* with R(T™) = mj@n R(T)

Theorem 2:

T* = min{t > 0 | m; > p*} with 7, = P(7 < t | F)

Here p* is the unique solution of G(p) = p and
G'(p) = —1, where G is the positive (and finite at

0) solution of

gm2(1 — )G () + M1 — )G/ () = —=x



R(T) = P(T<7)+cE(T—1)"
= FE [(1 — ) +C/0Tﬂsd81
Find f with
E (/OT 77st> = Ef(rr) — f(p)
Then g(z) = (1 — ) + cf(z) yields
R(T) = [ g(wr)dP

But this holds with f = G !

g is convex with a unique minimum at p*.

This insight openes a new direction to Bayes tests
of power one for change point problems. Cusum

and Mixture stopping rules can be derived as Bayes

tests. (Beibel 1996, 1997), (Beibel - Lerche 2003).



Disruption Problem: The
Representation

Let m; = P(7 <t | F).
m; 1s a diffusion with

where W; is a Standard Brownian motion.

Ito‘s formula yields:

1
ClG(Tl't) = G,(ﬂ't)dﬂ't —|— EG”(T‘-t)(dﬂ-t)2
1
—|—§G”(7rt)927rt2(1 — m)3dt

If G satisfies the equation
2

%w2(1 —z)’G"(z) + N1 — )G/ () = =
then

t t
G(m) — G(m) = / sds —I—/ Or,(1 — m,)dW,
0 0

= E [G(mr) — G(m)]| = E/o sds



Stopping of Diffusions with
Random Discounting

B;,t >0 SBM
X; diffusion with Xy = « and

Find stopping time T of X with
E(B_A(T)h(XT)l{T<OO}) = max
A(s): additive stochastic process adapted to F*

A(s+t) = A(s) + A(t) o 6,

Example: r(x) > 0,a > 0

B (e {- [ T'r(Bt)dt} (Br)*Lr<) ) = max



How to choose the martingales?

)
E, (e‘A(T‘BO)l{TmO<OO}> for x < xg
Yi(x) = | _A(Ty) ~1
\ [Ewo (e x 1{Tw<oo})] for x > xg
( —
[Emo (e_A(Tw)l{Ta;<oo}>} ' for x < xg
() = o
E, (e ( a:o)]_{TwO<oo}) for x > x
\

M = e~ Ay (X,)

(-) are u.i. martingales with
Mt — e_A(t)r()b_ (Xt)

Eo (M7 1(1co0)) = ¢4 (z) forb>w

Eo(My 1{1,<00}) = ¥_(z) forz>a

Play the trick with h(x)/v+(x), where ¥+ (xg) = 1



X(O) — Lo, Iy GI

Assume 9 (zo) = P_(wo) =1
Then

~Ah(X) = M P(X1)
© T g (X)) + (1 — p)y_(Xy)

with M; = e (py (X;) + (1 — p)y_(Xy)).-

M; is a positive local martingale hence

E(MTl{T<oo}) S 1

Problem:

h(x)
P4 (z)+(1—-p)y—(z)

Maximize over all x € I with proper

P.



Distinguish the following Cases

1) sup (h(z)/¢4(x)) = o0

x>xg,xel

2) sup I(h(w)/tb—(w)) = 00

r<xqg,rE

3 0 < C* = sup 2 — gup =)
) ey vr@ 0P @)

% h(x h(x
4) 0<C* =sup —1/)—((:1):) = sup —w—((w))

xel r<xg,xel

5) 0< sup (h(z)/¢i(x)) < oo

x>xg,xel
0< sup (h(z)/y-(2)) < oo

and

h(x) h(x)
g > SUP gy and

sup
r<xg
h(x) h(x)
sup > sup
N




Case 3/4

Theorem 3:

* __ h(z) __ h(x)
O <Cr=supyi = 50 v <
Then
S];’p B, {e_ATh(XT)l{T<oo}} = C” (+)

If there exists a point w*zwo with C* = h(x*) /v (x*),
then the supremum in (4) is attained by

T =inf{t >0 | X; =x*}.
Of course

Ewoe_AT*h(XT*) = Emgg(XT*)MT* = C".



Theorem 4:

Let p* be such that

0 < sup h(@)
z>zzel PY4(x) + (1 — p*)Y_(x)
h(x)

= sup

v<zgazel P*P () + (1 — p*)py ()

then supr FE,, (e‘ATh(XT)l{T<a}) = C"*.
If there exist points ; > ¢ and x3 < o such that
h(z1)
pi(z) + (1 — p*)y— (o)
h(wz) .
= — C
p*Yi(z) + (1 — p*)y_(x)

9

then the supremum is attained for

T = inf{t >0 | Xt = iBl,Xz = wz}.



Generalized Parking Problem:
Discrete Case

Xl,Xz, ... 1.i.d. with EXZ > O,

Sn — zn: Xi, S() = 0.
=1

Find stopping time T* with Eg(St+) = mzin Eg(Sr)
Solution: T* = min{n > 0| S, > a}
with
a = sup{z | H g(z) < g(x)}
H'g(e) = [ gla+y)H" (dy)
H(y) :== P(S, < y)
n:=min{n >0| S, > 0}

HT : the distribution of the first ladder height S,,.



*1—HT
Let K(x) = / ) dy
0 71

with ~; = /y" dH™" (y), i € IN.

Theorem 5:

If Kg(x) < oo for all 0 < x < oo, then Kg(x) is

minimized at * = a.

Example 1:
Ifg(x) =|x—bVx €R = b— a=med(K)

Example 2:
If g(x) = (x — b)?’Vz e R
= b—a=mean(K) = v/

Example 3:

Ifgx) =e*+cxVxr elR, 0<c<1

= b =log(1/c).

If [2?H"(dz) < oo and if k := [ e *K (dx)

= Kg(z) = ke™ + c(z + %) and is minimized

when xz = log(k/c).
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