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Classical Theory

Xt diffusion with infinitesimal generator D
r(x, t) loss at (x, t)

u(x, t) = min
S≥t

E(x,t)r(XS, S), S stopping time

The optimal continuation region:

C∗ = {(x, t) | r(x, t) > u(x, t)}

The optimal stopping rule:

T ∗ = inf{t > 0 | (Xt, t) /∈ C∗}.

Solution via free boundary problem (FBP):

ut = Du in C∗

u = r on ∂C∗

ux = rx on ∂C∗

See Shiryaev, Optimal Stopping Rules.

A stopping problem corresponds to a stationary

FBP, if Du = 0 or Du = ru. The paper discusses

the question of the structure of stopping problems

with stationary FBP.



The Parking Problem

S0 = −Q

Sn =
n∑
i=1

Xi −Q

Xi i.i.d. geometric (p)

p: probability of empty spot

Park as near as possible at ′′0′′!

Find stopping time T ∗ of Si, i ≥ 0 with

E | ST ∗ |= min
T
E | ST | .

Solution: T ∗ = min{n ≥ 1 | Sn ≥ −s0}
with s0 = min{s ∈ IN | 1 − 2(1 − p)s > 0}



Generalized Parking Problem
(GPP)

Let g be a convex function with a unique minimum

at x∗ > 0.

Assume Xi i.i.d. with EXi > 0,

Sn =
n∑
i=1

Xi, S0 = 0.

Find a stopping time T ∗ with Eg(ST ∗) = min
T
Eg(ST )

*a x

Solution (Keener, Lerche, Woodroofe ’94):

T ∗ = min{n ≥ 0 | Sn ≥ a} with a < x∗.



The Main Idea: OS as GPP

Let (Zt,Ft; t ≥ 0) denote a continuous stochastic

process.

Find a stopping time T ∗ with:

E
(
ZT ∗1{T ∗<∞}

)
= max

T
E

(
ZT1{T<∞}

)

Idea:

Find a process (Xt,Ft; t ≥ 0), and a nonnegative

martingale (Mt,Ft; t ≥ 0) with M0 = 1 and a (con-

cave) function g with unique maximum at x∗ such

that

Zt = g(Xt)Mt a.s.

Then

EZT1{T<∞} = E
(
g(XT )MT1{T<∞}

)
≤ g(x∗)E

(
MT1{T<∞}

)
≤ g(x∗)

With T ∗ = min{t ≥ 0 | Xt = x∗} the inequalities

become equalities, if E
(
MT ∗1{T ∗<∞}

)
= 1.



Optimality of Parabolic
Boundaries

Let Xt = Bt+x0, t ≥ 0 Bt standard Brownian mo-

tion. For a measurable function h find a stopping

time T that maximizes

E

(
(T + 1)−β h

(
XT√
T + 1

))
!

(Moerbeke(1974))

Let H(x) =

∫ ∞

0

eux−u2/2u2β−1 du with β > 0

and assume that there exists a unique point x∗ with

sup
x∈IR

h(x)

H(x)
=
h(x∗)

H(x∗)
= C∗ and 0<C∗<∞

Theorem 1:

Let x0 < x∗. Then

sup
T
E

{
(T + 1)−β h

(
XT√
T + 1

)}
= E

{
(T ∗ + 1)−β h

(
XT ∗

√
T ∗ + 1

)}
= H(x0)C

∗

where T ∗ = inf
{
t > 0 | Xt√

t+1
= x∗

}
.



(t+ 1)−βH

(
Xt√
t+ 1

)
=

∫ ∞

0

euXt−
u2
2 te−u2

2 u2β−1 du

is a positive martingale with starting value H(x0).

Then Mt = (t+1)−βH(Xt/
√
t+ 1)/H(x0) is a pos-

itive martingale with EM0 = 1.

Then

(t+ 1)−βh

(
Xt√
t+ 1

)
= H(x0)

h
(

Xt√
t+1

)
H

(
Xt√
t+1

)Mt

≤ H(x0)C
∗Mt

Then

E

(
(T + 1)−βh

(
XT√
T + 1

))
≤ H(X0)C

∗

But EMT ∗ = 1 and P (T ∗ < ∞) = 1 for

T ∗ = inf
{
t > 0 | Xt√

t+1
= x∗

}
.

Special case: Dvoretzky(1965), Chow-Robbins(1965)

h(x) = x, x0 = 0, β =
1

2

E(XT/(T + 1)) = max with

T ∗ = min

{
t > 0 |

Xt√
t+ 1

= x∗
}

x∗ is solution of x = (1−x2)
∫ ∞
0 eux−u2/2 du (Shepp 1969)



Perpetual Put Option

Samuelson(1965), McKean(1965)

Xt = σBt + µt Brownian Motion with drift µ

and variance σ2.

Find stopping time T ∗ which maximizes

EPe
−rT (K − eXT )+1{T<∞}.

Idea:

Find Q and g with EPe
−rT (K−eXT )+ = EQg(XT ),

where Q � P and g has a unique maximum at x∗.

Then T ∗ = min{t ≥ 0 | X(t) = x∗}, ifQ(T ∗ < ∞) = 1.



Let

f(x) = (K − ex)+ and Mt =
dQt

dPt
.

Then

Ee−rTf(XT ) = Ef(XT )(e
XT )−α(eXT )αe−rT .

Choose g(x) = f(x)e−αx and α such that

Mt = eαXTe−rt is a martingale. With

Mt = exp [α(σBt) + αµt− rt]

= exp
[
(ασ)Bt − t(ασ)2/2

]
M0 = 1 and Mt is a positive marginale. Then

α± = −
µ

σ2
±

√
µ2

σ4
+

2r

σ2
.

Let K < 1 + (−α−)−1. Then g has a unique maxi-

mum at x∗ = log α−K
α−−1

< 0. Under Q Xt has drift

α−σ2 + µ = −σ2

√
µ2

σ4
+

2r

σ2
< 0.

This yields Q(T ∗ < ∞) = 1, if x∗ < 0.

If µ < 0 then P (T ∗ < ∞) = 1 and

sup
T
EPe

−rT (K − eXT )+ = EPe
−rT ∗

(K − eXT∗)+



The Repeated Significance Test is
a Bayes-Test

W (t), t ≥ 0 Brownian motion with drift θ

Testing sequentially: H0 : θ < 0 versus H1 : θ > 0

Prior: G(dθ) = ϕ(τθ)
√
τdθ

R(T, δ) =

0∫
−∞

(
Pθ{δ rejects H0} +

c

2
θ2EθT

)
G(dθ)

+

∞∫
0

(
Pθ{δ rejects H1} +

c

2
θ2EθT

)
G(dθ)

Find (T ∗, δ∗) with R(T ∗, δ∗) = min
(T,δ)

R(T, δ).

δ∗ = δ∗
T = 1{W (T )>0} T ∗ = ?

PNAS, 83 (1986)



∫ 0

−∞
Pθ{δ rejects H0}G(dθ) +

∫ ∞

0

{δ rejects H1}G(dθ)

=

∫
Gx,T (−∞, 0]1{δ>0}P (dx)

+

∫
Gx,T (0,∞]1{δ<0}P (dx)

≥
∫

min
x

(Gx,T (−∞, 0], Gx,T (0,∞])P (dx)

=

∫
Φ

(
−

|W (T )|
√
T + r

)
dP

G = N(0, r−1), P =

∫
PθG(dθ)

∫
θ2EθTG(dθ)

=

∫
T

∫
θ2GW (T ),T (dθ)dP

=

∫
T

(
W (T )2

(T + r)2
+

1

T + r

)
dP

=

∫
(T + r)

(
W (T )2

(T + r)2
+

1

T + r

)
dP − 1

=

∫
W (T )2

T + r
dP

GW (T ),T = N

(
W (T )

T + r
,

1

T + r

)



Representation of the risk:

R(T, δ∗
T ) =

∫
g

(
W (T )2

T + r

)
dP

with g(x) = Φ(−
√
x) + cx/2

g is convex with unique minimum x∗

R(T, δ∗
T ) =

∫
g

(
W (T )2

T + r

)
dP ≥ g(x∗)

Let T ∗ = min{t > 0 | W (t)2/(t+ r) = x∗}
Since P{T ∗ < ∞} = 1 it follows

R(T ∗, δ∗
T ∗) = g(x∗).

The same type of argument holds for the SPRT.

The representation isR(T, δ∗
T ) =

∫
g(|θ| |W (T )|)dQ

with Q = 1
2
(Pθ + P−θ), θ > 0.



Disruption Problem

Dissertation of Shiryaev (1961)

Observations: W (t) = B(t) + θ(t− τ )+ with

B(t), t ≥ 0 standard Brownian motion,

θ > 0 fixed

Filtration: Ft = σ(W (s); 0 ≤ s ≤ t)

Change-point: τ random time,

with distribution π = pδ0+(1−p)F ,

where F (t) = 1 − e−λt

Risk: R(T ) = Pπ(T < τ ) + cEπ(T − τ )+

Find T ∗ with R(T ∗) = min
T
R(T )

Theorem 2:

T ∗ = min{t > 0 | πt ≥ p∗} with πt = P (τ ≤ t | Ft)

Here p∗ is the unique solution of G(p) = p and

G′(p) = −1, where G is the positive (and finite at

0) solution of

θ

2
x2(1 − x2)G′′(x) + λ(1 − x)G′(x) = −x



R(T ) = P (T < τ ) + cE(T − τ )+

= E

[
(1 − πT ) + c

∫ T

0

πsds

]
Find f with

E

(∫ T

0

πsds

)
= Ef(πT ) − f(p)

Then g(x) = (1 − x) + cf(x) yields

R(T ) =

∫
g(πT )dP

But this holds with f = G !

g is convex with a unique minimum at p∗.

This insight openes a new direction to Bayes tests

of power one for change point problems. Cusum

and Mixture stopping rules can be derived as Bayes

tests. (Beibel 1996, 1997), (Beibel - Lerche 2003).



Disruption Problem: The
Representation

Let πt = P (τ < t | Ft).

πt is a diffusion with

dπt = λ(1 − πt)dt+ θπt(1 − πt)dWt

where Wt is a Standard Brownian motion.

Ito‘s formula yields:

dG(πt) = G′(πt)dπt +
1

2
G′′(πt)(dπt)

2

= G′(πt)λ(1 − πt)dt+ θπt(1 − πt)dWt

+
1

2
G′′(πt)θ

2π2
t (1 − πt)

2dt

If G satisfies the equation

θ2

2
x2(1 − x)2G′′(x) + λ(1 − x)G′(x) = x

then

G(πt) −G(π0) =

∫ t

0

πsds+

∫ t

0

θπs(1 − πs)dWs

⇒ E [G(πT ) −G(π0)] = E

∫ T

0

πsds



Stopping of Diffusions with
Random Discounting

Bt, t ≥ 0 SBM

Xt diffusion with X0 = x and

dXt = µ(Xt)dt+ σ(Xt)dBt

Find stopping time T ∗ of X with

E
(
e−A(T )h(XT )1{T<∞}

)
= max

A(s): additive stochastic process adapted to FX

A(s+ t) = A(s) +A(t) ◦ θs

Example: r(x) ≥ 0, α > 0

E

(
exp

{
−

∫ T

0

r(Bt)dt

}
(BT )

α1{T<∞}

)
= max



How to choose the martingales?

ψ+(x) =

 Ex

(
e−A(Tx0)1{Tx0<∞}

)
for x ≤ x0[

Ex0

(
e−A(Tx)1{Tx<∞}

)]−1
for x ≥ x0

ψ−(x) =


[
Ex0

(
e−A(Tx)1{Tx<∞}

)]−1
for x ≤ x0

Ex

(
e−A(Tx0)1{Tx0<∞}

)
for x ≥ x0

M
(+)
t = e−A(t)ψ+(Xt)

M
(−)
t = e−A(t)ψ−(Xt)

are u.i. martingales with

Ex(M
(+)
Tb

1{Tb<∞}) = ψ+(x) for b ≥ x

Ex(M
(−)
Ta

1{Ta<∞}) = ψ−(x) for x ≥ a

Play the trick with h(x)/ψ+
−
(x),where ψ+

−
(x0) = 1



X(0) = x0, x0 ∈ I

Assume ψ+(x0) = ψ−(x0) = 1

Then

e−Ath(Xt) = Mt

h(Xt)

pψ+(Xt) + (1 − p)ψ−(Xt)

with Mt = e−At (pψ+(Xt) + (1 − p)ψ−(Xt)).

Mt is a positive local martingale hence

E(MT1{T<∞}) ≤ 1

Problem:

Maximize h(x)
pψ+(x)+(1−p)ψ−(x)

over all x ∈ I with proper

p.



Distinguish the following Cases

1) sup
x≥x0,x∈I

(h(x)/ψ+(x)) = ∞

2) sup
x≤x0,x∈I

(h(x)/ψ−(x)) = ∞

3) 0 < C∗ = sup
x∈I

h(x)
ψ+(x)

= sup
x≥x0

h(x)
ψ+(x)

4) 0 < C∗ = sup
x∈I

h(x)
ψ−(x)

= sup
x≤x0,x∈I

h(x)
ψ−(x)

5) 0 < sup
x≥x0,x∈I

(h(x)/ψ+(x)) < ∞

0 < sup
x≤x0

(h(x)/ψ−(x)) < ∞

and

sup
x≤x0

h(x)
ψ+(x)

> sup
x≥x0

h(x)
ψ+(x)

and

sup
x≥x0

h(x)
ψ−(x)

> sup
x≤x0

h(x)
ψ−(x)



Case 3/4

Theorem 3:

If 0 < C∗ = sup
x∈I

h(x)
ψ±(x)

= sup
x≥x0,x∈I

h(x)
ψ±(x)

< ∞

Then

sup
T
Ex0

{
e−ATh(XT )1{T<∞}

}
= C∗ (+)

If there exists a point x∗≥
≤x0 with C∗ = h(x∗)/ψ±(x∗),

then the supremum in (+) is attained by

T ∗ = inf {t ≥ 0 | Xt = x∗} .

Of course

Ex0e
−AT∗h(XT ∗) = Ex0g(XT ∗)MT ∗ = C∗.



Theorem 4:

Let p∗ be such that

0 < sup
x≥x0,x∈I

h(x)

p∗ψ+(x) + (1 − p∗)ψ−(x)

= sup
x≤x0,x∈I

h(x)

p∗ψ+(x) + (1 − p∗)ψ+(x)

then supT Ex0

(
e−ATh(XT )1{T<α}

)
= C∗.

If there exist points x1 > x0 and x2 < x0 such that

h(x1)

p∗ψ+(x) + (1 − p∗)ψ−(x)

=
h(x2)

p∗ψ+(x) + (1 − p∗)ψ−(x)
= C∗,

then the supremum is attained for

T ∗ = inf{t > 0 | Xt = x1, X2 = x2}.



Generalized Parking Problem:
Discrete Case

X1, X2, . . . i.i.d. with EXi > 0,

Sn =
n∑
i=1

Xi, S0 = 0.

Find stopping time T ∗ with Eg(ST ∗) = min
T
Eg(ST )

Solution: T ∗ = min{n ≥ 0 | Sn ≥ a}
with

a = sup{x | H+g(x) < g(x)}

H+g(x) :=

∫
g(x+ y)H+(dy)

H+(y) := P (Sη ≤ y)

η := min{n > 0 | Sn > 0}

H+ : the distribution of the first ladder height Sη.



Let K(x) =

∫ x

0

1 −H+(y)

γ1

dy

with γi =

∫
yi dH+(y), i ∈ IN.

Theorem 5:

If Kg(x) < ∞ for all 0 ≤ x < ∞, then Kg(x) is

minimized at x = a.

Example 1:

If g(x) = |x− b| ∀x ∈ IR ⇒ b− a = med(K)

Example 2:

If g(x) = (x− b)2 ∀x ∈ IR

⇒ b− a = mean(K) = γ2/γ1

Example 3:

If g(x) = e−x + cx ∀x ∈ IR, 0<c<1

⇒ b = log(1/c).

If
∫
x2H+(dx) < ∞ and if κ :=

∫ ∞
0 e−xK(dx)

⇒ Kg(x) = κe−x + c(x + γ2
2γ1

) and is minimized

when x = log(κ/c).
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