Ein Martingalansatz zum
optimalen Stoppen

Hans Rudolf Lerche
Universitat Freiburg i. Br.

e-mail: lerche@stochastik.uni-freiburg.de

www.stochastik.uni-freiburg.de /homepages/lerche

Universitat Mannheim, 17.01.2005



ek

-
[ S e

12.
13.

- -

Contents

Some Fundamentals

Examples of Optimal Stopping

Classical Theory

The Disruption Problem

Stopping the Brownian Motion at the Maximum

The Parking Problem and its Generalisation

. The Main Idea: OS as GPP

The Repeated Significance Test as Bayes-Test

. Disruption Problem: The Representation
. Perpetual American Put Option

. Stopping of Diffusious with Random Exponential

Discounting

GPP: Discrete Case

Related Literature



Some Fundamentals

Definition of SBM

A continuous stochastic process X;, t > 0 is a stan-

dard Brownian motion with start in x, if
1) XO =
ii) For tg < t; < ... < it} the random variables

X,

i1 — Xt;p ©=0,...,k — 1 are independent.

iii) For s <t X; — X, is distributed according to
N(0,t — s).

Note: E(X;) = EXy = x and Var(X;) =t.

Definition of Brownian motion

A continuous stochastic process X;, t > 0 is a
Brownian motion with starting point x drift u and
variance o? if there exists a standard Brownian mo-
tion B;, t > 0 such that

1) XO =

i) X, =0 -By+p-t



Definition of a Martingale:

A stochastic process X;, t > 0 is a martingale with

respect to the filtration F;, t > 0 if
i) X; is Fi-measurable
ii) For s<t E(X; | Fs) = X,

A consequence:

E(Xt) — E(Xo)

Theorem (Lévy):

A continuous martingale X;, ¢t > 0 with
E(X}?) < oo for t > 0 is a standard Brownian mo-

tion if E ((X; — X;)?|F;) = t—s holds for all s<¢.



Definition:

A continuous stochastic process (X, F;t > 0) is
called a diffusion with start in oy if there exists
a standard Brownian motion (B, F;;t > 0) such

that

(+) X, = /Ota(XS)dS -+ /Ota(Xs)st

with Xg =zpand a: IR - IRand o : IR — IR,

measurable.

Remark:.

(4) is usually expressed as SDE:

dX; = a(X,)dt 4+ o(X;)dB;.



Examples of Optimal Stopping

a) Detection of a Trend Change

B;, t>0 standard Brownian motion

7 a random time

B, for t<t

Let Wt:
B;+0(t—7) for t>T

Issue:

Find a stopping time T* such that the expected
delay E(T — 7 | T > 7) is minimal given the false
alarm probability P(T < 7).



b) Stopping the Brownian Motion at the Maximum

B;, 0<t<1 standard Brownian motion

R(T) :=FE (BT — max B3)2

0<s<1

Here T denotes a stopping time of Brownian mo-

tion with 0 <T <1.

Find a stopping time T with

R(T*) = mjin R(T).

Idea:




c) Perpetual American Put Option

Samuelson (1965), McKean (1965)

X; = oB; + pt Brownian Motion with drift p and

variance o?2.

Find a stopping time T™ which maximizes

Ee_TT(K — eXT)+1{T<oo}.



Classical Theory

X, diffusion with infinitesimal generator D
r(x,t) loss at (x,t)

u(x,t) = 1%1;? E@Yr(Xg,S), S stopping time

The optimal continuation region:
C* ={(z, 1) | r(z,t) > u(z,t)}
The optimal stopping rule:

T* = inf{t > 0| (X, t) & C*}.

Solution via free boundary problem (FBP):

u; = Du in C*
u =r on OC*
Uy = Ty on 0C*

See Shiryaev, Optimal Stopping Rules.

A stopping problem corresponds to a stationary
FBP, if Du = 0 or Du = ru. The paper discusses
the question of the structure of stopping problems

with stationary FBP.



Disruption Problem

Dissertation of Shiryaev (1961)

Observations: W; = B, + 6(t — 7)* with
B;, t >0 standard Brownian motion,
0 > 0 fixed

Filtration: F; = o(Wy; 0<s<t)

Change-point: T random time,
with distribution © = pdy+(1—p)F,
where F(t) =1 — e

Risk: R(T) = P(T < 1)+ cE(T —1)7
Find T* with R(T*) = min R(T)

Theorem

T* = min{t > 0 | m; > p*} with 7, = P(v < t | F)
Here p* is the unique solution of G(p) = p and
G'(p) = —1, where G is the positive (and finite at

0) solution of

ng(l — )G () + X1 — )G (z) = —=x



Tt N+ o posterior
where

P =7 P H—/ L xe ™ ds
and

L; = exp(OW; — 0°t/2)

Case p = 0:

P(r<t)=1—e ™ prior

R = PR v 1 relative posterior



Stopping the Brownian Motion at
the Maximum

B;, 0<t<1 standard Brownian motion

R(T):=E (BT — max 33)2

0<s<1

Here T denotes a stopping time of Brownian mo-

tion with 0 <T <1.

Find a stopping time T with

R (T*) = miin R(T).

Idea:

-
>




Graversen, Peskir, Shiryaev (2001)

T = inf{t S 1|St — Bt Z ZxV 1— t}

where S; = max B;.
0<s<t

z, is the unique solution of the equation
4P (z,) — 2z,p(24) —3 =0, =z, =1,12.
Note: £(S — B) = L(|B])

It holds:
2

pr
ET*=—"* _2~0,55  VarT* 20,05

14 22

ET* = EBZ, = 2’E(1 — T%)



Let V, = R(T*)
Then V, = 2inf E (/ e *F (|Z,|) dS) +1
7 0

where F(x) = 4®(x) — 3 and Z; is a diffusion pro-
cess with dZ; = Z,dt + v/2dB; and 3, t > 0 is a
SBM.

Let W,(z) =inf E, (/ e *F (|Z,]) ds) .
7 0
Then V, = 2W,(0) + 1

To determine W, solve

FBP: (D —-2)W(z) =—F(|z]) for —z,<z<z,
W(xz,) =0
W'(£z,) =0

ith D d + d”
i = z .
i dz dz?

With Ito’s formula

B. (¢ "W (Z:]) - W(2) = —E. | ™F(2Z) at
0
Find a stopping time o* with
E. (e—za*w (|za*|)) = max E (e W (|Z,]))

Solution: o* = inf{t > 0 | |Z;| = =z.}



The Parking Problem

So = —Q
Sn:ixz_Q
1=1

X; i.i.d. geometric (p)
p: probability of empty spot

Park as near as possible at ”0"!

Find stopping time T™ of S;,7 > 0 with
E|ST* |:m1§nE|ST|.

Solution: T* = min{n > 1| S, > —so}
with so = min{s € IN | 1 — 2(1 — p)* > 0}



Generalized Parking Problem
(GPP)

Let g be a convex function with a unique minimum
at * > 0.
Assume X i.i.d. with EX; > 0,

Sn=) Xi So=0.
i=1
Find a stopping time T™* with Eg(St+) = miin Eg(Sr)

A

Y

Solution (Keener, Lerche, Woodroofe ’94):
T* =min{n >0| S, > a} witha < =*

with a = sup{z | HTg(x) < g(x)} where HT is
the ladder-height distribution of S,,; n > 1.



The Main Idea: OS as GPP

Let (Z:, 335t > 0) denote a continuous stochastic
process on a probability space ({2, F,P).
Find a stopping time T™ with:

Ep (ZT*]-{T*<oo}> = mqu Ep (ZT]-{T<oo})

Idea:
Find a process (X, F;;t > 0), a measure Q(Q <K
P) and a function g with unique maximum at x*

such that

dQ
Zy = g(Xy) —
t g( t) AP N
Then
dQ
EZT]_{T<OO} = F (g(XT) d—P )
Fr

Eq (9(X1)1{7<00})
g(z*)Q (T < o0)
g(z")

IAIA

With T* = min{t > 0 | X; = x*} the inequalities
become equalities, if Q (T* < oo0) = 1.



The RN-Densities as Martingales

dQ
Let M; = — where Q K P.
dP | _
t
Then for all t > 0 :
dqQ
1) EpM; = Ep —| = 1=1
) EpM; P b . Q

For s < t it holds:

2) E(M; | Fs;) = M, the martingale property.
Of course

3) M, is nonnegative and F;-measurable.
Conversely:

Given a stochastic process M;; t > 0 with proper-

ties 1) — 3). It defines a measure @Q by

Qt(A) = / Mt dP for A € ft.
A



The Repeated Significance Test is
a Bayes-Test

W (t),t >0 Brownian motion with drift 0

Testing sequentially: Hy : 0 < 0 versus H; : 0 > 0
Prior: G(df@) = p(160)+/Td0

R(T,8) =

—

<P9{5 rejects Hy} + gngQT) G(dO)

— o0

_|_/ (P0{5 rejects Hy} + gezEeT) G(do)

Find (7", 8%) with R(T",8%) = min R(T, 3).

PNAS, 83 (1986)



/O Py{6 rejects Hy}G(dO) + /00{5 rejects H,}G(dO)
oo 0
= [ Gur(=00, 011520/ Q(do)
+ [ Gra(0, 501150/ Q(de)

mm(Gw,T( 00, 0], G,.1(0, 00])Q(dx)
> |
_ e ( |W<T>|)

G = N(0,r71), Q= /PgG(dH)

/ 0°E TG (d0)
_ / T / 0> Gy (r),r(d0)dQ
= [ (@ st e7) %

—/<+>(@ff2zw.%w—l
_ [ w(@) 0

T+ 7r

W(T) 1 )

G =N
w(T).T (T—I—T’T—I—r




Representation of the risk:

L

with g(z) = ®(—vx) + cx/2

g is convex with unique minimum x*

RT3 = [ g<‘;“f) >dcz > g(a")

Let T* = min{t > 0 | W(¢)?/(t + r) = z=*}
Since P{T* < oo} = 1 it follows

R(T*,5;.) = g(a").

The same type of argument holds for the SPRT.
The representation is R(T', 61) = /g(|9| (W (T)])dQ
with Q = 1(Py + P_g),0 > 0.



Disruption Problem: The
Representation

Let my = P(T < t | F).
m; 1s a diffusion with

where W; is a standard Brownian motion.

Ito‘s formula yields:

AG(m) = G/(m)dm + G () (dm.)
= G'(m) [A(1 — m)dt + 07 (1 — ) dW]
-|—%G”(7Tt)9271't2(1 — ;) %dt
If G satisfies the equation
%2:132(1 —2)’G"(x) + A1 — )G/ (z) = =
then

t t
G(m) — G(m) = / wsds + / Or,(1 — m,)dW,
0 0

= E[G(rr) — G(m)] = E /0 rods



R(T) = P(T<T)+ cE(TT— )t
= FE [(1 — 7T) -I—C/O ﬂ'st]

Then with g(x) = (1 — ) 4+ c¢G(x) yields

R(T) = / g(mr)dP — g(p)

g is convex with a unique minimum at p*.

This insight opens a new direction to Bayes tests of
power one for change point problems. Cusum and
Mixture stopping rules can be derived as Bayes

tests. (Beibel 1996, 1997), (Beibel — Lerche 2003).



Perpetual American Put Option

Samuelson(1965), McKean(1965)

X; = oB; + pt Brownian Motion with drift 4 and
variance o?2.

Find a stopping time T which maximizes

Epe_TT(K — eXT)+]_{T<OO}.

Idea:
Find Q and g with Epe "T(K — eX7)" = Egg(Xr),
where Q < P and g has a unique maximum at x*.

Then T* = min{t > 0 | X(¢t) = =*}, if Q(T* < co0) = 1.



Let

_ (K — )t _ 4@
f(x) = (K —€®)" and M; = TR

Then
Ee ™ f(Xr) = Ef(Xrp)(e*T)"*(e*T)*e T,
Choose g(x) = f(x)e™** and a such that
M, = e**te~" is a martingale. With
M, = exp |a(oB;) + aut — rt|
= exp [(ao)B; — t(ao)?/2]

My =1 and M; is a positive marginale. Then

2 27
+_ _ KB4 B AT

. o2 ot o2
Let K <1+ (—a~)~!. Then g has a unique maxi-

mum at z* = log 2% < 0. Under Q X, has drift

a —1

2 2r
a_0'2—|—p,=—a'2 “—4—|——2<0.
o o
This yields Q(T* < oc0) =1, if x* < 0.

If o < 0 then P(T* < o0) =1 and

sup Epe "T(K — e*1)* = Epe ™" (K — eX1*)*
T



One-Sided Boundaries

Let h be measurable, X; = o B;+ ut Brownian mo-
tion with drift p and variance o2. Find a stopping

time T™* which maximizes

Ee_rTh(XT)l{T<oo}.

Let ay o = —5 %/ Z—i + % Then Mt(i) = e "te®iXt,

1 = 1,2 are positive martingales.

Theorem 1:
If 0 < Cy = sup,cr(e “™h(x)) < oo and C; =

e “1"1h(x) for some x; > 0, then

sup Be " Th(z1)1{r<n) = Ci,
T
T* = ll'lf{t > 0 | Xt = a:l}.

Theorem 2:
If 0 < Cy; = sup,cr(e *"h(x)) < oo and Cy =

e “2"2h(x5) for some x5 > 0, then

Sup Ee_TTh(wT)]-{T<oo} — CZ?
T

T =inf{t > 0 | X; = x3}.



Two-Sided Boundaries

Let h(x) be nonnegative and measurable with

a) sup(e”**h(x)) > sup(e”**h(x)) > 0 and
<0 x>0

b) sup(e”***h(x)) > sup(e”***h(x)) > 0.
x>0 <0

Examples:

1.) h(x) = x?

2.) h(x) = max{(L — e*)*,(e™* — K)*}

Let p € [0,1]. Let M; = th(l) + (1 —p)Mt(z). Then
h(Xr)

pecrXr + (1 — p)ea2Xr’

Ee "™h(X;) = EMy

Lemma: If a) and b) holds, there exists a p* € (0,1)

with sup Gp«(x) = sup Gp+(x), where
x>0 <0

h(x)
pea1T + (1 _ p)eazm'

Gp(x) =

Theorem 3:

Let C* = sup,cgr Gp<(x). If there exists points
x1 > 0 and z2 < 0 with Gp«(x1) = C* = Gp«(x2),
then

sup Ee ""h(Xr1)l{r<o} = C*
T
and

T* =inf{t > 0| X; = x; or X; = x>}.



Stopping of Diffusions with
Random Exponential Discounting

B;,t >0 SBM
X; diffusion with Xy = x and

h : IR — IR, a continuous function

Find a stopping time T™ of X with
E(e_A(T)h(XT)l{T<OO}) = max

A(s): additive continuous stochastic process adapted

to FX

A(s+1t) = A(s) + A(t) o 6,

Example: r(x) > 0,a >0

B (exp{- [ Tfr(Bt)dt} (Br)*r<s ) = max



X(O) = T, Lo el

Assume 4 (z0) = (o) = 1
Then

e Ath(X,) = M P Xe)
VT T e (X)) + (1 - p)y_(Xy)
with M; = e (py, (Xy) + (1 — p)y_(Xy))

for any p € [0,1] and 0 < t < oo.

M; is a positive local martingale and hence

E(MTl{T<oo}) S 1.

Problem:

h(z)
phy(2)+(1—p)p_ ()

Maximize over all x € I with a

proper p.



How to choose the martingales?

(
E, (e—A(Two)l{T$0<oo}) for x < xg
Yi(x) = 4 _A(Ty) ~1
| [Bay (e 4T gy )] for @ > g
( —1
Bay (e A 15 cy)] ™ for @ < o
Y_(2) = i
E, (e ( wo)l{Tm0<oo}) for x > xg
\

M = A0, (X)
Mt(_) = e 4 yh_(Xy)

are u.i. martingales with

Eo(My 7 1(1,<o0) = ¥4(x) forb>z0on0<t< T

E.(M$ 1ir,<o0}) = %—(z) forz>aon0<t< T,

Note:

If A(t) = [/ r(X,)ds with r(z) > 0, then 1. (x)
are the solutions of Dy = r - ¢» with appropriate

boundary conditions.

1 0?

ia'(a:)—.

0
D = M(w)a + 92



Distinguish the following Cases

1) sup (h(z)/¢1(x)) = oo

x>xg,xel

2) sup (h(z)/¢_(z)) = oo

c<xg,xcl

D 0<o ==
x>

xel

4) 0<C*=sup& — guyp 1L
) ey v-@ — P @)

5) 0< sup (h(z)/¢i(z)) < oo

x>xg,xel
0<  sup  (h(z)/9-(x)) < oo
x<xg,xel
and
h(z) h(z)
sup > sup and
c<xg,xcl V(@) x>xg,xcl V(@)
h(x) h(z)
sup -—~= > Sup =
x>xg, el V(@) x<xg,rel V- (@)

In case 5) there exists a p* € (0,1) such that

h(z)
Py (2)+(1—p*)Yp— ()’

h(z) = sup
@@ | SUP

sup
x>xg,xel



Case 3

Theorem “3”:

If0 < C* = sup 22 — gy Mz) - 5o
P (@) mg};g )
Then
S];’p B, {e_ATh(XT)l{T<oo}} = C" (+)

If there exists a point £*>x¢ with C* = h(x*) /11 (x*),
then the supremum in (4) is attained by

T* =inf {t > 0| X; = z*}.

This holds since
h(X7+)

Ewoe_AT* h(XT*) = Ewom

MT* = C"*.



Case 5

Theorem “5”:

Let p* be such that

0 < su h(ar;)
voromet Py (@) + (1 — p7)9p_ ()
h(x)
= sup

r<xg,xcl P*¢+(w) + (1 - p*)?,b+(w)

then supy E,, (e 4Th(X7)1li1<a}) = C*.
If there exist points 1 > ¢ and x3 < o such that
h(zcl)
p*i(z) + (1 — p*)p_(x)
h(x2) )
=C
p*(z) + (1 — p*)p_(x)

9

then the supremum is attained for

T = mf{t >0 | Xt = wl,Xz = wz}.



Generalized Parking Problem:
Discrete Case, Detalils

X1, Xo, ... ii.d. with EX; > 0,

Sn — zn: X’i, SO = 0.
=1

Find stopping time T™ with Eg(St+) = m}n Eg(ST)
Solution: T* = min{n > 0| S, > a}
with

o = sup{z | Htg(z) < g(x))

H'g(z) := /g(w +y)H" (dy)

H"(y) := P(Sy <)

n := min{n > 0| S, > 0}

H™: the distribution of the first ladder height S,,.



1 —HT
Let K(x) = / W) dy
0 Bs!

with ~; = /yl dH™" (y), i € IN.

Theorem

If Kg(x) < oo for all 0 < x < oo, then Kg(x) is

minimized at £ = a.

Example 1:
Ifg(x)=|c—bVereR = b—a=med(K)

Example 2:
If g(x) = (x — b)’Vz € IR
= b—a=mean(K) = v2/7

Example 3:

Ifg(x) =e®4+cxVxelR, 0<c<1

= b =log(1/c).

If [«?H"(dx) < oo and if k := [~ e K (dx)

= Kg(z) = ke ™ + c(x + 3%) and is minimized

when = = log(k/c).
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