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ABSTRACT. We develop a joint model for the S&P500 and the VIX indices with
the aim of extracting forward looking information on the correlation between
the two markets. We achieve this by building the model on time changed Lévy
processes, deriving closed analytical expressions for relevant quantities directly
from the joint characteristic function, and exploiting the market quotes of
options on both indices. We perform a piecewise joint calibration to the option
prices to ensure the highest level of precision within the limits of the availability
of quotes in the dataset and their liquidity. Using the calibrated parameters,
we are able to quantify the leverage effect along the term structure of the VIX
options and corresponding VIX futures. We illustrate the model using market
data on S&P500 options and both futures and options on the VIX.

1. Introduction. Recent years have witnessed the fast development of the market
for products related to the VIX index, as they are widely used in risk management
strategies and as building blocks for other traded instruments (see [30] for example).
These products are also advocated for the construction of optimally structured port-
folios issued by institutional investors (see [8] and references therein). A common
key ingredient across these applications is the correlation between the S&P and the
VIX markets, the quantification of which requires a consistent and tractable model
for both indices.

Thus, in this paper we develop a joint model for the S&P500 and the VIX indices
with the aim of extracting forward looking information on the term structure of the
correlations between the two markets by calibrating to the prices of liquidly traded
derivatives such as S&P500 and VIX options, as well as VIX futures. We achieve
this by using time changed Lévy processes in the spirit of [12, 13, 24] and [7], which
allows to derive closed analytical expressions for the relevant quantities directly
from the joint characteristic function. The latter is available thanks to the affine
property of the construction. Indeed, the class of affine processes has been restated
in terms of time changed Lévy processes by [26]. Thus, we base derivatives pricing
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on Fourier transform techniques (see for example [19]), and data from the CBOE
on S&P500 options and both futures and options on the VIX.

The proposed model is built on purely discontinuous processes by means of a
suitably designed factor construction inspired by [4], which enables the generation of
both stochastic volatility and leverage. The approach is quite flexible concerning the
choice of the driving processes, as the only relevant piece of information required is
their characteristic function. For the purpose of the empirical analysis, we consider a
specification of the proposed setting built on the CGMY process of [11]. Although
the construction could be extended to include diffusion components (see [6] for
further details), the empirical analysis presented for example by [7] highlights their
limited added value in terms of calibration performance.

Models based on affine processes have been used in the literature to price options
on realized variance and VIX by [28, 29], and options on quadratic variation by [27].
Our approach differs as the model is based entirely on discontinuous processes, and
dependence is induced via a factor construction accommodating both leverage and
volatility feedback.

The central contribution of this paper lies in the quantification of the correlation
between the (log-returns of the) S&P500 index and the (square of the) VIX index
using the market consistent information encapsulated by the VIX index itself and
the existing S&P500 and VIX derivatives. The objective is to extract a forward
looking term structure for this correlation over the expiry range of traded contracts.
The recovery of implied correlation between assets using option prices has been
explored in the FX markets by [5, 10] and [2] amongst others; however, to the best
of our knowledge, this is the first study involving two different markets, namely
the S&P and the VIX markets. We envisage the potential for this term structure
of implied correlations to become a relevant market metric, if not even a reference
quantity for new derivative products.

Due to the affine construction of the model, we can also gain a forward looking
insight into the so-called leverage and volatility feedback effects, whereby leverage
indicates the impact on the volatility level of (in general adverse) changes in the log-
returns, whilst volatility feedback refers to the decline in equity returns originated
by anticipated rises in volatility. In this respect, the VIX market provides the ideal
environment to price in such effects. This forward looking approach distinguishes
our paper from other contributions in the literature on leverage and volatility feed-
back which primarily focus on stock and portfolio returns (see for example [15]
amongst others).

An additional contribution of this paper is a new interpretation of the bias be-
tween the VIX index and the conditional mean of the integrated variance. The
general specification of the model in fact allows us to identify the origin of this
bias in the higher order moments of the Lévy process which is time changed in the
dynamics of the S&P500 log-returns. This particular aspect also provides a theo-
retical ground for the ‘fear gauge’ nickname the VIX index is usually referred to in
the industry: by incorporating information on the skewness and excess kurtosis, the
VIX index offers indeed a view on the probability of significant market movements
in the ‘wrong’ direction (see also the discussion in [3]).

This paper also contributes, albeit indirectly, to the growing literature that ex-
plores the joint calibration problem, i.e. the development of models which can
simultaneously reproduce the market volatility surfaces of options on the S&P500
and the VIX indices in addition to the prices of VIX futures. Recent works in this
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direction include [1] and [18] amongst others. Our work, however, differs from these
studies in the way in which we manage the variation in the level of the VIX implied
volatilities from one maturity to the next during the calibration. Motivated by the
observation that a similar variation in scale characterizes the interest rate market
as well (although on a significantly different time scale), we adopt a piecewise ap-
proach similar to [21]. In this way we can extract correlation values consistent with
the maturities available in the market for the relevant contracts.

The results from the empirical analysis show a significant negative implied corre-
lation between the two markets, indicating a clear diversification potential of VIX
instruments, which has important implications for portfolio management decisions.

The paper is organized as follows. In section 2 we develop the model for the
log-return process driving the S&P500 index. In section 3 we obtain an useful
expression for the VIX index based on its representation via the log-contract, and
pricing formulas based on Fourier transform techniques. In section 4 we derive
the analytical expression of the correlation. The term structure of the correlation
is studied in section 5, in which we perform the joint calibration, and section 6
concludes.

2. The model. The formal definition of the VIX index from the Cboe White Paper
[16] is

_ 2 AK; 1 [Fs(0,A, 2
V(0,A;) =100 x A—TeT'AT Z K2 O(K;) — A (S(KO) - 1) )
where r is the risk free interest rate to expiration, O(K;) is the mid price of out-
of-the-money (OTM) call and put options on the S&P500 with strike K; and time
to maturity A, fixed at 30 days, Fg(0,A,) is the forward index level derived from
index option prices, K is the largest available strike below or equal to the forward
index level, and AKj is the interval between strikes computed as (K;+1 — K;—1)/2.

For the purpose of pricing derivatives on the VIX, a more convenient expression
for the index can be obtained from the price of the log-contract on the S&P500.
To this aim, let (2, F, {F:}+>0,P) be a filtered probability space, with P denoting
a risk neutral probability measure', and denote by S(t) the value of the S&P500 at
time t. An application of the static replication formula implies that the VIX can
be approximated as V (0, A,) = 100 x V(0,A,), for

Vit t+A,) = \/—iﬂat (m%), (1)

with E;(-) denoting the conditional expectation under the risk neutral measure.
As this equation clarifies the connection to the S&P500 index, in the following we
introduce a model for its price process.

2.1. The general specification. We model the equity index price process with
spot value S(0) as

S(t) — S(O)ert—i-X(t)’
for r the (constant) continuously compounded interest rate, and X (¢) a time changed
Lévy process.

IWe note that the proposed market model is incomplete and consequently the risk neutral
martingale measure is not unique. Hence, we follow standard practice for incomplete markets and
determine the risk neutral measure through the prices of derivative contracts traded in the market.
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More in details, let L(t) denote the so-called base process, and T'(¢) be a stochastic
clock, then X(t) = L(T(t)) = (LoT)(t). In other words, the process X(t) is
obtained by observing the process L(t) on a time scale controlled by T'(t). This
construction recognizes that price changes are caused by imbalances in demand and
supply due to trades. Thus, uncertainty originates from both the timing of the
change, which is modelled by the clock T'(t) and can be interpreted as business
time, and its magnitude which is captured by the base process L(t).

We assume that the base process is defined as

L(t) = —p5 (o)t + o1 J1(t),

for a constant 0. In the above equation, Ji(t) is a Lévy process with characteristic
exponent ¢z, (u) and triplet (aq,0, 1 (dz)), which satisfies the following.

Assumption 1. There exists a constant M such that

ey (dr) < oo for all u € [-M, M],
{lzI>1}

i.e. the exponential moments of Jy are finite.

The above assumption is required to ensure that the price process has finite mo-
ments (see for example [20]) and is satisfied by all purely discontinuous processes
typically used in mathematical finance such as hyperbolic, Normal Inverse Gauss-
ian, generalized hyperbolic, Variance Gamma and CGMY processes, with the only
exception of stable processes.

Assumption 1 implies in particular the finiteness of E (J1(t)), and consequently
J1(t) can be represented as

Ji(t) a1t+/0t/Rx(;ﬂl — v’ (ds,dz),

where p”t(dt,dr) is the random measure of the jumps of J; with compensator
v/i(dt,dz) = vi(dz)dt, and a; = E(J;1(1)). In other words, Assumption 1 allows
us to use the identity function for truncation. Consequently, the characteristic
exponent is

oy, (u) = iuay + / (emx — 1 — iuz) vy (dx).
R

For later use, we decompose the process J; = Ji,— + Ji 4 into the sum of the
(compensated) negative and positive jumps with triplets (oi,—,0,v1 —(dz)) and
(o1,4,0,v1 4 (dx)) respectively.

Under the above assumptions, the process X (t) driving the equity index is given
by

X(t) = =, (Zio)T(t) + 01 (Ji o T) (¢). (2)

For the stochastic clock T'(t), we assume that it is absolutely continuous with

activity rate v(t), so that

() = /Otv(s_)ds.

In particular, we assume that the activity rate as well is originated by a time changed
Lévy process of the form

v(t) = v(0) + k0t + (Y o T)(2),
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for k and 0 positive constants and
Y(t) = —Kt — ﬂljl’,(t) + 772J2(t)

In other words,

v(t):v(0)+/0 R0 —v(s-))ds —m (Ji,- oT) () +n2(J20T) (),  (3)

in which v(0) > 0, ; and 72 are non-negative constants, and J(t) is a purely
discontinuous Lévy process independent of Ji(t), with jumps of positive size, and
characteristic exponent ¢, (u). We assume that Jo(t) satisfies Assumption 1 as
well, and therefore has characteristic exponent

0, (u) = iuas + / (e —1— iuz) va(dz).
Ry

As equation (3) is an implicit equation, we show in section 2.2 that it has a unique

non-negative solution.

We note the following points. Time changes are used to equip Lévy processes
with stochastic volatility features (see for example [12, 7]). Indeed, the conditional
variance of X (t) is proportional to the stochastic clock T'(¢), and therefore is gov-
erned by the dynamics of the activity rate v(t).

Furthermore, in this construction dependence between the log-returns and their
variance is induced by a factor construction, inspired by the work of [4], in which
the process (Ji,— oT) can be interpreted as the source of systematic risk, whilst
the process (J1,4 o T') represents the idiosyncratic risk in the dynamics of the log-
returns. In this context, the process (J1,— oT) could be seen as the transmission
channel of the so-called leverage effect meant as increases in the volatility level due
to negative return movements. The process (J2 0 T) on the other hand could be
interpreted as the main driver of the so-called volatility feedback effect.

Finally, we observe on the one hand that discontinuous dynamics of the log-
returns increase the model ability to generate a consistent skew slope especially
over short maturities as shown for example in [7]. On the other hand, the factor
construction in the design of the volatility process is supported by the study of [25]
amongst others. Hybrid constructions in spirit similar to the one posited in this
paper have been used for interest rate modelling by [22].

We also note the following relationships for use in the remaining sections.

E(Y(1)) = —k-—mnoq— + 1m0 =:b (4)
E(L(l)) = —(le(—ial) + o011 =: by (5)
Var(Y (1)) = niVar(Ji,-(1)) + n3Var(J2(1)) =: 67 (6)
Var(L(1)) = o?Var(Ji(1)) =: 63 (7)
and
Cov(L(1),Y (1)) = —mo1Var(J;, - (1)) =: p. (8)

Finally, it follows from the given construction (see for example [20], Proposition
4.14) that the trivariate process (v, X,T') has differential characteristics (B, 0, K)
of the form

K0 bl
B = 0 + b2 v = BO + Bl’l}, (9)
0 1
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K(G) = (/]lg(—nlx,alx,O)VL(dx)+/]lg(07olz70)u1’+(dz)

+ [ 1m0, 0pala) ) o-. (10)

for any Borel set G, 0 ¢ G, and therefore it is affine. Consequently, the following
holds.

Theorem 1. The affine system (v, X,T) admits joint conditional characteristic
function

i t)+iuX izT(t N4 it—s)+w 25t —¢ s)+iuX (s)+izT (¢
E, (elwv(f)+1u (t)+iz (f)) e o(w,u,z;t—s)+¥1 (w,u,z;t—s)v(s)+iuX (s)+iz (9)7 s<t

with the exponents Wy, W1 solutions to the system of ordinary differential equations

Ui(w,u, z;t —s) = KOV (w,u,z;t—s),
Uo(w,u,2;0) = 0
Vi (w,u, z;t —s) = iz+@p(u) — k¥ (w,u,z;t — )

+og, - (im¥1(w,u, z;t — s) +uoy)
_(th—(O-lu) + P, (_1772\111(1”7 u, z; t— 5)) 5
Uy (w,u,2;0) = iw,
for or(u) = —iup,, (—io1) + ¢, (o1u).
Proof. As (v, X,T) is affine, we obtain
E, (eiwv(t)+iuX(t)+izT(t))

Vo (w,u,zit—8)+¥1 (w,u,z;t—s)v(s)+ ¥ (w,u,z;t—5) X (s)+ V3 (w,u,z5t—s)T(s)

= e .
The exponents Uo, ¥ = (U, Uy, U3) satisfy
Ui(w,u,z;t —s) = WB,
Uo(w,u,2;0) = 0,
U (w,u,z;t —s) = WB+ / (e‘I'(*””’U””’O)T —1-¥(—mz, o012, O)T) vi—(dx)
R

+/ (e“’<0>fflz70f —1- \Il(O,alz,O)T) vi4(dz)
R

[ (00T 1 W,0,0)7) (),
R

Uy (w,u,2;0) = iw,
and
Ul (w,u, 25t —s) = 0, Wy(w,u,z0)=iu,
Ui(w,u,z;t —s) = 0, Ps(w,u,z;0)=iz.

The last two sets of equations imply that Ua(w,u, z;t — s) = iu and ¥3(w,u, z;t —
s) = iz. Furthermore, by direct calculation

Ui(w,u, 25t —s) = KOV (w,u,z;t—s),
lI/O(wvuaZ;O) = Oa
and

Vi (w,u,z5t—s) = iz—(k+mar ) Vi(w,u,z;t — s) — iupy, (—io)
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+iuoyay + ¥y (w,u, z;t — )
_,'_/ (e—(\lll(w,u,z;t—s)m—iual)x -1
R
+ (1 (w,u, 2t — 8)m — iuoy) x)vy,— (dz)

+/ (ei"‘”z —-1- iualz) v1 4+ (dz)
R

+/ (eq'l(w’“’Z;t_s)"zy -1 -0y (w,u,z;t — s)ngy) va(dy),
R

Uy (w,u,2;0) = iw.
The result follows from this. O

2.2. Existence and non-negativity of the activity rate process v(t). In order
to prove that there is a unique non-negative solution to the implicit equation (3),
we represent v(t) as the solution to an affine martingale problem. For this purpose,
define the linear maps g1 : R_ — Ry, g1(x) = —max and g5 : Ry — Ry, go(x) =
na2x, and the corresponding measure transformations g;(v1_)(B) = v1,_ (97 '(B))
and go(12)(B) = 1a(gy *(B)). Consider J; _(t) = —mJ1—(t) and Ja(t) = naJa(t),
then it follows that

@jhi(u) = —lumog,— —|—/ (ei“z -1 —iuz) g1(11,-)(dz)
Ry

@y, (u) = iunay —|—/ (e — 1 —iuz) ga(10)(d2).
Ry

The process J(t) = Ji,_(t) + Jo(t) has Lévy measure vy = g1(v1,_) + g2(v2) and
characteristic exponent

ps(u) = iu(n2az —may,-) +/ (e — 1 —iuz) vy(dz).
R
We extract from equations (9) and (10) that the first coordinate of the trivari-
ate process has Lévy-Khintchine triplets (x6,0,0) and (b1,0,v;), leading to the
following affine martingale problem

b(t) = KO+ biu(to)
K(t,de) = wvy(dz)v(t-).

As k0 > 0 and vy is a Lévy measure on the positive half-line which satisfies the
required moment condition, according to Proposition 6.5 in [20] (non-negative case),
this martingale problem has a unique solution v(t) which is non-negative.

3. The VIX dynamics and derivatives pricing. The analysis in section 2 gives
access to a useful expression for the square of V(¢,t + A,) (equation (1)) and its
characteristic function. The latter provides the basis for the development of efficient
pricing routines using Fourier transform techniques, which are instrumental for an
efficient calibration of the model to market quotes.

3.1. The VIX squared and its characteristic function. Equation (1) shows
the link between the VIX index and the log-contract, which in a diffusion setting
leads to the identity between the VIX squared and the variance swap rate. How-
ever, as discussed in [14], when the driving process is a general semimartingale,
the identity with the variance swap rate no longer holds due to a correction term



80 LAURA BALLOTTA, ERNST EBERLEIN AND GREGORY RAYEE

incorporating the effects of the jumps. Indeed, we can show that this correction
term represents the higher order moments of the base process L(t).
In virtue of equation (1), we have

2
Vit,t+ M) = ——F, (m

- S(t+A,) ) .

Fs(t,t+A;)
By construction
A
E, (In M
Fs(t,t+A;)
consequently, we obtain from equation (2)

St+A;)
By (In — =
k (an(t,t+AT)

) — B, (X(t 4 A,) — X(1)).

> = — (le(—ial) Et (T(t—‘l_AT) _T(t))

+ B (J1oT)(t+ A7) = (J10T)(1)).
As the last conditional expectation in the above equation is equal to
a1 By (T(t+ Ar) = T(1))
(see Proposition 4.14 in [20]), we finally obtain

Vit t+A,)2 = fQ—bQ]Et (T(t+A;)—-T()).

A,

We note that by means of the above and equation (5), we can write

| ) E(T(A,))
A

with C;(L(1)) denoting the unit time cumulant of order j of the base process.
Therefore, the VIX index V(0,A,) = 100 x V' (0, A,) carries information concerning
not just the variance of the base process, but also the higher order moments such as
the ones controlling the skewness and excess kurtosis of the distribution of the base
process. Thus, our model offers an insight into the VIX role as the ‘fear gauge’: by
indirectly capturing information about the probability mass in the tails of the log-
return distribution, the VIX index provides a view of the market on the probability
of significant movements in the ‘wrong’ direction.

The conditional expectation of the stochastic clock T'(¢) can be recovered by dif-
ferentiation of its (log-)characteristic function, which can be obtained from Theorem
1 by setting w = u = 0. To this purpose, let

V(0.8 = (Var(L() + 3C(L0) + 15CE D) +

0
ci(t—s)= —iE\Pj(O,O,z;t —3) . j=0,1,
then by standard rule of calculus, it follows that
Es (T(t) = co(t — s) + c1(t — s)v(s) + T(s)

with the affine coefficients ¢y, ¢; solutions to the system of ordinary differential
equations

cot—s) = rKbei(t—s),
c0) = 0

t—s) = 1+ba(t—s),
c1(0) = 0.
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This system can be solved analytically and returns

e t=9) 1 — by (t —s)

co(t—s) = kb 2 (11)
1
by (t—s) _ 1
alt—s) = “— 2 (12)
by
Consequently
2b
V(tt+A.)7 = =32 (eo(Ar) + e (Ar)u(t); (13)

which implies that the characteristic function ¢y-2(h;t) of V(¢,t+ A, )? follows from
Theorem 1 by setting w = —2hbac1(A;)/A; and u = z = 0. Therefore

by (hit) = E (eihV(t,tJrAT)?) — ABAL) Ao (hit)+ A1 (hit)v(0) (14)
with
A(h; A;) = —ih%co(AT),

and the exponents Ay, Ay solutions to the system

Ay(hst) = kBAL(h;t),

Ai(hst) = —rAi(lst) + g, (imAi(hit) + @, (—in2 A1 (hst))

2
Av(h;0) = —ih%cl(AT).

3.2. The characteristic function of the process X (¢). In order to price options
on the S&P500 in this setting, we also require the characteristic function of X (¢).
This follows from Theorem 1 by setting w = 0 and z = 0, i.e.

dx(u;t) =E (eiuX(t)) — Do(uit)+D1(uit)o(0) (15)
with the exponents Dy, D; solutions to the system of differential equations
Di(u;t) = kODq(u;t),
Do(uw;0) = 0
Di(ut) = ¢p(u) —kDy(ust) + @y _ (inDy(u;t) + oqu)
= @ (o1u) + @, (—in2D1(u; 1)),
Di(w;0) = 0.
Alternatively, the expression for the characteristic function can be obtained

adopting the leverage neutral measure approach of [13] (see also [7]). To this pur-

pose, let us define
y(t) = eiuL(t)—saL(u)t;

this process is a martingale starting at 1. Consequently, the time-changed process
M(®) = M(t) = (0 T)(t) = X1

is a martingale too and defines the density process for a complex-valued ‘measure’
M such that
E (¥ 0) = B (eer (070 (16)
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In other words, the change of measure allows us to operate as if the process of the
log-returns were independent of its volatility, i.e. as if there were no leverage (see
[13]).

3.3. Pricing derivatives: a Fourier based approach. Among the available
approaches for option pricing, we adopt the method of [19].

Thus, the prices of call and put options on the S&P500, denoted as wspx (K, 7),
are computed as

e,RS oo ) K1-R-iu
K — o TT R —ius —iR: d
mspx(Kom) = e /0 (e O ) ey oy iu)) "
with R > 1 for the case of the call option and R < 0 for the case of the put option
(see [19] for full details on the method), and s = —In Fg(0, 7). The characteristic
function ¢x (-;7) is given by equation (15).
For the computation of the price of the VIX call option with payoff

C(V(r,7+A) =100 x (V(r, 7+ A,) — K)*,

we proceed as follows. Given the availability of the characteristic function ¢y-2(+;t),
we first re-express the payoff as

C(V(r,7+A;)) =100 x (\/mi K)-l‘,

and then we derive the Fourier transform f of f(z) = (v — K)". Thus, for z € C

flz) = / e (Vz — K) dzx
K2
1 0 eizz
RN

where the last equality holds for &(z) > 0. This integral can be solved by substitu-
tion: set y = v/ —izx, then
&) = [ e
T PR eyt

- 2(_1\/;3/2 (1 - erf(K\/—iiz)) , (17)

with erf(-) denoting the error function of a complex argument. Then, the price of
the VIX call option struck at K and expiring at 7 is given by

/OOO R <¢V2 (u—iR;7)f(iR — u)) du  (18)

with r the risk free rate of interest and R the dampening factor. Convergence
is ensured for R > 0. The relevant characteristic function, ¢yvz2(-;t), is given by
equation (14). VIX put options can be recovered using the put-call parity, so that

Cvix(K,7) = Pyix(K,7)=E (e (V(r,7 + A;) — K)),

and therefore

—TrT

CV]X(K,T) =100 x ¢

™

PV[)(([_(,T):CV[)((K,T)—G_TT (Fv(O,T)—R). (19)

Finally, VIX futures prices are obtained following a procedure similar to [27] so
that

Fy(0,7) = 100 x E(V(1,7+ A;))
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B 1 — ¢y2(iu;7)
= 100 x \/>/ 372 du

with ¢y2(-; ) given by equation (14).

The numerical schemes are implemented in Matlab R2023b. All integrals are
computed by standard quadrature methods fully vectorized for speed, and the rel-
evant differential equations are solved numerically using the Runge-Kutta method.
The computation of the error function of a complex argument is carried out by
means of the algorithm developed by [23].

4. Second order moments of log-return and activity rate processes. Theo-
rem 1 also gives access to the second order moments and co-moments of the relevant
quantities through repeated differentiation. In particular, we focus on the variances
of the log-return process X (t) and the activity rate process v(t), and the covariance
between them.

In order to define the variance of the process X(¢), we use the moments of the
base processes defined in equations (4)—(8), and set

b
do(t) = &%co(t)ﬁ—Qﬁmeé (" 4+t — 261 (1))

b2 201t _ 1
+ 52k0-2 <201(t) P L e) :
1

b 2
~2 ba g A2b2 et —1 byt
di(t) = Uzcl(t)—i-Qpb—(elt—cl(t))—i— 5 T—Qelt ,
1 1

with ¢o(t) and ¢ (t) derived in equations (11)—(12). Then, by repeated differentia-
tion of the joint (log-)characteristic function in Theorem 1, we obtain

Var(X(t)) = do(t) + d1(t)v(0). (20)
Theorem 6.15 in [20] gives access to an alternative derivation of this result. Similarly,
set

qlt) = me"—lc‘fx t)

(t) = a%ebltcl (1),
then
Var(v(t)) = qo(t) + q1(t)v(0). (21)
Finally,
Cov(X(t),v(t)) = po(t) + p1(t)v(0), (22)

for

ﬁ ) A bg ) €2b1t -1
po(t) Hea (6b t_ Cl(t)) KOG %b2 <6b by T

R . t
pi(t) = et <pt+a%bgc(;(9)>.

A sketch of the proof is offered in Appendix A for the case of the covariance. The
other quantities can be obtained along the same lines.

The expression for the correlation between the log-return process X (¢) and the
activity rate process v(t) follows directly. In virtue of equation (13), this is the same
as the correlation between the S&P500 index log-returns and the VIX squared.
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FIGURE 1. Correlation between X (t) and v(¢): sensitivity analysis with
respect to the ‘loading’ coefficients o1, 11 and 7. Correlation calculated
using equations (20)—(22) for a specific choice of the remaining parame-
ters.
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In order to demonstrate the flexibility of the approach, we show in Figure 1 (pa-
rameters available upon request) how the correlation changes for different values
of the parameters o1, 11 and 73, which control respectively the level of the cor-
relation between the base processes of the log-returns and the activity rate (see
equation (8)), and the impact on the log-returns of the idiosyncratic movements in
the activity rate (see equations (2)—(3)).

5. The term structure of implied correlations. In this section we first cali-
brate this model jointly to market data for options on the S&P500 and the VIX
together with VIX futures. We then use the calibrated parameters to extract the
term structure of implied correlations by applying the results obtained in section 4.

End of day market prices were collected from the CBOE on May 3rd 2023 for
call and put options on both the S&P500 and the VIX indices, together with VIX
futures prices. We use mid option prices obtained from the quoted bid and ask
prices of out of the money (OTM) contracts.

We apply the commonly adopted exclusion filters to the set of option prices, so
that only contracts with positive open interest, bid price and bid-ask spread are
selected. Furthermore, we only consider maturity slices with more than 5 traded
strikes. For the observation date under consideration, this implies that we can use
options on the VIX up to 77 days to expiry as the bulk of liquidity is concentrated
around short maturity contracts. The corresponding market implied volatilities are
shown in the top panels of Figure 2. The VIX futures prices for the corresponding
maturities are shown in the bottom panel of Figure 2 together with the VIX spot
value. The term structure of interest rates is extracted from the USD SOFR curve
on May 3rd 2023.

5.1. The joint objective function and the calibration problem. In order to
obtain a reliable estimation of the implied correlation, we need to ensure that the
model is able to reproduce the market quotes of derivatives as closely as possible.
However, from Figure 2 we note two important features of the implied volatilities in
the VIX market which can represent a challenge for the calibration procedure. In
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FIGURE 2. A sample of market data. Top-panels: implied volatilities from
the S&P500 market (left-hand side panel), and the VIX market (right-hand
side panel). Bottom panel: VIX futures prices for maturities corresponding to
the ones of VIX options. Source: CBOE. Observation date: May 3"¢ 2023.
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first place, there is a clear difference in the scale of the implied volatilities between
the two markets. Indeed, the level of the VIX implied volatilities is significantly
higher than the one of the implied volatilities in the S&P market. Secondly, the
level of the VIX implied volatilities varies substantially from one maturity to the
next, especially between the first two available maturities, i.e. 7 and 14 days to
expiry.

Furthermore, we note that the correct calibration of VIX futures is necessary in
order to recover consistent VIX implied volatilities by inversion of the Black formula
(see [9]). The inclusion of the futures prices though exacerbates the issue of scale
noted above. Therefore, it is crucial to define an appropriate objective function in
which all the relevant quantities are suitably rescaled to ensure comparability.
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To this purpose, let

ri0) = (

. . 2
mmod(j;9) — Wf”d(3)>
Vol (j)Vegai(j)

where 7£°?(j) is the end of day mid market price given by the j-th data point
representing either an OTM call or an OTM put option struck at K; and with
maturity 7;, written on the S&P500 for i = 1 and the VIX for i = 2 respectively.
7med(5:19) denotes the corresponding price originated by the model with parameter
set ¥. In this context, Vega;(j) denotes the (Black) Vega computed using the
market implied volatilities Vol{°*(5). N; is the number of option contracts in the
data set.

The ratio between the error of the model price with respect to the market price
and the Vega is used as a first order approximation of the implied volatility error;
this approximation is chosen to both speed up the calibration and avoid potential
bias due to expensive contracts (see for example [17, 7], and references therein). The
normalization via the implied volatility guarantees comparability between the two
markets, given the observed different ranges of implied volatility values for S&P500
and VIX options.

Furthermore, let
2

,n_mod . _,n_eod
o) = (LT

with 7™°4([;49) denoting the price of the VIX futures with maturity 7, for | =
1,...,Np under the given model, and 7¢°¢(l) denoting the corresponding end of
day market prices. Ng is the number of VIX futures contracts considered. We
use relative errors for the prices of the VIX futures to ensure consistency with the
option error functions.

Then, the objective function of the joint calibration problem is given by

2 N;
ZNiZfl]ﬂ +—Zflﬂ
i=1 """ j=1

The rescaling based on the number of contracts accounts for the different sizes of
the respective markets, which could otherwise compromise the fit.
The calibration problem is stated as

min F'(4),

with 9 within the parameter limits of the chosen model.

It remains to address the issue of the variation in the VIX implied volatility
level across maturities. Motivated by the similarity with the interest rate mar-
kets, we adopt a piecewise calibration approach similar in spirit to [21]. To this
purpose, we calibrate separately each maturity interval [ VIX VI X+ A, for
]VIX € {7,14,21,28,49,77}, i.e. the maturities of VIX optlons consmlered here.

For options on the S&P500, we refer to contracts with maturities TJSP X coincident
with 7)//% up to two days, according to availability. Consequently, Ny denotes the

number of options on the S&P500 for all strikes available for maturities TSP X and

/1% + A,, whilst Ny indicates the number of VIX option contracts for all strikes

available for maturity T]VI X . The choice to focus on these ‘triangles’ is motivated by
the fact that the VIX by construction encodes information on the forward density
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of the S&P500 log-returns and their variance (see, for example [31], and references
therein).

We note that equation (13) for t = 0 links directly the initial level of the volatility
activity rate v(0) to the square of the spot value of the VIX index. This allows
us to ensure that the model matches exactly the current value of the VIX index.
Anchoring the calibration procedure to the current state of the VIX market also
contributes to speeding up the convergence of the optimization routine.

In the empirical analysis, we assume that the process Ji (t) is the CGMY process
of [12] with Lévy density

—G|z| e~ Mz

e
C <x|1+y lo<o + pursT 1z>0> )
and parameters C, G, M > 0, Y < 2. The corresponding characteristic exponent is
0. (u) = CT (~Y) ((M —iw) = MY + (G +in) — GY) .

Finally, we assume that the process Ja(¢) is a Gamma process with characteristic
exponent
P (U) = B (ln)‘ - hl()\ - lu)) )
for 5, A > 0.

5.2. Results. In this section we gauge the performance of the piecewise joint cal-
ibration and extract the term structure of implied correlations between the S&P
and VIX markets.

Consistently with the definition of the calibration objective function F(¢), we
measure the model performance using relative errors based on the implied volatility
recovered from the calibrated parameters. Let Vol*?(j;19) denote this value for
the j-th data point, and define

) 2
S (Voli“”"d(j;t?)—\’olf"d(j)> Z.

€ = eod : :1’2’
j=1 Vol;*(4)
Np

er = Y f(l;Y).
=1

We measure the pricing performance separately on each market with

€ = ﬁieh 1= 1, 2, (23)
- V¥ (24)
€EFr = NF €Fr,
and on aggregate with
1
6\/N (e1 +ex+er), (25)

for N:N1+N2+NF.

We compare the implied volatilities generated by the model to the market ones
for the dataset under consideration in Figure 3, whilst the corresponding perfor-
mance measures are reported in Table 1 (the calibrated parameters are available
upon request). The accuracy of the calibration is comparable across each maturity
interval, but it deteriorates in correspondence of those expiries characterised by
relatively low liquidity.
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TABLE 1. Joint calibration with piecewise approach. Performance mea-
sures as defined in egs. (23)—(25).

Maturity interval  [7, 37] (14, 44]  [21,51]  [28,58] [49, 79] [77, 107

€1 5.90% 2.54% 3.65% 3.61% 4.07% 2.64%
€2 2.07% 1.09% 2.49% 1.43%  2.57% 2.95%
€F 6.65E-03 1.48E-04 1.71E-03 1.43E-03 0.35% 3.93E-03
€ 5.42% 2.30% 3.43% 3.39%  3.76% 2.66%

FIGURE 3. Joint calibration with piecewise approach. Left-hand-side panel:
implied volatility of S&P500 options expiring at ’TJSPX =7VIX (up to 2 days).
Centre panel: VIX futures price (vertical line) and implied volatility of VIX
options expiring at ’TJVI X Right-hand-side panel: implied volatility of S&P500
options expiring at T]VIX + A,
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The term structure of the implied correlations is obtained along the range of
maturities of the VIX futures and VIX options; we then interpolate/extrapolate
for each day between the given maturities using a piecewise cubic Hermite inter-
polating polynomial. The result is shown in Figure 4. The correlation between
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FIGURE 3. (cont.) Joint calibration with piecewise approach. Left-hand-
side panel: implied volatility of S&P500 options expiring at T]SPX = TJVIX
(up to 2 days). Centre panel: VIX futures price (vertical line) and implied
volatility of VIX options expiring at T]VIX. Right-hand-side panel: implied
volatility of S&P500 options expiring at T].VI X LA
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the log-returns of the S&P500 and the (square) of the VIX index is significantly
negative across the considered time horizon, and it justifies the fact that the VIX
calls are the contracts more heavily traded as they are perceived as ‘disaster in-
surance’. The hump shape of the curve could be linked to the low liquidity level
of the contracts with 28 days to maturity. The result also indicates that the VIX
index and its derivatives have a high diversification potential, and it supports the
recommendations from [8] to include exposures to VIX instruments for the optimal
management of structured portfolios.

Finally, as in virtue of equation (13), the implied correlation between the S&P500
log-returns and the VIX squared coincides with the one between the index log-
returns and the activity rate v(¢), i.e. the process of the ‘point-in-time’ variance,
we can gain forward looking information on the strength of the leverage/volatility
feedback effect in the case in which the volatility is priced in directly through the
VIX market.
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FIGURE 4. Term structure of implied correlations Corr(X(7),v(T)) =
Corr(X (1), V(1,7 + A;)?) obtained from equations (20)-(22) and the cali-
brated parameters.
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6. Conclusions. We have developed a joint model for the S&P500 and the VIX
based on time changed Lévy processes for the valuation of derivatives written on
these indices, and ultimately the quantification of the forward looking implied cor-
relation between the two markets. Due to the affine construction of the model, this
implied correlation also quantifies the leverage and volatility feedback effects. We
stress that, as the parameters are extracted from a joint calibration of derivative
quotes, the obtained result is forward looking in nature.

The investigation based on market quotes shows that the implied correlation is
significantly negative over the horizon of the traded maturities considered in this
paper, indicating the level of diversification that the VIX and its derivatives can
have. This is particularly relevant for portfolio management decisions.
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Appendix A. Proof of Equation (22). We note that

52 . .
Cov(X (), v(t)) = — 1 IE( 1wv(t)+1uX(t)) 7
ou(X(0), (1)) = — 5op— W (e -
with the relevant joint characteristic function given by Theorem 1 for z = 0. In the
following we write for short U, (w,u;t) = ¥;(w,u,0;t) for j = 0, 1; further, we set
for j =0,1

i’j(wau;t) = %\Ijj(wau;t)
\ilj(wau;t) = %\Ilj(wauat)
_ 92
U,(w,u;t) = auawlllj(w,u;t).
We denote z = im ¥y (w,u;t) + uoy and y = —inaUq(w,u;t), and we write the

characteristic exponents ¢, _(u) and ¢;,(u) as functions of the argument .
By differentiation with respect to u of the system of ODEs in Theorem 1, we
obtain that Uy(w,u;t) and ¥y (w,u;t) satisfy the following system of ODEs

U (w,ust) = kO (w,u;t) (A1)
Uo(w,u;0) = 0 (A.2)

Wwuit) = e+ (—rimgoen - ()= geen () G

o du du™"" du""? o
d d

+01 %@Jl,— (z) — o1 %Sﬁh,— (uo) (A.3)
T (w, u; 0) = 0. (A.4)
These ODEs can be used to recover the expected value of X (¢) by settingu =w =0

and h;(t) = —i¥;(0,0;t), for j = 0,1 so that

ho(t) = kOhi(t)
ho(0) = 0

1) = bo+bihi(t)
hi(0) = 0.

The above can be solved explicitly leading to ho(t) = baco(t) and hq(t) = bac (t)
for co(t) and c;(t) derived in equations (11)—(12). Therefore E (X (t)) = ho(t) +
ha(t)v(0).

By differentiation of the system (A.1)—(A.4) with respect to w, we obtain the
system of ODEs satisfied by Wo(w,u;t) and ¥y (w, u;t)

Ui (w,uit) = OV (w,u;t)

Uo(w,u;0) = 0

_ a2 .

U (w,u;t) = inoy ol () Uy (w,u;t)

2 2
~ (98 gezon @)+ gzon (1)) W, )i
.d . d _
(s, ()~ () ) By
Uy (w,u;0) = 0.
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Setting u = w = 0, the system reduces to

U(0,0;t) = wO¥(0,0;t)

T0(0,0;0) = 0

Uh(0,058) = ipWy(0,0;5¢) + 6204 (0,0;¢)F1(0,0;¢) + by Uy (0,0;¢)
¥,(0,0;0) = 0.

Let us define g, (t) = —i¥,(0,0;1), po(t) = —Po(0,0;t) and p; (t) = —¥;(0,0;1).
The above system then can be rewritten as

po(t) = wbpi(t)

po(0) = 0

Pit) = pgi(t) + 6791 (t)ha(t) + bupa(t)
p1(0) = 0.

The function g (t) follows from the derivation of the expected values of v(t) using
a similar argument as for hy(t), which returns g;(¢) = e?*. The expression of the
covariance follows as the above system can be solved explicitly.

An alternative derivation of the result can be obtained by applying Theorem 6.15
in [20].
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