RATING BASED LEVY LIBOR MODEL

ERNST EBERLEIN AND ZORANA GRBAC

ABSTRACT. In this paper we consider modeling of credit risk within the
Libor market models. We extend the classical definition of the default-
free forward Libor rate to defaultable bonds with credit ratings and
develop the rating based Libor market model. As driving processes for
the dynamics of the default-free and the pre-default term structure of
Libor rates time-inhomogeneous Lévy processes are used. Credit migra-
tion is modeled by a conditional Markov chain, whose properties are
preserved under different forward Libor measures. Conditions for ab-
sence of arbitrage in the model are derived and valuation formulae for
some common credit derivatives in this setup are presented.

1. INTRODUCTION

Due to the recent credit crisis, interest rate markets have experienced
some dramatic changes and a number of anomalies have appeared. In par-
ticular, the Libor rates that have always been assumed to be essentially
default-free rates, in these days reflect also the credit risk of the interbank-
ing sector (see recent papers by Mercurio (2009), Morini (2009), Henrard
(2009), and many others).

However, in the present literature there exist many defaultable exten-
sions of the Heath—Jarrow—Morton (HJM) framework for modeling of the
term structure of instantaneous continuously compounded forward rates,
whereas credit risk within the Libor market models seems to be far less
studied. To mention just some of the papers proposing the defaultable HIM
models, we begin with Bielecki and Rutkowski (2000, 2004), who introduced
an extension of the Gaussian HJM model to defaultable bonds with credit
migration. Eberlein and Ozkan (2003) developed the defaultable HJM model
with credit migration based on Lévy processes. More recently, Ozkan and
Schmidt (2005) and Jakubowski and Nieweglowski (2009a) consider infinite
dimensional Lévy processes for credit risk modeling within the HJM frame-
work. On the other side, the first extension of the log-normal Libor model to
defaultable contracts is due to Lotz and Schlégl (2000), who use a determin-
istic hazard rate to model the time of default. Schénbucher (2000) extended
the log-normal Libor model by adding defaultable forward Libor rates to
the model for default-free Libor rates. Following his ideas, Eberlein, Kluge,
and Schonbucher (2006) constructed the Lévy Libor model with default risk,
driven by time-inhomogeneous Lévy processes. None of these models takes
into account that in markets subject to credit risk, there usually exists a mul-
titude of credit rating classes. A detailed account on different approaches to
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credit risk modeling can be found in Bielecki and Rutkowski (2002), Lando
(2004), Duffie and Singleton (2003) and McNeil, Frey, and Embrechts (2005,
Chapters 8 and 9).

In this paper we develop an arbitrage-free model for defaultable forward
Libor rates related to defaultable bonds with credit ratings. As driving pro-
cesses time-inhomogeneous Lévy processes are used. We call this model the
rating based Lévy Libor model.

The modeling objects in any Libor market model are the discretely com-
pounded forward Libor rates, whose dynamics are modeled under forward
martingale measures with maturities corresponding to the tenor structure.
To develop the rating based Libor model, we begin by constructing a family
of default-free forward Libor rates and forward measures, according to the
Lévy Libor model (Eberlein and Ozkan (2005)). In addition, we model the
pre-default term structure, i.e. we specify the dynamics of the forward Libor
rates for every rating class. These rates are not modeled directly, instead the
modeling objects are the inter-rating spreads, which are assumed to evolve as
exponential semimartingales driven by time-inhomogeneous Lévy processes.
By specifying the inter-rating spreads as positive processes, we ensure auto-
matically that higher interest rates correspond to worse credit ratings, thus
reflecting the increased investment risk.

Credit migration of a defaultable bond is modeled by a conditional Markov
chain with a finite number of states representing different rating classes. This
process is constructed in a canonical way by enlarging the reference proba-
bility space which carries the default-free information. Due to this canonical
construction and the fact that any two forward measures are related via
the Radon—Nikodym density process that is adapted to the reference filtra-
tion, we are able to show that the conditional Markov property is preserved
under all forward measures. Moreover, we prove that the progressive en-
largement of the (default-free) reference filtration with the natural filtration
of the conditional Markov chain has the immersion property under all for-
ward measures, i.e. local martingales with respect to the reference filtration
remain local martingales with respect to the enlarged filtration.

The paper is structured as follows. In Section 2 we introduce the set-
ting and the main ingredients for rating based Libor modeling, in particular
we introduce the defaultable and the rating-dependent forward Libor rates
and associated spreads. Section 3 presents a detailed construction of the
pre-default term structure of the rating-dependent Libor rates under cor-
responding forward measures. The credit migration between rating classes
is introduced in Section 4, using the classical conditional Markov chain ap-
proach, which is in this paper adapted to the modeling directly under for-
ward measures. In Section 5 we put all these building blocks together and
derive necessary and sufficient conditions for the absence of arbitrage in the
model. Finally, Section 6 is devoted to the valuation of credit derivatives
in the rating based Libor model. We derive expressions for the price of a
defaultable bond and a credit default swap. Furthermore, we introduce the
defaultable forward measures which are useful tools for valuation of inter-
est rate derivatives such as forward rate agreements, swaps and caps/floors
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on the defaultable Libor rate. As an example we provide a formula for the
defaultable Libor rate caps.

2. DEFINITIONS AND NOTATION

Let us consider a fixed time horizon T and a discrete tenor structure
0=1Ty < ... < T, =T* where 0, = Tk+1 — Ty, for k. =0,...,n — 1.
Assume that default-free and defaultable zero coupon bonds with maturities
T,...,T, are traded in the market. We denote by B(t,Ty) and Bc(t, Ty)
the time-t prices of a default-free and a defaultable zero coupon bond with
maturity T}, respectively. Note that B(Ty,T;) = 1 and Be(Ty, 1) < 1, as
the defaultable bond may default before maturity. Moreover, we assume that
the defaultable bond is rated, i.e. at each time point it has a certain credit
rating that reflects the credit quality of its issuer. The migration between
various classes of a credit rating system will be described by a stochastic
process C; the subscript C' in the defaultable bond price emphasizes its
dependence on the credit migration process.

The credit ratings are identified with elements of a finite set denoted by
K =1{1,2,..., K}, where 1 stands for the best possible rating and K corre-
sponds to the default event. The process C is assumed to be a continuous-
time conditional Markov chain with state space K. The default state K is
an absorbing state for C' and the default time 7 is modeled as the first time
when C reaches this state, i.e. 7 =inf {t > 0: C; = K}. We assume Cy # K
a.s.

A defaultable bond pays to its holder 1 unit of cash at maturity only if
default does not occur before that date. In case of default, the holder of
the bond receives a reduced payment called the recovery payment. There
exist several different recovery schemes describing the amount and timing of
the recovery payment (for a detailed overview see Bielecki and Rutkowski
(2002, Sections 1.1.1. and 13.2.5) or McNeil, Frey, and Embrechts (2005,
Section 9.4.1)). In this work we adopt the fractional recovery of treasury
value scheme: in case of default prior to maturity, a fixed fraction of the
face value of the bond is paid to the bond holder at the maturity date. This
fraction depends on the rating class from which the bond has defaulted and
is represented by a vector ¢ = (q1,q2, - - ., qix—1) of recovery rates, where ¢; €
[0, 1] for every i. Therefore, the payoff of the defaultable bond at maturity
is given by

Be(Tk, Tk) = 11y + ir<nyde, -
K-1

= Yop =i + Yor, =Ky90, -
i=1

where C_ denotes the pre-default rating. The defaultable bond price pro-
cess (Bc(t,Tk))i<T, can be written as

K-1
t Tk‘ = Z Bl t Tk; 1{Ct 1,} +qCT—B(t Tk)l{ct K}’ (1)
=1
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where Bj(t, T)) denotes the pre-default price of the defaultable bond at time
t given that the bond is in the rating class ¢ during the time interval [0, ¢],
where ¢ € {1,..., K — 1}. We have B;(T},T}) = 1, for each i.

Our goal is to build up in this discrete tenor setting a model for the evolu-
tion of discretely compounded forward interest rates related to defaultable
bonds. Let us first recall that the default-free forward Libor rate at time
t < T}, for the accrual period [Tk, Ty1] is defined as

1 B(t, Ty)
w105 (s ).

In addition, we introduce the concept of a discretely compounded forward
interest rate related to defaultable bond prices. The idea is to generalize the
above definition by using the defaultable bond prices instead of the default-
free bond prices. For a detailed discussion on this concept we refer to Bielecki
and Rutkowski (2002, Section 14.1.4, page 431), where a defaultable forward
rate agreement (FRA) which yields this rate is described. We call it the
defaultable forward Libor rate. The default risk in this context means the risk
of default of the underlying instrument. It does not mean the counterparty
credit risk. The defaultable forward Libor rate is a rate that one can contract
for at time ¢t < T}, on a defaultable forward investment of one unit of cash
from T}, to Tj41. The settlement scheme prescribes that default prior to the
reset date T} of the FRA results only in the reduction of the principal value
and the contract then becomes default-free. The defaultable forward Libor
rate is defined at time ¢ < T}, for the accrual period [Tk, Tk+1] as

1 Bc(t,Tk) _
) 1) |

Lo(t.Th) = o (BC(thk+1 @)

Note that it depends on the present state C; of the migration process. Fur-
thermore, making use of the bond price process B;(-,T}), we define the
forward Libor rate for rating class i at time t < T}, for the accrual period

[Tk, Tk+1] by

Li(t,Tp) = — | =————=-1], 3
(6 Tk) Ok <Bz'(7f,Tk+1) @)
for each ¢ = 1,..., K — 1. The discrete-tenor forward inter-rating spreads

between two rating classes are given by
Li(t, Ty) — Li—1 (¢, Tj)
L4 0k Lioa(t,T)
where we set Lo(+, Tx) := L(-, T}).
Combining (3) and (4) we establish the following connection between the
inter-rating spreads and the bond prices

Hi(tT}) = - Bit, Ti) Bi1(t, Tit1)
A Bi1(t,Ty) Bi(t,Tkt1) '

Hz(ta Tk) =

- )

Remark 2.1. Observe that the quantities H;(t, 1)) represent the discrete-
tenor analogs of the inter-rating spreads g¢;(t,7") — gi—1(t,T") in the default-
able HJIM framework, i.e. the differences between instantaneous continuously
compounded forward rates for rating classes ¢ and i — 1 (see Bielecki and
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Rutkowski 2002, page 406). In the HIM framework, the bond price B;(t, T})
is given by the following formula

Tk
B;(t,Ty) = exp —/gi(t, s)ds |,
t

where g;(t,s) is the instantaneous forward rate for the rating class i =
1,..., K — 1. Inserting this into (5) yields

Thi1
exp ( [. gi(t, s)ds
Hi(t, Ty) = — < T )

Ok exp (f;};’““ gi—1(t, s)ds)
Thk+1

= — | exp (9i(t,s) = gi1(t, s))ds | —1
/

Thq1

/ (9i(t,s) — gi—1(t,s))ds.
Ty,

2
|

Therefore, H;(t, Ty) can be thought of as the average inter-rating spread over
the interval [Tk, Ty+1], which explains why we refer to it as the discrete-tenor
inter-rating spread.

3. PRE-DEFAULT TERM STRUCTURE OF LIBOR RATES

Our goal is to develop an arbitrage-free model for the evolution of de-
faultable forward Libor rates. In order to do so, we are going to specify the
pre-default term structure of rating-dependent Libor rates L;(-, T} ) for each
credit rating i, where ¢ € {1,..., K —1}. We require that 0 < L(t,T}) <
Li(t,T) < --+ < Lg_1(t,Ty) to reflect the empirical fact that higher in-
terest rates correspond to worse credit ratings, as a compensation for the
increased investment risk. Making use of relation

(2
1+ 0, Li(t, Ti) = (1+ 6pL(t, Th)) [ (1 + 60H, (¢, Tk)), (6)
j=1
which follows from (4), we choose not to model the Libor rates L;(-, T) di-
rectly. Instead, we model the forward inter-rating spreads H;(-,T}) as posi-
tive processes and therefore, by (6), ensure automatically the monotonicity
of Libor rates with respect to credit ratings.

To model the default-free Libor rates L(-,T) we shall adopt the Lévy
Libor model of Eberlein and Ozkan (2005). Our construction is presented
below in detail.

3.1. The driving process. Let (0, F = Fr«,F = (F)o<e<r,Pr+) be a
complete stochastic basis and let (X;)o<i<7+ be an R%valued time-inhomo-
geneous Lévy process, also known as PITAC (process with independent in-
crements and absolutely continuous characteristics). For a precise definition

and main properties of these processes we refer the reader to Eberlein and
Kluge (2006) and Eberlein, Jacod, and Raible (2005). We assume that the
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filtration F is the completed, natural filtration of X. The probability mea-
sure Pp« plays the role of the forward measure associated with the terminal
tenor date T™. The triplet of local semimartingale characteristics of X is
denoted by (by, ¢, FtT*)ogth* and we make the following

Assumption (SUP). The triplets (b, c;, Fl ) satisfy

sup {1l + flal + [ (of? A DET (o) | < o0
0<t<T*
R4
and there exist constants M, > 0 such that

sup /exp(u,@FtT*(dx) < 00
0<t<T*
z|>1

for every u € [—(1+ )M, (1 + ) M]%.

The definition of the local characteristics of a semimartingale, as well as
other results from general semimartingale theory that we use throughout the
paper are taken from Jacod and Shiryaev (2003), whose notation we adopt.
Other books such as Protter (2004) or Métivier (1982) can also be used as
references for semimartingale theory.

Note that Assumption (SUP) implies the existence of exponential mo-
ments of X (cf. Lemma 6 in Eberlein and Kluge (2006)). It also makes X a
special semimartingale with the following canonical representation

t ¢
Xt:/\/ade* +//ZL‘(/L—VT*)(dS,dl‘),
0

0 Rd

where W7~ denotes a standard Brownian motion with respect to Pp«, p is
the random measure of jumps of X and v’ (ds,dz) = FI" (dz)ds is the
compensator of u. Note that we assumed that X is driftless, i.e. b = 0, as
the drift term will be included separately in the model.

3.2. The default-free Lévy Libor model. Here we outline briefly the
construction of the default-free Lévy Libor model. For details we refer to
Eberlein and Ozkan (2005). The model is driven by a time-inhomogeneous
Lévy process and is built up using backward induction — a standard proce-
dure for Libor market models; see the seminal papers by Miltersen, Sand-
mann, and Sondermann (1997), Brace, Gatarek, and Musiela (1997) and
Musiela and Rutkowski (1997). The following assumptions are made:

(L.1) For every T} there is a deterministic, Borel measurable function
o(-,Tk) : [0,7*] — R4, which represents the volatility of the for-
ward Libor rate L(-,T}). We assume that

n—1

Zaj(s,Tk) < M,

k=1
for all s € [0,7*] and every coordinate j € {1,...,d}, where M >0
is the constant from Assumption (SUP). If s > T}, then o(s,T}) = 0.
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(L.2) The initial term structure B(0,T}) is strictly positive and strictly
decreasing in k.

The backward induction is started by specifying the dynamics of the most
distant Libor rate L(-,T,,—1) under Pr«. In each step of the construction a
new forward measure Pr, ,, is constructed and the next Libor rate is then
specified under this measure as

t t
L(t, Ty) = L(0, T);) exp /bL s, T} ds~|—/a s, Tk) dXT’“+1 (7)
0 0
with initial condition

5k \B(0, Tr11

The drift term b%(s, T}) is chosen to make L(-, 1) a Pr, ., ,- martingale, i.e.

LT - L ( B(0, Tk))_1>.

B (5, Ti) = = 5 {005, Ti) a0 (s, T1) Q
- / <e<0<s’Tk>’m> 1 <o(s,Tk),x>) FIe ().
R4

The process X Tr+1 is obtained from the driving process X in such a way
that it is driftless under the forward measure Pr, , associated with the tenor
date Tky1. More precisely, the measure Pr, ,, is given by

dPy, ., B0, T*) = B(0,T*) B(t, Tyi1)
— ’ 1+6;L(t,T;)) = ’ : , (9
APy~ . B(O,Tk“)jlgq( LA T5)) B(0,Ty+1) B(t,T*) ()

and XTk+1 is a special semimartingale with canonical decomposition

X7 _ / Jadwle / / V) (ds,dz),  (10)

0 Rd

where
t

n—1
Wi wr - [ve (3t Tty | as
is a standard d-dimensional Brownian motion with respect to Pz, , and

v+ (ds, dz) = H B(s,z, Tj)v' (ds, dz) (12)
j=k+1
Thet1
=: Fg " (dx)ds
is the Py ,-compensator of u. Here we used for short
Bls,,Ty) i= 1+ L=, Ty) (eloeT) — 1) (13)
with 5,1
T;
(s, T}) = (5, ;) (14)

1+0,L(s,T;)
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. . i B(7Tk)
tingales with respect to the forward measure Pr, for all j, k. The default-free
Libor model is thus free of arbitrage and the time-t price 7} of a contingent

claim with payoff Y at maturity T} is given by
m = B(t, Ti)Epy, [Y|Fi].

This construction guarantees that the discounted processes are mar-

3.3. The pre-default term structure of rating-dependent Libor rates.

In this subsection we proceed by modeling the pre-default term structure of

the rating-dependent Libor rates, or equivalently of the forward inter-rating

spreads. We make the following additional assumptions:

(RL.1) For every rating class i € {1,..., K — 1} and every maturity T} there
is a deterministic, Borel measurable function ~;(-, Ty) : [0,T%] — RY,
which represents the volatility of the inter-rating spread H;(-,T}).
We assume that 7;(s,T) = 0 for s > T and that

n—1

D (07 (s, Tk) + A (8, k) + - + 7oy (5, Th)) < M,
k=1

for all s € [0, T*] and every coordinate j € {1,...,d}.
(RL.2) The initial term structure L;(0,7%), ¢ = 1,..., K — 1, of forward
Libor rates satisfies

0< L(O,Tk) < Ll(O,Tk) <...< LKfl(O,Tk),
forall k=0,1,...,n—1, ie.

BO,T) _ BOT) _  _ Bra(0.Ty

O < < <Ll
B(0,Tiy1) — B1(0,Tk11) Br1(0,Ty41)

We postulate that the forward inter-rating spread H;(-,T}) for the rating
classi, 7 =1,..., K —1, and the tenor date Ty, k= 1,...,n—1, is an expo-
nential semimartingale whose dynamics under the forward measure Pr, ,, is
given by

t t
Hi(t, Tk) = HZ'(O, Tk> exp /bHi(S, Tk)ds + /%‘(8, Tk)dXsTk-H (15)
0 0

with initial condition

Hi(0.T}) = 1 <Bz‘(OaTk)Bi—1(0:Tk+1) B )
6k \ Bi—1(0, Ty) Bi(0, T+1)
The drift term bi(-,T}) will be specified in the forthcoming section. We
assume that b (s, Ty) = 0 for s > Ty, i.e. Hi(t,Ty) = H;(Tg, Ty) for t > Ty.
In the following theorem we deduce the dynamics of the rating-dependent
forward Libor rates L;(-,T)) under the corresponding forward measures,
which is implied by specification (15) .

Theorem 3.1. Assume that (L.1), (IL.2), (RL.1) and (RL.2) are in force.
For each k =1,...,n—1, let L(-,T}) and H;(-,T}), i € {1,..., K — 1}, be
given by (7) and (15), respectively. Then:
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(a) The rating-dependent forward Libor rates L;(-,Ty) satisfy for every
Ty and any t < T}

L(t,Ty) < Li(t,Ty) < --- < Lig_1(t, Tk),

i.e. Libor rates are monotone with respect to credit ratings.
(b) The dynamics of the Libor rate L;(-, Ty) under Pr,_, is given by

t t

Lz(thk) = Ll(07Tk) exp /bLi(SaTk)dS+/\/aai(saTk)dek+l

0 0
t

—i—/ Si(s,z, Tp) (p — v1e+1)(ds,dx) |, (16)
0 Rd

where

oi(s,Ty,) = gi(s_aTk)_l(ﬁifl(s_aTk)Uifl(S,Tk) + hz’(s—,Tk)%(Ska))

= li(s—, Tp)"" [g(s—,Tk 5,Ty) —|—Zh —, Tk)7;(s Tk)}
(17)

represents the volatility of the Brownian part and

Sis,@,T4) = n (14 bi(s—, T) ™ (Bi(s,, Th) — 1)
controls the jump size. Here we have used

oH;(s,T)

i (S Tk) 1+ 6H; (S Tk)

(18)

Ok Li(s, Ty)

E(ST) l—l—(SkL(STk)

and

Bi(s,x,T) : i—1(37x7Tk)(1 + hi(s—, Tp,) (& TR)) 1))

-3
= (14 £s=, T) (=T — 1))

X H (1 + hj(s—, Tp,) (s Tk)2) 1)). (20)

Jj=1
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The drift term in (16) is given by

b i (s, i) = €7 (5=, Tk) D hy(s—, Ti)b™i (s, T)

S 5= T = T Vaso (5, Ti) P
1 7
567 5= T Y (5= T) = by (s=, TP Ve (s, T )
j=1
1
+5 (65—, Th) = V) [V/esor s, T0)
+ [ (St 1) = 675, 1) (Bsv0, 1) - 1
R4
+Zh — T (s, Th), @) ) )+ (da). (21)
Proof: The proof is deferred to the appendix. O

Remark 3.2. Let us compare the expressions for the dynamics of the rating-
dependent Libor rate L;(-,Tx) and the dynamics of the default-free Libor
rate L(-,Ty) under Pr, . Note that (7) can be written as

t
L(t,Ty) = L(0,T}) exp /bL s Tk)ds+/ cso(s, Tp)dWJF1 (22)

0
+/t/S(s,x,Tk)(u—VT'““)(dtadx) ;

0 R4
where
S(s,2,T;) :=In (1 + 0(s—, Te) "N (B(s,z, T),) — 1)) — (o(s,T}), z),

with ((s,x,T}) defined in (13) and ¢(s,T) in (14). Therefore, we observe
that the equation (16) describing the dynamics of the Libor rate for the
rating 4 is of the same form as the default-free Libor rate dynamics (22),
naturally with the appropriate specifications of o;(-, Tx) and S;(-, -, Tk)-

In Figure 1 we represent graphically the connections between different
rating-dependent Libor rates.

Having established the pre-default term structure, the next step is to
study migration between different rating classes in order to obtain an arbi-
trage-free model for the evolution of defaultable Libor rates. The credit
migration process is assumed to be a canonically constructed conditional
Markov process C, which we study in the next section.
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H’L(tyTn— )
L(t, To—) [ Li—1(t, Tn-1) S Lit, T1)

Lt T |- o Lica (8 )

Hi(t,Ti_1)

L, Ta) | ~Li1(t, T—1) Li(t, Ty—1)

e,y o AL Ty) O )

Default-free Rating 7 — 1 Rating 7

FiGUrE 1. Connection between subsequent Libor rates

4. CREDIT MIGRATION UNDER FORWARD MEASURES

4.1. Conditional Markov chains and their main properties. Let us
describe the appropriate probabilistic setting required for a model that al-
lows credit migration. As pointed out in the introduction, rating classes are
typically identified with elements of a finite set, denoted by K. We assume
that £ = {1,2,..., K}, where 1 denotes the best possible rating and K
corresponds to the default event. In credit risk theory credit migration is
usually modeled by a conditional Markov chain C with continuous time pa-
rameter and the state space K. We adopt the same idea here. Recall that in
this setting the default state K is an absorbing state of C' and the default
time 7 is modeled as the first hitting time of this state, i.e.

T=inf{t >0:C, =K}.

To construct such a process, we are going to use the canonical construc-
tion based on a given reference filtration F and a stochastic infinitesimal
generator A. This construction can be found in Bielecki and Rutkowski
(2002) or Eberlein and Ozkan (2003). Our underlying probability space is
(Q, F,Pp+) with a given filtration F = (F;)o<t<7+, which is generated by the
time-inhomogeneous Lévy process X driving the default-free and the pre-
default term structure of Libor rates. Furthermore, let A = (A(t))o<¢t<7+ be
a matrix-valued stochastic process
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)\11@) )\12(t) - )\1K(t)

A21(t) Aaa(t) ... Aok (t)

A(t) = (23)

0 0o ... 0
where \;; : Q x [0,7%] — R4 are bounded, F-progressively measurable sto-
chastic processes. For every i, j € K, ¢ # j, the processes \;; are non-negative
and Aii(t) = — X ;e\ iy Aij(t), for t € [0,77]. The last row of A contains
only zeros since the state K is an absorbing state of C.

Let u = (p1,..., k) be a probability distribution on /C, which is the
initial distribution of the process C, i.e. the distribution of Cy. In credit risk
applications u is a one-point mass on the rating class observed at time ¢t = 0.

The process C' is constructed from the initial distribution and the F-
adapted infinitesimal generator A by enlarging the underlying probability
space (§2, F, Pp-) to a probability space denoted in the sequel by (2, G, Qp+).
The new probability space is obtained as a product space of the underlying
one with a probability space supporting the initial distribution u of C and
a probability space supporting a sequence of uniformly distributed random
variables, which control, together with the entries of the infinitesimal gen-
erator A, the laws of jump times (7,,)nen of C' and jump heights. Note that
by using a product space we obtain a certain independence which will be
crucial for many properties of C.

We denote by F its trivial extension from the original probability space
(Q, F,Pr+) to (Q,G,Qr+). Moreover, all stochastic processes are extended to
the new probability space by retaining their names and setting for example
X(w) := X(w), and similarly for other processes.

Remark 4.1. We recall that this canonical construction is a generalization
of the classical Cox construction, which is used in credit risk theory to model
the default time with a given F-intensity A (see Jeanblanc and Rutkowski
(2000) or Bielecki and Rutkowski (2002)). Indeed, when K = 2, the condi-
tional Markov chain has only two states which have the interpretation of a
non-default state 1 and the default state 2 and the above construction be-
comes the Cox construction of a default time with intensity A(¢) = —A11(¢).

The process C obtained by the canonical construction is an F-conditional
Markov chain, i.e. if we denote by FC the natural filtration of the process
C, the conditional Markov property

Eqp. [MC)|Fe v FE] = Eqy [1(Cs)|Fe V o(Cy)] (24)
is satisfied for every 0 <t < s <T™ and any function h : K — R.
It is important to mention that the process C possesses also the following
property:
EQT* [h(Cs)[Fu Vv ]:tc} = E@T* [h(Cs)[Fu V o (C)l, (25)
for every 0 <t < s <wu <T* and any function h : £ — R.
We will refer to (25) too as the conditional Markov property, even though

it is a stronger property which implies property (24). Note that in general,
not all conditional Markov chains possess property (25), but the canonically
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constructed process C' satisfies both (24) and (25) (compare Bielecki and
Rutkowski (2002), formula (11.47) and comments thereafter).

For every fixed ¢t > 0, the o-algebra ¢(C}) is finitely generated, as C;
takes its values in a finite set IC. This enables us to establish the following
decomposition of conditional expectations (it is a counterpart in the condi-
tional Markov setting of Corollary 5.1.1 in Bielecki and Rutkowski (2002)
or Lemma 1 in Elliot, Jeanblanc, and Yor (2000)):

Lemma 4.2. If Y is a G-measurable random variable, then
Eqq. [Y 1{c,=iy | Fs]
Eg,. [Lio=iy|Fs]

K
Eq.. [YIF Vo(C)l = iy (26)
=1

for every 0 <t <s andi € K.

Proof: The proof is straightforward combining the definition of conditional
expectation and the aforementioned fact that o(C}) is generated by atoms
{Cy =3}, j=1,..., K. Note that the right-hand side in (26) is well-defined
since {Eq,.[1(c,=1|Fs] =0} C {Cy =i}° Qp+-as. (cf. Last and Brandt
(1995, Lemma A3.17)).

The conditional expectation on the left-hand side in (26) is equal to the
right-hand side if and only if

Eqy. [L{c,=i} Y |7

K
1rlc,=; Lici=i
{C J}; {Ci=i} Eqy. [L{c,=i} | Fs]

EQT* [1{Ct=j}Y’~7:$]:|
Eq,- [Lic=1Fs] 17

for every F' € Fs and every {Cy = j}, j € K, since the o-algebra Fs V o(C})
is generated by finite intersections F' N {C; = j}. We have

]EQT* [1 Ci=j Y‘]:S]
Far [“1{@—“ Eq,- [f{ct:i-}m] ]

Eqy. [Lo=j3 Y | 7]
= Eqg, [EQT* |:1F1{Ctj} Eo,. [i{{ctjj‘}|~7:8]
_Eqg,. [E@T* [Lriio=jY |7

Eqy- [1{Ct:j}|f3]
= Eqr. [Egr. [1r1{c,=} Y| 7]
= Eq,. [1rl{c,=j Y],
which is what we had to show. [l

Egr. [1rlfc,=; Y] = Eq,.

= ]EQT* |:1F1{Ct:j}

7|

Eq.. [1c,=j) \fs]]

In view of this result, the conditional Markov property takes the following
form:

Eq.. [MCs)1ic,—iy | F]
Eqp ic,=iy|Ft]

K
C
Eqp [MCOIF v FE =Y 1icimy (27)
i=1
for every t < s and any function h : £ — R.
Let us now examine the most important properties of the process C. Due
to the canonical construction, each random state Cy is actually influenced
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by information from the filtration F only up to time s. A precise formulation
of this property is contained in the following proposition.

Proposition 4.3. Let C be a conditional Markov chain obtained by the
canonical construction. Then:

(a) Forevery0<t<s<u<T*andjek
Eqp Lo =} Fu V F] = Egp. Lo,y Fs V FE.
(b) More generally, for any 0 <t < s1 < sy <u<T* and j1,j2 € K
Eqp [0, =111 (Cny =i} | Fu V FE] = Bape (L0, =) L0y =} Fsa V FE ]

Proof: The proof relies on the canonical construction of C and its jump
times and the independence we mentioned earlier. We refer to Grbac (2010,
Proposition 2.18) for details. O

The o-algebra ftc can be omitted in the above results, as the following
corollary shows.

Corollary 4.4. Let C be a canonically constructed conditional Markov
chain. Then:

(a) Forevery0<s<u<T*andjek

Eqp [Lc.=j} [Ful = Egpu L=} | Fs]-
(b) For any 0 <s1 <so <u<T* and j1,j2 € K

Eqr [1{cy, =j1} 10w, =0} [Ful = Bap (i, =j1} 10wy =ju} [Fss)-

Proof: This follows by inserting ¢ = 0 into the previous proposition and
applying Lemma 4.2. The independence between the initial distribution u
of C and F implies

IEQT* [1{0027,} ’fu] = ]E@T* [1{0021}‘f5] = EQT* [1{0027,}] = /’L’iv
which yields both claims. O

In the remainder of the subsection we study the transition probabilities
of a canonically constructed conditional Markov chain C'. It turns out that
the usual properties of transition probabilities of an ordinary Markov chain,
such as the Chapman—Kolmogorov equation, will remain valid, but will be
expressed in terms of F-conditional expectations.

To fix the notation, let us denote

Egp [Y1c,=i} | 7]

Eqr [1{c,=i}|Fs]

where Y is a G-measurable random variable and 0 <t < s < T™*. Hence, by
Lemma 4.2, Eg,. [Y|F,; C; = i is an F,-measurable random variable that
agrees with Eq,..[Y'|Fs Vo (Cy)] on the set {C; = i}. Bielecki and Rutkowski
(2002) use a slightly different notation Eq,..[Y|Fs V {C; = i}] instead, but
we prefer the above notation to make a clear distinction from conditioning
with respect to the smallest o-algebra generated by Fy and the set {Cy = i}.

Eg,. [Y|Fs; Cr = 1] :=
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For Y = 1/¢,—), the expression
Eq,. [1{c,=j}|Fs; Cr = i] = Qp=(Cs = j|Fs; Cp = 1)

denotes the conditional probability with respect to F of the process C being
in state j at time s if it was in state ¢ at time ¢.

Definition 4.5. The F-conditional transition probability matriz of C' is de-
fined as

P(t,s) = [pij(t; $)lij=1,..K> 0<t<s<Tr
where

pij(t,s) = Qr«(Cs = j|Fs; Cr = i) = Qr«(Cs = j|Fpr+; Cp = 1). (28)
Note that the second equality in (28) follows from Corollary 4.4.

Remark 4.6. The process C' together with the family of stochastic matrices
P(t, s)o<t<s<T+ is an F-doubly stochastic Markov chain in the sense of Defi-
nition 2.1 introduced in Jakubowski and Nieweglowski (2009b); see Remark
2.16 and Theorem 2.14 in their paper. F-doubly stochastic Markov chains
form a subclass of the class of F-conditional Markov chains and are particu-
larly suitable for applications in credit risk. Processes that are typically used
for this purpose such as an ordinary Markov chain, a compound Poisson pro-
cess, a Cox process and a canonically constructed conditional Markov chain
belong to this class. The main properties of F-doubly stochastic Markov
chains are studied in Jakubowski and Nieweglowski (2009b).

We conclude this section by formulating the appropriate F-conditional
versions of the Chapman—Kolmogorov equation and the forward Kolmogorov
equation for C.

Proposition 4.7. Let C be a canonically constructed F-conditional Markov
chain and (P(t,s))o<t<s<r+ its family of conditional transition probability
matrices. Then:

(a) P(-,-) satisfies the F-conditional Chapman-Kolmogorov equation

P(t,s) = P(t,u)P(u,s), t<u<s. (29)
(b) P(-,-) satisfies the F-conditional forward Kolmogorov equation
dP(t,s)

P P(t,s)A(s), P(t,t)=1d.
Proof: Part (a) follows from Theorem 2.7 and part (b) from Definition 2.8
in Jakubowski and Nieweglowski (2009b).

Clearly, both claims can also be established directly, without the notion
of an F-doubly stochastic Markov chain; see Grbac (2010, Proposition 2.24).
U

4.2. The immersion property in the conditional Markov chain sett-
ing. Starting from the reference filtration F and constructing a conditional
Markov chain C', we obtain an enlargement of F that we denote by G, where
G = (Gt)o<t<r+ With Gy = FVFF (and completed). A natural question, that
we examine in this subsection, is if the immersion property (or a so-called
(H)-hypothesis) is satisfied for this enlargement, i.e. if F-(local) martingales
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remain G-(local) martingales. In case when a conditional Markov chain is
constructed canonically, the answer to this question is affirmative, as we
show in the sequel.

Proposition 4.8. Let C' be a canonically constructed conditional Markov
chain. Then for every B € fsc and 0 <s<u<T*

Eq,. [18|Fu] = Eqp. [1B|F5].

Proof: We must verify the claim for any B € F¢ = 0(Jy<pcs 0(Ct)). Since
FC is generated by finite intersections of sets of the form {C; = j}, j € K,
t € [0,s], it is enough to prove the claim for an arbitrary set of the form
{Cs; =i} N{Cs, = j}, for some s1 < s9 < s and 4,5 € K. But this is exactly
Corollary 4.4 and now by standard arguments (monotone class theorem) the
claim follows for any B € FC. O

Theorem 4.9 (Hypotheses (H1), (H2) and (H3)). Let C' be a canonically
constructed conditional Markov chain. Furthermore, let X be a bounded Frp+-
measurable random variable and Y a bounded FE -measurable random vari-
able, s € [0,T*]. Then the following three equivalent statements hold:

(H1) Eqq. [XY|F] = Eqq [X|Fs] Eqp. [Y|F],
i.e. the o-fields Fpr+ and .7-'80 are conditionally independent given Fy.

(H2) Eq,.[Y|Fr] = Eq,. [Y[F].
(HB) EQT* [X|~7:s \ .7:5] = EQT* [X"FS]'

Proof: Making use of Proposition 4.8 we see that (H2) holds for Y = 1,
where B € F¢. This implies that it is also true for any bounded F¢-
measurable Y since every F¢-measurable random variable can be written as
a limit of a sequence of elementary .7-'5 -measurable random variables. Ap-
plying the dominated convergence theorem for conditional expectation we
establish (H2).

The equivalences between (H1), (H2) and (H3) follow from Theorem I1.45
in Dellacherie and Meyer (1978). O

Consequently, we obtain the following result.

Theorem 4.10 ((H)- hypothesis). Let (Q,Q,QT*) be a probability space
with a giwen filtration F and let C be a canonically constructed F-conditional

Markov chain. Then the immersion property holds for the filtrations F and
G =T VFC.

Proof: Follows directly from the statements in Theorem 4.9 and the well-
known fact that they are equivalent to the immersion property of the enlarge-
ment (see for example Brémaud and Yor (1978) or Jeanblanc and Rutkowski
(2000)). O

Remark 4.11. Since ¢(Cs) € FC, it immediately follows that all state-

S
ments from Theorem 4.9 remain valid when we replace F¢ with o(Cs).
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The immersion property of the enlargement obviously implies that every
F-semimartingale X remains a G-semimartingale. Moreover, if X is a time-
inhomogeneous Lévy process with respect to F, then it remains a time-
inhomogeneous Lévy process with respect to G.

Proposition 4.12. Suppose that the assumptions of Theorem 4.10 are in
force and let X be a time-inhomogeneous Lévy process with respect to the
filtration F with the triplet of predictable characteristics (B,C,v). Then X
remains a time-inhomogeneous Lévy process with respect to G with the same
predictable characteristics.

Proof: Clearly, X is a G-semimartingale such that Xy = 0. According to The-
orem I1.2.42 and Corollary 11.2.48 in Jacod and Shiryaev (2003), (B,C,v)
is its triplet of predictable characteristics if and only if the process

ei(u,X}

G(IU) € MIOC(G)7
with G defined in Theorem I1.2.27 in Jacod and Shiryaev (2003). By as-
sumption, (B,C,v) is the triplet of predictable characteristics of X with
respect to IF; hence, this process is in Mjoc(F). Due to the immersion prop-
erty it is also in Mj,.(G), and therefore (B, C,v) is the triplet of predictable
characteristics with respect to G.

Moreover, X has independent increments with respect to G if (B,C,v)
is deterministic — which is the case because its increments are independent
with respect to F (cf. Jacod and Shiryaev (2003, Theorem I1.4.15)). Finally,
equation (4.16) from the same theorem shows that the characteristic function
of X; takes the form given in the definition of a time-inhomogeneous Lévy
process in Eberlein and Kluge (2006, Section 2.1) and the proof is completed.

O

We conclude this section by introducing a certain generalization of the
(H)-hypothesis in the conditional Markov setting.

Definition 4.13. Let C be an F-conditional Markov chain with the natural
filtration F¢ and G = F v FC. Furthermore, for a fixed » > 0, denote for
every s > r

Fo=F,NVFC and T = (Fy)esr
We say that the enlargement G of F” satisfies the (H")-hypothesis if

(H") Every (Fs)s>r-local martingale is a (Gs)s>r-local martingale.

Remark 4.14. Note that G is indeed an enlargement of F" since for every
s > r we have

Fo=FNFL CFNFE =G,

Proposition 4.15. Let C be a canonically constructed F-conditional Markov
chain. Then the (H")-hypothesis holds between the filtrations F" and G.

Moreover, hypothesis (H") implies hypothesis (H) for this enlargement. If,
in addition, we assume that the reference filtration F is a natural filtration
of a time-inhomogeneous Lévy process, then the converse statement is also
true, i.e. (H) implies (H"), for every r > 0.
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Proof: Let us fix an arbitrary > 0 and show that (H") holds for F” and G.
Note that for every s > r

G =FsVFS =F v FE,
and therefore, (H") is equivalent to showing that
E[Y|Fr:] = E[Y|F],

for every bounded F¢-measurable random variable. By definition of F", this
is actually

E[Y|Fr- vV FC] = E[Y|F, v FC).
Now we are done since this follows from Proposition 4.3 exactly in the same
way as (H2) follows from Corollary 4.4.

Moreover, the implication (H") = (H) is obvious, since it can be easily
proved that every F-local martingale is an F Vv .7-}0 -local martingale, which
is then, by hypothesis (H"), a G-local martingale. We simply have to note
that, due to the canonical construction of C', we have

FC C FVE, (30)

where &, is a o-algebra independent from F. This means that F, vV F¢ =
Fs V&, for s > r. Thus, the enlargement of F to Fr, given as F Vv .7-",? =
F Vv &, clearly possesses the immersion property (this is simply the initial
enlargement of F with an independent o-algebra &,).

Conversely, let us assume that the filtration F is the natural filtration of
a time-inhomogeneous Lévy process X and let us prove that (H) implies
(H"), for every r > 0.

The proof relies on the representation theorem for local martingales and
the fact that X remains a time-inhomogeneous Lévy process with the same
characteristics also with respect to the enlarged filtration G.

Let us fix some r > 0 and establish (H"). As we pointed out above, the
filtration F” may be thought of as the initial enlargement of F with an in-
dependent o-algebra &,. This allows us to make use of the representation
theorem for local martingales in filtrations generated by processes with in-
dependent increments (Jacod and Shiryaev 2003, Theorem II1.4.34). More
precisely, if M" is a local martingale with respect to F", it can be written as

M"™ =M+ H" - X+ W7 (u —v¥),
for some processes H" € L? (X¢) and W" € Gioe(pt), where X€ is the

loc
continuous martingale part of X and p*X the random measure of jumps of X
with compensator vX (for the definitions of L2 _(X¢) and Gioc(1t) see pages
48 and 72 of Jacod and Shiryaev (2003)). Hence, thanks to the Proposition
4.12, which ensures that both the continuous martingale part and the purely
discontinuous martingale part of X remain the same with respect to G, M"

is a G-local martingale and (H") is verified. O

4.3. Conditional Markov property under forward Libor measures.
This subsection is devoted to the study of the conditional Markov property
under different forward Libor measures. To develop a rating based Lévy
Libor model with a migration process which is a canonically constructed
conditional Markov process, we have to know how changes of the forward
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measure affect this process and the immersion property of the associated
enlargement.

Recall that the conditional Markov chain C' is constructed starting with
(Q, F,Pr+) and using the canonical construction. The enlarged probability
space on which C' is defined is denoted by (ﬁ, G, Qr+). Moreover, we denote
by Qr, the forward measure defined on (ﬁ,ng) which is obtained from
Qr+ in the same way as P7, is constructed from P7«. The Radon-Nikodym
derivative of Qr, with respect to Qp+ is therefore

dQr,
dQr-

=: ¢, (31)

where ¢* is a positive, F1,-measurable random variable with expectation 1
(more precisely it is given in equation (9)).

By construction, C satisfies the F-conditional Markov property under the
terminal forward measure Qp+. In the theorem below we show that the
conditional Markov property of C' is preserved under all forward measures

Qn,k=1,...,n—1

Theorem 4.16. Let C be a canonically constructed conditional Markov
chain with respect to Qr« and let Qr,, k = 1,...,n — 1, be the forward
measures given by (31). Then C is a conditional Markov chain with respect
to every Qr,, k=1,...,n—1, i.e.

Eqy, [MC)|Fu vV F] = By, [M(C6)|Fu V o (Cy)], (32)

for all 0 <t < s <u<Ty and any function h : K — R.
Furthermore, the matrices of conditional transition probabilities under
Qr+ and Qr, are the same, i.e.

Q ”
it (ts) = pot (.s), (33)

forall i,j € K and 0 < t < s < Ty, where pgT’“ (t,s) and p%T* (t,s) are
defined by (28).

Proof: Let us fixa k € {1,2,...,n — 1} and establish the conditional Markov
property (32). By assumption C' is a conditional Markov chain under Qp-.
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Therefore, we obtain the following sequence of equalities:
Eq,. [0*h(Cs)| Fu V FF]
Eqr. [wk‘fu \/ftc]
Eq,. [Egy. [W*h(Cs)|Fu vV FE|Fu v FE]
Eqq. [VF|Fu]
Eq,. [M(Cs)Eqy. [*|Fu V FE]|Fu v FE]
Eqr. [WF] Fu]
Eqq. [h(CS)]EQT* [T/’k|fu”fu v ]:tc]
Eqq. [F]Fu]
Eqy. (V¥ FulBgy. [M(Cs)|Fu V FY]
Eq . [¥*|Fu]
= Eq,. [M(Co)|Fu v F{]
EQ . [P(Cs)|Fu V o (Cy)]
= ...same reasoning backwards. ..

= Eqy, [M(Cs)|Fu V o (Ch)],

EQTk [h(Cs)| Fu V]:tc] =

where we have applied the abstract Bayes’ rule for the first equality and the
second one follows from (H3) in Theorem 4.9 (plus the dominated conver-
gence theorem). The third equality is obvious since h(Cy) is F€-measurable,
the fourth one is again a consequence of (H3), and finally, the fifth equality
is the conditional Markov property (25). For the remaining equalities we use
Remark 4.11 and the same reasoning backwards. Thus, we have shown (32).

It remains to prove the second claim in the proposition. From the above
calculation, it is obvious that

Q1. (Cs = j|Fs V o (Cy)) = Qr+(Cs = j|Fs V o (Cr))
and then in particular also
QTk(Cs = j|fs;ct = Z) = QT*(CS = j|fs;ct = i),

on the set {Cy =i}, for all 4,j € K and 0 < ¢t < s < Tg. These are by
definition the transition probabilities under the measures Q7, and Q7+ and
hence, (33) is proved. O

Generally speaking, the immersion property of some filtration enlarge-
ment is not always preserved under an equivalent change of probability
measure. This usually depends on the component of the Radon—Nikodym
density corresponding to the filtration F¢, which has to satisfy some condi-
tions. However, in the case of the forward Libor measures, this component is
trivial since the Radon—Nikodym densities are adapted to F. Thus, it turns
out that the immersion property of the enlargement is indeed preserved
under all forward measures.

Theorem 4.17. Let C be a canonically constructed conditional Markov
chain with respect to Qr+ and let Qr,, k = 1,...,n — 1, be the forward
measures given by (31). Then the immersion property holds under all Qr,,
i.e. every (F, Qg )-local martingale is a (G, Qg )-local martingale.
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Proof: The proof relies on the following result which can be found for example
in Coculescu and Nikeghbali (2007):

Let P and Q be two equivalent probability measures and assume that
the (H)-hypothesis holds under P. Denote

_dQ _dQ ¢ . dQ
w L d]P), ,l/}t T d]P) ]__t7 wt T d]P) gt’
Then hypothesis (H) holds under Q if and only if for every X € Fp-,

X>0
Ep[X¢|G]  Ep[X¢|F]

s B (o

dQr, . S
In our case, j T’j; is Fr,-measurable, which implies 1; = wf’ and hence,

the condition is trivially fulfilled since
Eqr. [X91Gi] = Eqp. [X9|F],

by (H3). Therefore, we conclude that the immersion property is satisfied
under all Q7. O

5. ABSENCE OF ARBITRAGE IN THE RATING BASED LEVY LIBOR MODEL

From arbitrage pricing theory we know that in order to have an arbitrage-

free model, the forward prices of defaultable bonds %C(F"lel“)), where the

default-free bond with maturity 7% is used as a numeraire, must be local
martingales with respect to the forward measure Q7«. When the default-free
bonds with other maturities are used as numeraires, the forward defaultable
bond price processes have to be local martingales with respect to the corre-

sponding forward measures as well. It can be shown that it is enough to re-

Qr,, for every k =1,...,n — 1. To see this, let us fix some k,l € {1,...,n}
and assume that [ > k (the other case is treated similarly). We have

Be(t, Ty) _ Be(t, Ty) B(t,Ty)

B(t,T;) B(t,Ty) B(t,T;)’

quire that is a local martingale with respect to the forward measure

B(t,Tk)> . .
where ( 5O )gcrer, is the density process of the change of measure from

Qr, to Qr; up to a norming constant; compare equation (9). Hence, BOT)

is a Qr;-local martingale if and only if % is a Qr, -local martingale (cf.

Proposition I11.3.8(a) in Jacod and Shiryaev (2003)).

So far we have not specified directly the bond prices in the model, but as
we have already specified the inter-rating spreads H;(-, 1), j =1,..., K—1,
any bond price specification we make must be consistent with relation (5)
connecting the bond prices and the inter-rating spreads. Let us explore the
consequences of this for the bond prices. For a fixed t € [0,T}], we obtain
recursively from (5)

k—1
Bj(thk) o H 1 Bj(t’ Tlo)

Bj_1(t, Tj) 1+ 6, H;(t,T1) | Bj-a(t,T,)’

I=lo
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where Tj, is a tenor date such that ¢ € (Tj,-1,7},]. Consequently, for each
rating 4 it follows

i k—1

Bi(t,Ty,) _ Ba(t,Ty) H B;(t, Ty) H I Bi(t,Ty,)
B(t,Ty) — B(t,Tk) 4 Bi(t, Ti) g 1+6ZH t, 1) ) B(t,T,)

Since every bond price specification must be consistent with the above
relation, we postulate

Assumption (B). For every i € {1,2,..., K — 1}

i k—1

Bl(t,Tk 1 f )\ (S S
S CY ) 34
Bt T, jHlHH&lH(t 1;) (34)

for some integrable, F-adapted stochastic process A;(-) that satisfies

i k—1

Jo* xiteds — TT T (1 + 60H; (T3, ). (35)

j=11=0

It is easily checked that the above specification is indeed consistent and
moreover, % = 1 due to (35). Recall that by assumption H,(t,T;) =
H;(T;,T;), for t > 1.

Under Assumption (B), the forward bond price process IZ,C((TYI; ’“)) is given

by

Bo(t, Ty) K-1 [ i k-1 1
771{ — - /0 s)dsl + 1
- = qc,_

B(t,Ty) ; ]1;[11](:) 1+ 0,H;(t,Ty) {Ce=i} {Ci=K}

K-1 t

= Y H(t, Th,i)eo MO0 +ao, 1io—rys (36)

i=1

where
i k—1
H(¢, T
k! JHUI:[ 1+5ZH .1

In the sequel we are going to provide necessary and sufficient conditions for

the local martingality of the forward defaultable bond price process %.

Let us begin by stating the main result.

Theorem 5.1. Let T, be a tenor date. Assume that the processes H;(-,T},),
j=1,...,K — 1, are given by (15) and that Assumption (B) holds. Then

the process ]%c((T ) defined in (36) is a local martingale with respect to the

forward measure Qr, and the filtration G if and only if the following condi-
tion is satisfied:
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for almost all t < Ty, on the set {Cy # K}

o H(tia Tk7 Ct)

K-1
H(t—, Ty, 5 Jo As(s)ds
+ (1 _ M@= T, e )ds> Aaj (1.

j=1,j#Ct H(t—, Tj,, Cy)elo Ao (s

- B B . Jo Ac, (s)ds
b (t, Tk, Ct) + A, (1) = | 1 ———— | Ao,k (2) (37)

Before proving this theorem, we need some auxiliary results. In the fol-
lowing lemma we deduce the dynamics of the process H(-, T}, ) for each i
under the measure Qr; .

Lemma 5.2. Let T}, be a tenor date and assume that H;(-,T}) are given
by (15). The process H(-, Tk, 1) defined in (36) has the following dynamics
under Qr,

H(t, Ty, ) = H(0, T, 1)

y o1 k—1
x(‘,’t(/bH(s,Tk,i)ds /ZZh] s—, T})\/Csv; (s, Ty)dW T (38)
0 o J=11=1

//(Hl:[ 1+h 5* ﬂ)( (v (s,17), >71))717 1>(MVTk)(dS,dIE)),

0 Rd -

where hj(s,T}) is defined in (18) and

i k—1
V(s, Ty, 1) == —ZZh (s,T7)
7j=11=1
i k—1 k—1
+22hj(s—,:n)<7j(s,:n), 3 E(s—,Tm)csa(s,Tm)>
j=1 =1 m=l+1
i k—1 1
> 5 (hj(s=T1) = hj(s—,Th) IVes; (s, TP
j=1 =1
1 i k—1
]| 323 o= T s, o) | (39)
j=11=1
i k—1 _1
+/ 11 ( (5=, T)) (M) _ 1)) 1
Rd j=11=1
i k—1
+ hj(s—,T1){v;(s, T1), z)
7j=11=1
k—1
m=[+1

Proof: The proof is deferred to the appendix. (|
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Furthermore, we make the following observation: the processes H(-, T}, 1)
and C do not jump simultaneously, i.e. AH(t, Ty, 1)AC: = 0 Qg -a.s. for
t € [0,7%]. This property is a consequence of the canonical construction of C.
A similar result concerning a canonically constructed default time is stated
in Jakubowski and Nieweglowski (2009a, Proposition 2). The proposition
below is a slight generalization since we deal with a series of jump times
and, in addition, require the property to hold under all forward measures

Qr-

Proposition 5.3. Let (Y:)o<i<1+ be an F-adapted semimartingale and (1)
a sequence of random times representing the jump times of a conditional
Markov chain constructed by the canonical construction. Then

Qr, (AY:, #0) =0, neN,
for every forward measure Qr, (1 <k <n).

Proof: See Appendix B. O

Using these results, we are now able to prove the main theorem.

Proof of Theorem 5.1: Recall from Theorem 4.16 that C' is a conditional
Markov chain under every forward measure Qr,, k =1,...,n.

According to Bielecki and Rutkowski (2002, Proposition 11.3.1), for each
1 the process

t
M =1y, / Aei(s)ds (40)
0

is a Qg -martingale.
Moreover, we will make use of an auxiliary process H%, fori,j € K,i # j,
defined in Bielecki and Rutkowski (2002, page 333):

HY = 3 1o, —1l{cu=j)-

O<u<t

This process counts the number of jumps of C' from the state ¢ to the state
j in the time interval [0,¢] and it is known that

t

M7 = H7 — / Aij (W)L, =iy du (41)
0

is a Qg -martingale; see Bielecki and Rutkowski (2002, page 407).

In particular, the process H*¥ is useful for us since it takes the following
values: it equals 1 if and only if C' jumped from ¢ to the default state K
(remember that this state is absorbing) during the time interval [0,¢] and
otherwise it equals zero. Therefore, we can use it to rewrite the defaultable
bond price process in the following way:

K-1
Bo(t,Tp) = > (Bi(t, Te)lic,—iy + a:B(t, Te) Hi™) .
i=1
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The forward defaultable bond price process is then given by

K—-1
Be(t, Ty) Bi(t,Ty.) K
Do\l 2k) Db Tk H
B(t,Tk) ; B(t,T,) "= T
K-1 . '
= Z (H(t, Ty, i)efo Ai(s)dsl{ct:i} + qu§K> .
i=1

Let us calculate its dynamics under Qg and extract the drift part.
For each i = 1,..., K — 1, making use of (41) we have

t
quZK = qthiK + /qi)\iK(u)l{Cu:i}du. (42)
0

Next, we apply the integration by parts formula which yields

t
H(t, Ty, i)eho MO 10,y = /H(u—ka,i)efOu N1 6, (43)
0

t

+ / 1{Cu—:l}d (H(U, Tk; i)efou Az(S)dS) ,
0

since the quadratic covariation process [H(-,Tk,i)efd ’\i(s)ds, 1{0:1-}} van-
ishes. To see this, we remark that for any two semimartingales X, Y the
quadratic covariation is given by [X,Y]; = (XY, + > .., AX;AY;. In
our case the continuous martingale part of 1y —; is zero since this process
has finite variation, and hence the covariation of the two continuous mar-
tingale parts equals zero. As far as the jumps are concerned, this sum is
also zero, since H(-, Ty, 1), which is F-adapted, and 1 {c.=¢} have no common
jumps by virtue of Proposition 5.3 (obviously the indicator process jumps
only when a jump of C' happens and then the claim follows directly from
the proposition).
Using (40) it follows

dlic,—p = M, + A¢,i(u)du. (44)

Furthermore, since elo Xi(s)ds

we obtain

d (H(u,Tk,i)elb“ Ai(s)ds) — H(u—, Ty, d)els M85\, () du

is a continuous process with finite variation,

+ els MO qm(u, Ty, 1), (45)
where

dH(u, Ty, i) = H(u—, Ty, i) (bH(u, Ty, d)du + dM}EI) : (46)

by Lemma 5.2 (we denote by M™ the local martingale part in (38)). Note
that M™ is F-adapted and a local martingale with respect to F, but due to
the immersion property, it remains a local martingale with respect to the
enlarged filtration G as well (see Theorem 4.17).
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Consequently, combining (42), (43), (44), (45) and (4

6) we obtain

K-1 1
BC’(t Tk) . Y ;
ZC\B TR H(u—. T, J i(s)ds g p i
B(t,Tk) ; / (U ; k;l)e 0 u
K-1 .
+ H(u—,Tk,i)efo )‘i(s)ds)\cui(u)du
=1
K—-1
+ 1o,y H(u—, Tj,, i)elo M4 ) (u)du
=1

+

1o, —iyelo MEOCH (u—, Ty, 0)0™ (u, Ty, i) du

~.
—

=

=
|
S O | O o~

_l’_

Licu =l

.

(O (y— Ty, 1) dME
1

=

B t
+ qi MIK + /q zK 1{C —z}du
1 19

7

K-1

7

The drift part, denoted by D(t,T}), is therefore given by

t
pt.7) = [
0

K-1

t
+/ e, —iyH(u —, T, i)elo Au()ds (Ai(u) + " (u, Ty, 7)
0 =1

K-1

ZHU,— Tk, 1) efo)‘(Sds)\ Li(u)du
=1

=

-1

1
+ qidix (u T du
qiNir ( )H(u—,Tk,i)é’fO )\i(s)ds>

H(u—, Ty, i)eﬁ Ail9)ds \ o () du

o _

1

.
Il

t
+/ 1o, i H(u 7Tk70u)€f0u Aoy (s)ds ()\Cu (u) + b (u, Ty, Cy)
0

1
+ qc e,k (u — du,
CuACy K ( )H(u—,Tk,Cu)e-IO )\Cu(s)ds>
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since H(u, Ty, 7) > 0, for every j € K\ {K}. We have

Kz‘l H(u—, Ty, i)elo Xi(=)ds
H

(U_, Tk; Cu)@/(? >\Cu (S)ds )\C”Z (U)

i=1
Kz_:l H(u—, Ty, i)elo Ai(s)ds
B H

(u_7 Tk7 Cu)ejou Acu(s)

LA (W) + Ac,c, (1)
i=1,i£Cy,

K-1 . W
H(u_aTkvl)ejO Ai(s)ds
= E = — 1| Ac,i(u) — Ao,k (u),

e (H(u—,Tk,Cu)efo Ac, (5)ds (u) K (u)

where we have used the property \j;(u) = — Zfil i+ Aji(u) that holds for
every row of the intensity matrix A. Hence, we obtain

t
D(t,Ty) = /1{Cu7£K}H(U—7 Ty, Cu)efou Acy, (s)ds
0

X ()\Cu (u) + bH(u, Tk, Cy)

1
H(u—, Ty, Cu)efou Aoy (s)ds

K-—1 .

H(U_7Tk,i)ejo Ai(s)ds

’ Z (H(u— Ty, C )efou)\cu(s)ds -1 /\Cui(u)
i=1,i#£Cy Ty, Cly

+ qc, Ac,k (u)

—/\cuK(u)> du.

Now the proof is finished since condition (37) implies that the drift term
D(-, T) vanishes and thus, BBC((TY; ’“)) is a Qg -local martingale. Conversely, if

%C(%%) is a Qr, -local martingale, then its drift term D(-,T}) (i.e. the pre-

dictable process with finite variation in its semimartingale decomposition)
vanishes, which implies that on the set {C,, # K}

b (u, Ty, Cu) + Ac, (u) = (1 —qc M Ao,k (w)
T “ “H(u—, T, Cy) “

K-1 . Uy
H(u—, Ty, elo Ai(s)ds

j=1,j#Cu H(u—, Ty, Cy)elo Aouls)ds

for almost all u € [0, Ty], which is exactly condition (37). O

Remark 5.4. Condition (37) which we have just established can be com-
pared with the HJM drift condition given in Jakubowski and Nieweglowski
(2009a, Theorem 5) and with the consistency conditions in the defaultable
HJM models by Bielecki and Rutkowski (2000) and Eberlein and Ozkan
(2003). The latter two papers treat these conditions as conditions on the
intensity matrix A, and thus in general obtain different migration processes
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for different maturities (see the discussion in Bielecki and Rutkowski (2002,
page 407)). In our Libor modeling framework we want the migration process
to be the same for different maturities in order to exploit formula (2) for the
defaultable Libor rates. Therefore, our condition is treated as a drift condi-
tion on b (-, Ty), for j =1,...,i, 1 =1,...,k — 1 (recall that b" (-, Ty, 1) is
given by (39)). The drift terms b (-,T}) are then obtained as solutions of
the given SDEs and Assumption (SUP) is needed for the existence of the so-
lution (see Eberlein, Kluge, and Schénbucher (2006) for a detailed discussion
of the case with no credit migration).

6. VALUATION OF CREDIT DERIVATIVES

The purpose of this section is to illustrate the valuation of credit deriva-
tives in the model. By the term credit derivative we mean a derivative linked
to some credit risk sensitive underlying asset. Thus the only credit risk in-
volved in such a contract is the risk related to the underlying asset, while the
counterparty risk (i.e. the risk that one of the parties in the contract might
default) is considered negligible. Very often this underlying asset is a default-
able corporate bond. Therefore, we begin by calculating the arbitrage-free
price Bo(t,Ty), t < Tk, of a defaultable bond with fractional recovery ¢ in
the rating based Lévy Libor model.

Proposition 6.1. The price at time t < T of a defaultable bond with
maturity Ty, and fractional recovery q is given by

K-1

Bo(t, Ti)liczxy = B Th) D Lici—iy | By, [1 — pirc (t, Tk) | Fi] (47)
=1
= Eop Lr<ny Le=n 1o, =417
+ )
st Eqy, [1{c,=i} 1]
or equivalently, by
K—-1
Bo(t, Ti)lic,zxy = B(t,Te) Y ici—iy (48)
i=1

s K-1Rq,, [1{Ct=i,CTk=K}1{07*:j}(qj - 1)\}}}]

= Eor, [L1ic,=iy| 7]
Proof: The promised payoff of such a bond at maturity time T} equals
Bo(Tk, Tr) = Yy, £k} + Yop, =K}4C -

Using the risk-neutral valuation formula, its time-t value is given as the
conditional expectation with respect to the forward measure Q7

Bo(t, Tk) = B(t, Ti)Eqq, [L{cr, 2K} + Lior, =K}40.-191]

= B(, 1) (Bor, [Lcy, 211G + Ba, 1oy, —ya0._1G1])
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Therefore,
Bo(t, Ti) 1,2k = B(t,Tk) (E@Tk [Licn, £K11G1] (49)

By, Lozl =Kk140,— IgtD ,

since 1{Ct?§K}1{CTk7gK} = 1{0Tk7gK} for ¢t < T}, because K is an absorbing
state.

Using the conditional Markov property of C' (equation (24)), for the first
summand in (49) we get

Eor, [Lior, #3119 = Eor, Lop, 263 Fe V 0 (C)]

= Eqy, [0, £K) L{o=i) [ FE] |
Eqr, [Lici=iy|F] ta=n

! Eqq, [(1- Loy, =) ci=iy | Fi] A
: Eqy, [1{c,=i} | F] te=

where we have applied Lemma 4.2 to obtain the second equality and the
third one is obvious. On the set {C; =i} we have

Eor, [Mon—rylie=n 7] _ . Eqr, [Y{or, =x) (0=} |/T] e
Eqy, 1{c,=i} | Ft] T Eqy, 1{c=i | Fn]
= Eqq, [pir (¢, Tk)|F4], (50)

where the first equality follows from Proposition 4.8 and the chain rule
for conditional expectations and the second one is simply the definition of
conditional transition probabilities (Definition 4.5). Therefore, we obtain
K-1
Eqy, [Licr #1319 = D By [1=pirc (t, To) [ FilLic,—iy- (51)
i=1

The second summand in (49) is given by

Eqr, [Lic,2x11{Cr =K} dC,-1Gt]

= EQTk [1{ct;éK}1{ch:K}ch, |Fi Vo (Cy)]

- EQTk [1{Ct=i}1{CTk=K}QCrf | Ft]

= lic,=; (52)
; ]EQTk [1{Ct:i}‘}—t} {Ci=i}
& Eop, Mrer<nyLic=ipdo. | 7] )
- Cy=i
i=1 EQTk [1{Ct:i}’ft] {Ce=0)
_ K-1K-1 Eqr, Mirer<my Yo=Y, =1 451 Fi o
i=1 j=1 Eqr, [L{o=| 7] {e=p

where the second equality follows again by Proposition 4.8 and the subse-
quent equalities are obvious when we note that

Yioi=iy Yo =y = Lu<r<ny L{ci=i}-
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The first equality in (52) still has to be justified. Recall that by the condi-
tional Markov property

Eqr, [14l9:] = Eq, [1a]F: V o (C)], (53)

for every A € o(C,) with u € [t,T}]. We show that (53) holds for every
Ae fETM where ﬂCTk = Vi<u<r, 0(Cu). The proof follows by a monotone
class argument. More precisely, property (53) can be proved for the generator
of ngk, which consists of the finite intersections of the sets from o(C,,),u €
[t,Tk]. In addition, the family A of the sets A satisfying (53) is a monotone
class.

Property (53) can be extended to bounded Fng—measurable random vari-
ables X:

Eqq, [X1Gi] = Eqq, [X[F: V o (Cy)]. (54)

Now we just have to note that the random variable 1;¢,—;1 {Cr, =K}4C,—

is fETk—measurable, then use (54) and we have established (52).
Finally, combining (51) and (52) we get (47). The second equality (48)
follows by inserting (50) into (47). O

Let us consider now the valuation of a credit default swap. It is a financial
contract offering protection against default of an underlying asset. The pro-
tection buyer A periodically pays a fixed amount S, called the credit swap
premium (or the credit swap rate), to the protection seller B until default of
the underlying asset or the maturity date of the contract, whichever comes
first. The protection seller agrees in turn to make a payment that covers
the loss of A if default occurs. The underlying asset is issued by some third
party C' and both counterparties A and B are assumed to be risk-free.

Here we consider a defaultable bond with maturity date T}, (where T), is
one of the tenor dates) and fractional recovery of treasury value ¢ as the un-
derlying asset and assume the following fee payment scheme: the protection
buyer pays a fixed amount S periodically at tenor dates 71, ..., T;,—1 until
default of the underlying bond. The protection seller is obliged to make a
payment that covers the loss if default happens, i.e. the amount

1—gqc,
has to be paid at Ty if default occurs in (Tj, Tg+1]-

Proposition 6.2. The swap rate S for the credit default swap described
above is given by

K—
B ZZL:Q B(Oa Tk) Zj:ll EQTk [(1 - qj)l{Tk—l<7—§Tkvc7'7:j}]

S

: (55)

where © denotes the rating class observed at time 0.
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Proof: The value of the premium leg at any time point ¢ < 7} is given by

m—1
Z SB(tv Tk)EQTk [1{T>Tk}|gt]
k=1
m—1 K-1
= B(t,Ti) > Boy, 1= puc(t, Ti) | Fil e, -y,
k=1 =1

where we have used formula (51).
The value of the default leg at ¢ < T} is given by

Z B(t7 Tk)E@Tk [(]‘ - qCT— )1{Tk_1<T§Tk} |gt]7
k=2

and similarly to the proof of Proposition 6.1, we have

Eqr, [(1 —qc,_ )1{Tk 1<T<Tk}\gt]

Z 1 Z EQT qj)l{Tk71<T§TkycT—:j}1{075:[}‘ft]
o=t ]EQTk [l{ct=l}|ft] '

The swap rate S is by definition the rate that makes the value of the credit
default swap at time 0 equal to zero. The value of the premium leg at time
0 is given by
m—1K—1
S Z Z B(O? Tk>EQTk [1 - le(07 Tk)]l{Co:l}7
k=1 I=1
and the value of the default leg at time 0 equals

B [(1— )1 <r<m o=y Lco=)]
ZB 0,T%) Z Lico=1 Z ]EQTk [1{00:1}] ‘

By assumption the observed rating class at time 0 is ¢. Hence, E@Tk 1 {CO:Z}] =
1 and we obtain the swap rate S by solving

m—1
S B(0, Ti)Eqy, [1 - pi (0, Ty)]
k=1
m K-1
Z (0, Tk) Z EQTk (1 - q]')l{Tk71<TSTk7CT—:j}]’
k=2 j=1
which produces (55). u

The rating based Lévy Libor model is particularly useful for pricing of
interest rate derivatives such as forward rate agreements (FRAs), interest
rate swaps and caps and floors, where the underlying interest rate is the
defaultable forward Libor rate.

We begin by introducing a new set of probability measures which repre-
sent the defaultable counterparts of forward measures and are convenient
tools for pricing of these derivatives. Such a concept was first introduced
by Schénbucher (2000) and further explored for credit derivative valuation
in Eberlein, Kluge, and Schénbucher (2006). The novelty in our definition
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below is credit migration and non-zero recovery of the defaultable bond.
Due to the non-zero recovery assumption our defaultable measures are not
survival measures, as in the aforementioned papers.

Definition 6.3. The defaultable forward measure Qc 1, for the settlement
date T}, is defined on (€2, Gr,) by

dQC,Tk o B(07 Tk)
dQr, Bc(0,Ty)

BTy, Ty).

This corresponds to the choice of Bo(-, 7)) as a numeraire (remember
that Bo(+,T) is a strictly positive process as long as the recovery rate ¢ is
not zero, and thus a valid choice for a numeraire).

Restricted to the o-field G; the defaultable forward measure becomes

dQcr, | _ B(0,Tk) Be(t, Tk)
dQr, o Bc(0,Ty) B(t,Ty) ’

(56)

Be(5Tk)
B(’Tk)

It can be easily proved that the defaultable forward Libor rate Lo (-, T) is
a martingale under the corresponding defaultable forward measure Q¢ 7., »
just as the default-free forward Libor rates are martingales under their own
forward measures (cf. Proposition 3.19 in Grbac (2010)).

Therefore, we are able to calculate the prices of the aforementioned de-
faultable forward Libor rate derivatives as conditional expectations with
respect to the defaultable forward measures. More precisely, we have the
following result providing a valuation formula for a defaultable contingent
claim with a promised G, -measurable payoff Y at maturity 7}, and fractional
recovery of treasury value ¢ upon default. It generalizes Proposition 15.2.3
in Bielecki and Rutkowski (2002) and Proposition 7 in Eberlein, Kluge, and
Schonbucher (2006), where models without credit migration were consid-
ered.

since

is a Qr, -martingale.

Proposition 6.4. Let Y be a promised Gr, -measurable payoff at maturity
Ty of a defaultable contingent claim with fractional recovery q upon default
and assume that Y is integrable with respect to Qr,. The time-t value of
such a claim is given by

m(Y) = Be(t, Tr)Eqe, 1, [YG]-
Proof: The payoff at maturity T}, of the given defaultable claim equals
Yoy, 2iy + 40, Y iy, =k} = Y Be(Tk, Tk),

and, using the risk-neutral valuation formula under the forward measure
Qr,,, its time-t value is given by

m(Y) = B(t, Ti)Eqy, [Y Bo(Th Th) |1
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Recalling Definition 6.3 of the defaultable forward measure Q¢ 7, and ap-
plying the abstract Bays’ rule we obtain
Ege. r, [V Bo(Th, T) gy 5G]

m(Y) = B(t, Ty) Be T 1)

(T, Th)
QCTk[BC i1 9t]

Bo(t, Tk)
WEQC,T]C Y16

= Bc(t, Tk)EQC,Tk [Y|gt]

= B(tv Tk)

O

Example 6.5 (Defaultable Libor rate caps and floors). Recall that
an interest rate cap (resp. floor) is a financial contract in which the buyer
receives payments at the end of each period in which the interest rate exceeds
(resp. falls below) a mutually agreed level called the strike. The payment
that the seller has to make covers exactly the difference between the strike
and the interest rate at the end of each period (settlement in arrears). Every
cap (resp. floor) is a series of caplets (resp. floorlets), each of which is a call
(resp. put) option on the subsequent forward rate.

Suppose that we want to price a cap on the defaultable forward Li-
bor rate. The payoff of a caplet with strike K and maturity 7T} is given
by Bo(Tyi1, Tiy1)(Lo(Ty, Tx) — K)* (this corresponds to the settlement
scheme which assumes the reduction of the principal value of the contract in
case of default that we adopted at the beginning of the paper; see comments
before equation (2) and Bielecki and Rutkowski (2002, Section 14.1.4, page
431)). Then the time-t price of the caplet is given by

Co(Ti, K) = 0y Bc(t, Ti1)Boe r,, [(Le(Tk, Th) — K)7|Gl]

and the price of the defaultable forward Libor rate cap at time t < 717 is
given as a sum

Ct(K) = Z 6k—1BC(t’ T/ﬂ)EQC,Tk [(LC(Tk—l’ Tk—l) - K)+|gt]
k=1

APPENDIX A

Assume that a complete stochastic basis (€, G, (Gt)o<t<r+, Qr~) is given and all
processes we consider are defined on this basis.

Lemma A.1. Let U be a real-valued special semimartingale such that Uy = 0 with
canonical representation given by

U=U+zx(u’ —vY)+ A,

where U° is the continuous martingale part, ¥ is the random measure of jumps of
U with compensator vY and A is the predictable, finite-variation process.

Put Vy := Vyexp Uy and let § > 0 be a real number. Define two semimartingales
Z' and Z? by setting

(A1) Z} =148V =1+ 6VoexpUy, t >0
(A2) 72 .= %(V} —-1) = %(VoeXpUt —-1), t>0.
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In (A2) we impose an additional assumption that V,V_ > 1 to ensure that Z? is
positive. Then

Zi = Zexp ((vl U+ 1In (L4 0 (" — 1)) * (Y —vY) + (v - A),
+(E W = (L)) (U U+ [In (140" (" — 1)) — v a] = z/tU),
where i = 1,2 and

1 ¢ 2 t
= = =0 t>0.
Uy 1 W’ Uy ‘/.t 17 =

Proof: The statement for the semimartingale Z' can be found in Eberlein, Grbac,
and Schmidt (2010, Lemma A.1) and the result for Z?2 follows similarly. A detailed
proof is given in Grbac (2010, Lemma 1.10). O

Lemma A.2. Consider a stochastic basis (Q, F,(Ft)o<i<r+,P) and denote by W
a standard d-dimensional Brownian motion and by p the random measure of jumps
of some semimartingale with compensator v(ds,dz) = Fs(dx)ds. Fiz an m € N
and let VE, k=1,...,m, be given by

VF = %kexp</tbk( )ds+/ s)dW, +//S’“ s,2) (0 — v)(ds, dz))

0 0 R4

for some o* € L(W) and S* € Goe(). Further let 8 > 0 be real numbers, for
k=1,...,m. Then

m t t
M 1 1 m m
1+ 6,V (II 1+ 6, k;) /Zak(s)dS—/ oY ¥ (s)dW
t + 0V
0

k=1 0 k=1 k=1
m k

//1HH (14 0k (0 1)) (= v)(ds,dz) | |

0 Rd
where

o 0KV
S 146, VE

and

+/ (ln (1 + vf_(esk(s’w) - 1)) - vf_Sk(s,x)) F(dx).

Proof: One has to apply Lemma A.1 to each process 1+ 6, V* and then to calculate
the product of exponentials. O

Proof of Theorem 3.1: Part (a) is a direct consequence of relation (6) and specifi-
cation (15) for H,(-,Ty), which ensures that H;(-,T}) > 0.

Let us now prove part (b) and calculate the dynamics of L;(-, T}). We make use
of the representation (6) and rely on Lemma A.1 and the connection between the
ordinary and the stochastic exponential of a semimartingale given in Kallsen and
Shiryaev (2002, Lemma 2.6).
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Firstly, for the Libor rate L(-,T}) given in (7), we apply Lemma A.1 to Z} =
1+ 0, L(t, T)) and the special semimartingale

t

t
U, - / b (s, Ti)ds + / Vo (s, T)dWTkn
0

0
*/t [t T - v s, )

0 R4

to obtain
14 0k L(t, Tx) = (1+ 6, L(0,T})) (57)

¢ ¢
X exXp (/ a®(s,Ty)ds +/€(s—,Tk) cs0 (s, Ty, )dW T
0

0
t
- / In (14 £(s=, )T — 1)) (= 1T ) (ds, dx)) ’

0 R4

where the drift term is

a®(s,Ty) = L(s—,Tp,)b" (s, Ty)
45 (s, i) — s—, T [ Veso (s, Ti)
+ / (10 (1+ €=, T (el T - 1))
R{i

~U(s=, Ty)(o(s, Ty), ) ) T (da)
= — s TP Ve (s, TP
+/ (ln (1 + U(s—, Ty, (el (= Tr)m) _ 1))
Rd

(s, Ty) (el T0) - 1)) FT (da), (58)

with £(s,Ty) defined in (14). Inserting (8) for b” (s, T}) yields the second equality.
Similarly, for H;(-,Ty), j =1,...,%, we have

L+ 0pHj(t, Ti) = (14 0,H;(0,T}))
t

t
X exp /aHj(s,Tk)ds —|—/hj(s—,Tk)\/avj(s,Tk)dWsT’““

0
t
+//ln (1 + hj(s—, Tp) (e TR 1))(u — v (ds, dx) |

0 R4
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with the drift term

(hj(s=,Tk) = hj(s—, T)?) /s (s, i) 1P

+/ (m (1—!—hj(s—,Tk)(eW(s’T’“)’x) - 1))

Rd
—hj(s=, T (335, Th), ) ) FT+ (d). (59)

Multiplying these two expressions we get

L+ 0, Li(t, T) = (1+ 0, L(t, Ty)) [T (1 + 01 H; (8, T))

j=1

el +5kL-(o Tp))

X exp / (s,Tk) +Za i(s Tk))d

0 J=1

t
/\/cj (s—, Ti)o (s, Ti) +Zh T (s, ) ) AW i

//m( 1+1zs— Tp)(efo(e:T)e) ))

0 R4

. .H (1 + hy(s—, Tp) (e 5 T0) — 1>)> (1 — v"+1)(ds, de)
= (14 6xL;(0,Ty))

X exp </ (aL(s,Tk) + i:aHj(s,Tk))ds

0 j=1

t
+/&-(s—,Tk)\/aai(s,Tk)dW;‘Fk“
0

*/t / lnﬁz—(s,x,mw—v““““ds’dw))’

0 R4

with o;(s,T)) given in (17) and (s, z,T)) in (20).
To establish (16), another application of Lemma A.1 is needed, this time to the
semimartingale Z? = L;(t,T)) with V; = 1 + §xL;(t, Tx) and
t i t
= / (aL(s,Tk) + ZaHj (S,Tk))ds + /&(s—,Tk)\/aoi(s,Tk)dWsT’““

0 J=1 0

+//hﬂﬁi(sw,Tk)m—VTk“)(dSadw)-

0 R4
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The process v? from Lemma A.1 equals

1+ 0kLi(s,Tx) _
2 _ 2 T ERPA TR p-lg T
US 6kLi(8’Tk) 3 (87 k’)’

where ¢;(s,T}) is defined in (19). Thus, it follows

t

L;(t,Ty) = L;(0,Ty) exp /bL"'(s,Tk)ds—F/\/aai(s,Tk)dWsT’““
0

[ (1 s T s, 2T — 1) (0 ) (ds o) |

0 R4

which is exactly (16). A tedious calculation, carried out by making use of Lemma
A.1 and inserting (58) for a’(s,T}) and (59) for a'li(s, T}), yields the drift term
bri(s, Ty,) given in (21). O

Proof of Lemma 5.2: Let us fix arating j € {1,...,i} and foreveryl = 1,2,...,k—1
express the dynamics of H;(-,T;) under the measure Qp,. Recall that

wh = wh — /f( Z l(u Yo (u, T, )) du

m=Il+1

and
k—1
vTi+1(ds, dz) H B(s,z, Ty ) v (ds, dx) H B(s,x, Tp)FI*(dz)ds,
m=Il+1 m=Il+1

with ((s,z, Ty,) defined in (13). Therefore, equation (15) becomes

H;(t,T;) = H;(0,T}) exp /ij(s,Tl,Tk)ds—l—/\/a'yj(s,Tl)dWST’“
0

t

+ [ [ois - @sdn |, )
0 Rd
where

ij(s,Tl,Tk) = bH-"(s,Tl) — <7j s, Ty), Z L(s U(S,Tm)>

m=Il+1

k—1 ’
/(fyj(sTl ( H ﬁsxT)—l)FT’*(d:E)

m=Il+1

Rd



38 ERNST EBERLEIN AND ZORANA GRBAC

An application of Lemma A.2 to the processes H;(-,T}) given by (60), for j =1,...,4
and [ =1,...,k — 1, yields

i k—1

H(t, T, 7) HH1+61H (t, 1))
7=11=0
Loy k-1
= H(0, Tk, exp( /ZZaHJ (s, 17, Tx)d
Jj=11=1
Lo k-1
= [0S byt Ty (s Taw
o =1 i=1
i k—1
//nHH L (5=, T (el T0) 1)) <u—ka><ds,dx>>
0 Rd Jj=11=1

with h;(s,T;) defined in (18) and

(hy(s=,T0) = hy(s=, 1)) [V/es; (s, T I?
—I—/ (111 (1 + hj(s—, Tp) (e (T 1))

_hJ(S_7n)<FYJ(37E)7x>>F;Tk (dl‘)

Finally, we express the ordinary exponential as the stochastic exponential, which
yields

H(t, Ty, 1) = H(0, Ty, 1)
i k—1

E(/b (s, Ty, 1) ds—/ hj(s—, Ti)\/csv; (s, Ty)dWI*
0

j=11=1

//(Uﬁ 1+h (s—, T)) (el (=T} _ ))1_1>(M—UT"‘)(ds,dx)>,

0 Re M=

where bi(s, Ty, i) is given in (39) and obtained by plugging in the expressions for

Hi (s, Tl,Tk) nd b (s, Ty, Ty,). O
APPENDIX B

Proof of Proposition 5.3: Let us fix an arbitrary jump time of Y and denote it by
&. Recall that for the jump times of a canonically constructed conditional Markov
chain we have

n
= Zm,
i=1

where

Ti—1+t
. I e, .o d
7; = inf {t >(0:e' it Cimg €y (W)Y < Ul,i} )
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for an F-adapted matrix of stochastic intensities A and a sequence of random vari-
ables (U ;) that are uniformly distributed on [0, 1] and mutually independent. More-
over, they are independent from F by construction.

We claim that

Qr«(mn =€) =0, n € N. (61)

For n = 1 we have
M (w)du s rada
@T*(Tl = é-) = QT*(’I’M :g) = @T* <6JO Aco,CD( )d _ ejo )\coyco( ) )
= QT* (Ul,l = e.fog Aﬁo,ﬁo(u)du) —0,

which follows by a simple calculation since U; ; is an absolutely continuous random

variable independent from the F¢-measurable random variable el o gy (WAt Thig
result also follows directly from Proposition 2 in Jakubowski and Nieweglowski
(2009a).

For n > 2 we show the claim by writing

n—1

< = = u
QT* (Tn = 5) = QT* (nn = g - E 771) = QT* (Ul,n = 6'[7"_1 AC“’fl'c"*I( )du)
=1

3 P _
and noting that Uy ,, is independent from 1T ()

construction of C.

Since Y is a semimartingale, its trajectories are cadlag functions on [0,7*] and
therefore the set of all jump times of Y is at most countable. Denote these jump
times by &, m € N. Then it easily follows that for every n € N

d .
* due to the canonical

(o]
QT* (AYTn 7& O) == QT* U {Tn == fm} S Z QT* (Tn - gm) - 07
m>1 m=1
by the claim which we proved above.
Finally, since every forward measure Qr, is equivalent to the terminal forward
measure Qp«, we get

Qr, (AY,, #0)=0, n € N.
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