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Abstract

In this paper we present a model for the dynamic evolution of the term struc-
ture of default-free and defaultable interest rates. The model is set in the Libor
market model framework but in contrast to the classical diffusion-driven setup,
its dynamics are driven by a time-inhomogeneous Lévy process which allows us
to better capture the real-world dynamics of credit spreads. We present nec-
essary and sufficient conditions for absence of arbitrage in the dynamics of the
spreads, and provide pricing formulae for defaultable bonds, credit default swaps
and options on credit default swaps in this setup.

1 Introduction

The market for credit-related financial instruments and credit derivatives has grown
significantly in recent years. In particular, for a large number of reference obligors
there exist liquid markets for credit default swaps (CDS) of different maturities which
allow the construction of a term structure of credit spreads.

In this paper we present a framework for the modelling of the dynamic evolution
of such a full term structure of credit spreads, jointly with the dynamics of a full term
structure of forward interest rates. The framework is inspired by the famous Libor
market models by Miltersen, Sandmann and Sondermann (1997), Brace, Gatarek, and
Musiela (1997), and Jamshidian (1997) for the default-free case and in particular by
its defaultable extension presented in Schonbucher (1999).

For various reasons we believe that an accurate representation of the term struc-
ture of credit spreads and their dynamics will become increasingly more important
for credit risk models in the near future. First, the market for credit default swaps
is moving in this direction: Besides the 5-year point which is still the most liquid
reference maturity, for many reference entities there is liquid trading on the standard
maturities of 1,3,5,7 and 10 years, and many brokers also quote CDS spreads for all
maturities between 1 and 10 years. Secondly, this increase in liquidity is driven by
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the fact that the credit risk of a reference entity may indeed vary significantly when
viewed over different time horizons, also under “objective” probabilities: There exists
a variety of typical shapes for the term structure of credit spreads for obligors of dif-
ferent risk classes e.g. upward-sloping spreads for high quality credits and downward
sloping ones for low credit quality. Additional variations in the shape of the term
structure of credit risk may also be caused by obligor-specific circumstances e.g. the
maturity of a large fraction of outstanding debt around a particular date. Further-
more, the information about the term structure of credit risk of an obligor is also of
importance for the pricing of certain credit-related instruments, for example credit
commitments, lines of credit or options on credit protection. And finally, a new class
of credit derivatives has recently gained popularity, the so-called constant-maturity
credit default swaps which are directly related to the shape of the term structure of
credit spreads.

Similar points can be made for the ability to capture joint dynamics of interest
rates and credit spreads, in particular given the increasing liquidity of CDS markets
and the emergence of interest rate/credit hybrid derivatives.

While the default mechanism of the model presented in this paper is still an
intensity-based model, it allows a direct specification of a full initial term structure
of interest rates and credit spreads and of their dynamics, based upon CDS quotes
and the pricing formulae given in section 6. This has obvious advantages in terms
of calibration and specification of the model, as in purely intensity-based models,
the calibration is usually much more involved. This advantage becomes even more
compelling in a Lévy-driven framework.

The main contribution of this paper is the combination of the Libor market model
based discrete-tenor setup with dynamics of the default-free and defaultable term
structures that are driven by a much more general stochastic process than the standard
Brownian motion which is used in Schonbucher (1999) (and almost all other models of
spread-dynamics): a process with independent increments and absolutely continuous
characteristics (PIIAC), also known as a time-inhomogeneous Lévy process.

As in the case of default-free interest rates, the main advantage of a discrete-tenor
setup is a major increase in flexibility in terms of the specification of the volatility
functions; in particular, a specification of lognormal dynamics is possible without
endangering the existence of solutions of the stochastic differential equations governing
the evolution of the term structure of interest rates. This advantage translates directly
into the credit risk domain and distinguishes our approach from Schénbucher (1998),
Bielecki and Rutkowski (2000), and Eberlein and Ozkan (2003).

Diffusion-based models may be roughly adequate for models of default-free in-
terest rates, although even in this case there is much evidence in favor of using
Lévy processes. Yet in the credit risk area the arguments for models with jumps
are even stronger: First, empirical evidence suggests that credit spreads (and by ex-
tension default hazard rates) have features which may be better captured by a process
which exhibits jumps in its paths. For example the volatility of spreads is very high
(Schonbucher (2004) finds values between 50 and 80% p.a.), and the dependence of
volatilities on the level of spreads seems to be very high, too (Schénbucher (2004)
finds an “volatility exponent” of around 1.5). Both phenomena can be explained well
by introducing jumps in spreads, rather than bending a diffusion-based model to the
data. Furthermore, there are good fundamental reasons for including jumps in the dy-



namics of credit spreads: Credit risk-related information often arrives in big “lumps”,
e.g. rating adjustments, statements on the financial health of the firm, or surprising
credit events in related firms may all cause large, discontinuous changes in the proba-
bilities of survival of the affected obligors. Finally, there is evidence (e.g. Mortensen
(2005)) that it is not possible to build a multivariate intensity model with realistic
levels of default dependence unless one introduces jumps in the intensity processes
of the obligors: Purely diffusion-driven intensity models usually do not exhibit levels
of dependence that are high enough to reproduce current market prices of portfolio
credit derivatives.

All these reasons lead us to believe that the introduction of a time-inhomogeneous
Lévy process as driving process is a significant step towards making the dynamics of
the model more realistic. The class of time-inhomogeneous Lévy processes is a very
rich class of processes with a wide variety of possible patterns of behavior, including
(amongst others) Brownian motions, Poisson jump processes (with very general jump
size distributions), “classical” Lévy processes with infinite activity, e.g. generalized
hyperbolic Lévy processes, and linear combinations of these. Most of the key results
of this paper do not even depend on the defining properties of a PITAC, the proofs
given are directly transferable to a model driven by a general semimartingale (subject
to certain regularity conditions). However, with a view towards implementation, we
stick to the class of time-inhomogeneous Lévy processes.

In credit risk modelling, Lévy processes have so far found successful applications
mostly in the area of firm’s value based models. Cariboni and Schoutens (2004),
and Hilberink and Rogers (2002) consider single-name firm’s value based models and
by introducing Lévy processes are able to solve the “short-term spread problem”
that diffusion-based firm’s value models usually suffer from. By construction, the
dynamics of the term structure of credit spreads in these models exhibits Lévy jumps.
The approach taken in our paper is very different from these papers as we do not try
to explain the reason of the default (using the firm’s value) but only want to describe
the term structure of default risk and its evolution. This gives us more flexibility in
the specification of the term structure of default risk and its dynamics but at the cost
of losing the intuitive appeal and the link to equity prices that firm’s value models
have. Furthermore, we would like to mention Joshi and Stacey (2005) who present
an interesting way to use the Gamma process in intensity-based portfolio default risk
modelling, leading to a multivariate intensity model with joint default events.

By now, the literature on the default-free Libor market models has grown too
large to be surveyed here. Besides the original papers mentioned above, we there-
fore only refer to Eberlein and Ozkan (2005) who first introduced a Libor market
model driven by a Lévy process. The literature on the defaultable version of the
Libor market model has also grown. Brigo (2004) presents a defaultable version of
the Libor market model which is based upon a slightly different representation of the
term structure of defaultable assets using forward CDS contracts. This model has
the advantage of allowing for cleaner pricing of CDS, but the disadvantage that the
prices of defaultable zero coupon bonds are not obtainable in closed-form any more.
Schonbucher (2004) presents and extends the survival-measure pricing technique in-
troduced in Schonbucher (1999) and discusses its application to the pricing of options
on CDS, and also presents empirical results on the dynamics of CDS spreads. Jumps
in the dynamics of default intensities are usually modelled using exponentially affine



models, the idea goes back to Duffie and Garleanu (2001) and was used frequently
afterwards. Yet these models are models of the spot intensity, so they do not attempt
to model a full term structure of defaultable bond prices as we do here. Furthermore,
in our specification we allow for much more general jump processes than the class of
affine processes.

The rest of the paper is structured as follows: We begin with a brief introduction
of the variables defining the defaultable and default-free term structures of interest
rates and a short description of the driving time-inhomogeneous Lévy process. Then,
in section 2, the main assumptions regarding the dynamics of forward Libor rates
and default-risk factors are presented. In particular, we quickly recall the setup and
results of the default-free Lévy Libor model according to Eberlein and Ozkan (2005)
and then state the setup of the dynamic model for a “candidate system” of discrete
default hazard rates H (-, T}).

In the next step, we must ensure that the dynamics of the modelled discrete
default hazard rates H(-,T};) coincide with the evolution of the actual H(-,T}) de-
rived from the real probabilities of default. In section 3 we show by construction
the existence of a default arrival process which is consistent with these dynamics,
provided that the discrete default hazard rates satisfy a martingale/drift restriction
under the corresponding forward measures. By explicitly constructing a default time
via an extension of the probability space we are furthermore able to cleanly identify a
“background”-filtration which includes no information about default itself but which
will yield the full market-filtration when it is combined with the filtration generated
by the default arrival process.

Section 4 treats the most important tool in the analysis of defaultable Libor market
models: the survival measures or defaultable forward measures: We introduce two ver-
sions of these measures: an unrestricted version (the survival measure of Schénbucher
(1999)) and the restriction of this measure to the background filtration (as it is used
in Bielecki and Rutkowski (2002)). We derive the Radon-Nikodym densities of these
measures with respect to their default-free counterparts and with respect to mea-
sures at different time horizons and show how these measures can be used to price
survival-contingent payoffs.

The pricing of default-contingent payoffs, i.e. payoffs that are paid at the time of
default, is treated in section 5. Such default-contingent payoffs are necessary in or-
der to model recovery payoffs of real-world defaultable securities like coupon-bearing
bonds or credit default swaps. In this paper, we chose the recovery of par para-
metrization of recovery which seemed to us to be the most realistic parametrization
of recovery payoffs. This setup leads to an expression for the price of a recovery
unit payoff in terms of an expectation of H(-,T}) under the Tj1-survival measure.
As closed-form solutions for these expressions do not exist, we provide approximate
solutions for them.

In order to demonstrate the flexibility and applicability of the modelling approach
given here, we turn to the pricing of credit derivatives in the following sections. Section
6 treats the pricing of credit default swaps (CDS) in this model and section 7 the
pricing of options on CDS. Both of these instruments are also important for the
practical implementation of this model as an initial term structure of CDS prices
would be the obvious calibration instrument for the initial term structure of default
hazard rates, and the options on CDS would provide valuable volatility information.



1.1 Notation

We consider a fixed time horizon T* and a discrete tenor structure 0 = Ty < 177 <
... < T, =T" with 6 :=Tjy1 — T} for k=0,...,n—1. We assume that default-free
as well as defaultable zero coupon bonds with maturities 71, ..., T, are traded on the
market. By B(t,Ty) (resp. B°(t,T})) we denote the time-t price of a default-free zero
coupon bond (resp. a defaultable zero coupon bond with zero recovery) with maturity
T). Indicate the time of default by 7 and the pre-default values of the defaultable
bonds by B(-,-), then we have

BY(t,T;) =14y B(t,T;) and  B(T;,T;) =1 forie{l,...,n}.

In what follows we are not going to model bond prices directly (it is only assumed
that the processes describing the evolution of the bond prices B(+,T;) and of the pre-
default prices B(-,T;) are special semimartingales whose values as well as all left hand
limits are strictly positive). Instead, we are going to specify the dynamics of forward
Libor rates. The following notation will be used:

e The default-free forward Libor rates are given by

L(t, T}) :ZQ(M”) (ke f{l,...n—1}).

The defaultable forward Libor rates are given by

3 _l B(thk) . n—
LT = (B(t,TkH) 1) (ke {l,...,n—1}).

The forward Libor spreads are given by

S(t,Tk> = Z(t,Tk> — L(t,Tk) (k € {1, N 1})

The default risk factors or forward survival processes are given by

D(t,Ty) := % (ke {l,...,n}).

e The discrete-tenor forward default intensities are given by

HET)) = ;k <m—1> (ke fl,...n—1}).

1.2 The driving process

The model is driven by a d-dimensional stochastic process L = (L;)o<¢<7+ With inde-
pendent increments and absolutely continuous characteristics, henceforth abbreviated
by PIIAC. These processes are also called time-inhomogeneous or non-homogeneous
Lévy processes. More precisely, L = (L, ..., Ld) has independent increments, and for
every t the law of L; is characterized by the characteristic function

E [ei@»Lﬂ — exp /O t (i(u, b) — %(u, cou) + /R (et — 1~ i<u,x>)FS(da:)> ds.
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Here, by € R?, ¢, is a symmetric nonnegative-definite d x d matrix, and Fy is a
measure on R? that integrates (|z|? A |2|) and satisfies F5({0}) = 0. The Euclidian
scalar product on R? is denoted by (-,-), the respective norm by | - |. It is assumed
that

2
sup (4l + [ (o Al o) ) < o0 0

0<s<T™*

(where ||-|| denotes any norm on the set of d x d matrices) and that there are constants
M, ¢ > 0 such that for every u € [—(1 4 ¢&)M, (1 +&)M]?

sup (/ exp(u,:):)FS(dx)> < 0. (2)
0<s<T* \ J{|z|>1}

We call (b, ¢, F') := (bs, cs, Fs)o<s<T+ the characteristics of L.

2 Presentation of the model

Let us begin by building up the default-free part of the model. The dynamics of
default-free forward Libor rates are specified in the same way as in the Lévy Libor
model introduced in Eberlein and Ozkan (2005), to whom we refer for a detailed
construction. Here, we only give a very brief description of the Lévy Libor model.

The model is constructed via backward induction and driven by a non-homogeneous
Lévy process LT" on a complete stochastic basis ((NZ,]T" = .%T*,f‘ = (ﬁs)ogng*,PT*)-
The measure Pp+ should be regarded as the forward measure associated with the
settlement day T*. Since L is required to satisfy assumption (1), it can be written
in its canonical decomposition as

t t
L :/ VesdwI” +/ / x(p —vT)(ds, dx).
0 0 Jre

Here, WT" denotes a standard Brownian motion, p is the random measure associated
with the jumps of LT, and v*" (dt,dz) = F/ (dz)dt is the compensator of u. The
characteristics of LT are given by (0,¢, FT). Note that without loss of generality
LT is assumed to be driftless. The following assumptions are made:

(LR.1): For any maturity 7; there is a deterministic and continuous function A(-,T;) :
[0,T;] — Ri, which represents the volatility of the forward Libor rate process
L(-,T;). In addition,

n—1
Y N(s, ;) <M foralls€[0,T"] and j € {1,...,d}, (3)
=1

where M is the constant from assumption (2) and we set A(s,T;) = 0 for s > T;.

(LR.2): The initial term structure B(0,7;) (i € {1,...,n}) is strictly positive and strictly
decreasing (in 7).

The dynamics of the forward Libor rates are specified as
t t
L(t, Ti;) = L(0, Ty,) exp (/ b" (s, Tho, Thot1) ds +/ A(s, Tk) dLsT’”l) (4)
0 0
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with initial condition

1 [ B(0,Ty)
107 = 5 (Fomm )

LTr+1 equals LT plus some — in general non-deterministic — drift term which is chosen
in such a way that L7++1 is driftless under the forward measure associated with the
settlement day T, henceforth denoted by Pr,_,. More precisely,

L = / Ve WD | / [ s = o) s, ), (5)

where W7Tk+1 is a standard Brownian motion with respect to Pr, 4, and vTi+1 is the
Pr, . ,-compensator of p. The drift term b (s, Ty, Ti11) is specified in such a way that
L(-,Ty) becomes a Pr, ,  -martingale, i.e.

1
b, T Thpn) = =5 (A, k), oA (5, Th)) (6)
_ / (ews,Tk),w - <A(3,T,€),x>> FI(dg).
Rd

The connection between different forward measures is given by

dPr,., 7 1+8L(Tw1, ) BO,TY) T
Dl ) = ’ 1+ 6L (Thet1,T0)). 7
dPr- llll 1+8L(0,T})  B(0,Tjs1) 1111( LT, 7). (D)
Once restricted to the o-field .%t this becomes
dPr, ,, BO,T*)
= 1+ 6Lt T, t € 0,7; . 8
Bt |, = B ny L 0+aLET) Ge0Tin) ®)

I=k+1

The Brownian motions and compensators with respect to the different measures are
connected via

t n—1
Wl = —/0 \/a( Z a(s,Tl,T1+1)> ds 9)

I=k+1
with
& L(s—,Ty)
T, T, —)\ T 1
(S s l+1) 1+51L(8— CZ‘!l) (37 l) ( 0)
and
v+ (dt, dx) ( H B(s,x Tl,T1+1)> VT (dt, dz) =: F/* ' (dz)dt, (1)
I=k+1
where

& L(s—,T)) (A(s,T1),2)
BT Tivn) = o (e 1) +1. (12)

Note that L7++! is usually not a (non-homogeneous) Lévy process under any of the
measures Pr, (except for k =n — 1, since LT is by definition a PITAC under Pp-).



The construction by backward induction guarantees that gé% % is a P, -martingale

for all j,k € {1,...,n}. Our goal in what follows is to include defaultable forward
Libor rates in the Lévy Libor model.

At first sight, an evident way to build up the defaultable part of the model is to
specify the dynamics of the defaultable forward Libor rates by an expression similar
to (4). However, L(Ty,Ty) < L(T},T},) implies B(Tk, Ti11) > B(Tk, Tiy1), in which
case there is an arbitrage opportunity in the market, provided that B°(-, T}, 1) has
not defaulted until 7}. It seems thus natural to specify the model in such a way that
defaultable forward Libor rates are always higher than their default-free counterparts.
This can be achieved by modelling forward Libor spreads or forward default intensities
as positive processes, instead of specifying defaultable forward Libor rates directly.
We can then get the defaultable forward Libor rates through

L(t,Ty) = S(t,Ty) + L(t, Tx)

or

L(t,Ty) = H(t, Tx)(1 + 6, L(t, Ty,)) + L(t, T)- (13)
Unfortunately, H or S cannot be specified directly since their dynamics depend on
the specification of the default time 7 (compare equation (18) and the discussion
preceding it). In other words, as soon as 7 is specified we cannot freely choose the
dynamics of H (or S). What we can and will do in the sequel is the following: We
give a pre-specification for H and then construct 7 in such a way that the dynamics
of H implied by 7 will match this pre-specification. The following assumptions are
made in addition to (LR.1) and (LR.2):

(DLR.1): For any maturity 7; there is a deterministic and continuous function ~y(-,T;) :
[0,T;] — Ri, which represents the volatility of the forward default intensity
H(-,T;). We set v(s,T;) = 0 for T; < s < T™ and tighten condition (3) by
assuming that

n—1
> (N(s,T)++(s,T))) <M forall s €[0,7% and j € {1,...,d}. (14)

=1

(DLR.2): The initial term structure B(0,T;) (i € {1,...,n}) of defaultable zero coupon
bond prices satisfies 0 < B(0,T;) < B(0,T;) for all T; as well as L(0,7;) >
L(0,T;), i.e. B
B(0,T;) S B(0,T;)
E(O,Tzq-l) N B(O,E+1)'

To avoid confusion, let us denote by H the pre-specified forward default intensities,
which we postulate to be given by

~

t t
H(t,Tk) = H(O,Tk) exp </ bH(S,Tk,TkJrl)dS + / \/E’Y(S,Tk) dWEk+1
0 0

" Ot [ o =) )



subject to the initial condition

1 (/B(0,Ty)B(0,T;

ok \B(0, Tx)B(0, T11)
Wi+t and vTk+1 are defined in (9) and (11). The drift term b (-, Ty, Ty11) will be
specified later. For tkl\e moment we only assume b (8, Tk, Ti+1) = 0 for T, < s < T,
i.e. we require that H(t,Ty) = H (T}, Ty) for t € [Ty, T*].

3 Construction of the time of default

The construction of the default time will be done in the canonical way, that is for a
given F-hazard process I' a stopping time 7 on an enlarged probability space will be
constructed. We will do the construction for a general I' first. The key question then
will be which particular hazard process to choose to make H match H. For more
details on the canonical construction we refer to Bielecki and Rutkowski (2002), from
whom the notation is adopted. o

Let I' be an F-adapted, right-continuous, increasing process on (2, F, Pr+) sat-
isfying I'y = 0 and limy_,oo I'y = oco. Furthermore, let  be a random variable on
some probability space (Q, F, 13) that is uniformly distributed on [0, 1]. Consider the
product space (2,G, Qp+) defined by

0:=0xQ, G=FxF  Qr =PnaP

and denote by F the trivial extension of F to the enlarged probability space (2, G, Qr+),
i.e. each A € F; is of the form A x Q) for some A € .7?,5. We extend all stochastic
processes from the default-free part of the model to the extended probability space
(by setting LT (&, ) := LT (@) and similarly for all other processes).

Define a random variable 7 : Q — Ry by

Ti=1inf{t € R, : et < p}.

and denote H; := o (1{T§u}| 0<u< t) and G, := F; V'H, for t € [0,T*]. Then 7 is a
stopping time with respect to the filtration G := (Gs)o<s<7+ since {T <t} € Hy C G;.
Moreover, for 0 < s < t < T* we have (compare Bielecki and Rutkowski (2002,

(8.14)))
Qr {7 > s|Fpe} = Qpe{1 > 5| F} = Qp-{r > s|Fs} = e 15, (16)

i.e. I is the F-hazard process of 7 under Qrpx.
A question that arises naturally is whether or not LT" is a non-homogeneous Lévy
process with respect to Qr+ and the enlarged filtration G.

Proposition 1 L7 is a non-homogeneous Lévy process with characteristics (0, ¢, FT")
on the stochastic basis (2, G+, G, Qr~).

Proor: LT" is clearly an adapted, cadlag process and satisfies LOT* = 0. Its charac-
teristic function is given by

]EQT*[eXp(iuLtT*)] = /f)xﬂexp(iuLf*(&,Q))d(PT*®f’)(c~u,d1))

= /ﬁexp(iuLT (@))dPp+(w) = Ep,. [exp(iuL?*)].



Hence, the characteristic function of L] and thus also the characteristics of L™ are
preserved. It remains to show that L7 — LT is independent of G, for s < t. Note
that equation (16) is equivalent to the following statement (see Bielecki and Rutkowski
(2002, (p. 166/167))): for any bounded, Fr+-measurable random variable X we have

Eqq.[X|0J) = Eq,.[X|F]  (0<s<T%). (a7

Let B € BY and A € G, then using (17) with X := 15(L] — L") and the fact that
LT — LT is independent of Fy we get

Qr(AN{(Il = L") e B}) = /A 1L — I7") dQy-
= /A Eq,.[15(L] — LI")|F] dQr-

- /A Eq,.[1(L" — LT")]dQr-

= Qr-(A)Qr-({(L{" - L") e BY). 0

In particular, each forward Libor rate L(t, Ty )o<t<T, 1S @ martingale with respect to
the filtration (Gs)o<s<r;, and the measure Qg ,, which is constructed from Qp+ in
the same way as P, is constructed from Prp-.

I" is not only the F-hazard process of 7 under Q7+, but also the F-hazard process
of 7 under all other forward measures, as the following lemma shows:

Lemma 2 T is the F-hazard process of T under Qr, for all k € {1,...,n}.

PRrROOF: Fix a k and denote by 1 the (Fr, -measurable) Radon-Nikodym derivative of
Qr, with respect to Q7+. Note that (16) is equivalent to the conditional independence
of Fr~ and H given F, under Q=+, that is for any bounded Fr+-measurable random
variable X and any bounded Hj;-measurable random variable Y we have

EQu [XY|Fs] = Eqq. [X|F] Equ [YF]  (0<s<T7)

(compare Bielecki and Rutkowski (2002, (p. 166))). Using the abstract Bayes rule
and this conditional independence (plus a dominated convergence argument) we get

]EQT* [wl{‘r>s}‘:’r5]
]EQT* [¢|fs]
Eq,. [Y|Fs| Eq,. [1{> |7

IEQT* Wfs]
—FS‘ O

QTk {T > S‘]:S}

= €

To clarify the relationship between default time and default intensities remember
that the time-t value of a defaultable bond is given by

Bo(ta Tk) = 1{T>t}§(t’ Tk)

In the model for the default-free Libor rates, the time-¢ price of a contingent claim X
paying 1g,-71 at Ty is given by

Xt = B(t7 Tk’)IEQTk [1{T>Tk} |gt} = 1{T>t}B(t7 Tk’)]EQTk [1{T>Tk} |gt]

10



To have a consistent model, we thus have to have
BY(t,Tx) = 1{rsty B(t, Ti)Eqy, [1{r>1,} G4]

and consequently (at least on {r > t})

B(t,Tx) = B(t,Tk)Eqy, [1{r>7,} 9]
or equivalently
D(t,Th) = Equ, [Lir1, 191, (18)

which immediately provides a formula for H (and also for S).

Let us now turn to the question which hazard process I' to choose to make H
match its pre-specification. As pointed out, to have a consistent model we have to
have

BYt,Ty) = B(t,Tp)Qr{T > Tkl Gi} (19)
Eq, [1{r>7,3 7]
Eq,, (1>l F]

where the last equality follows from Bielecki and Rutkowski (2002, (5.2)). Let

= B(t,Ti)l{r>p

= EQTk [1{T>Tk}|Ft] ]EQTk [1{T>Tk}|~7:t]

B(t,Ty) := B(t, Tj) = B(t,Tx) - ;o (20)
Eq, 147 el
then
D(t,Ty) = Eqq, [ert_FTk ft} .
In particular,
1 ( DT, 1 [ Ea [e_FTk | ft]
H(tTk):<(t’k)>: i 1. ey
) 5k D(t,Tk_H) 5k IEQTk 1 |:€_FT’“+1 ‘ ft:|
+

It is clear froAm the previous equation that, in order to make H match its pre-
specification H, we only need to specify the hazard process I' at the points T} for
ke {1,...,n} in a suitable way. The values of " in between these points do not have
an influence on the value of H. Moreover, we know from equation (21) that

-
IEQTk [6 Tk

kafl} = G_FT’“*1 (1 + 5k_1H(Tk_1, Tk_l))_l,
We now choose the hazard process and define I' recursively by setting I'g := 0,

Iy, = Dpoi+log(l+ 61 H(Thor, Teor)) (ke {1,...,n})
k-1

— Zlog(l +5lﬁ(Tl,Tl)), (22)
=0

and for t € (Ty_1,T})

I'; = (1 — Oék(t))FTk,l + Oék(t)FTk,

11



where oy : [Tx—1,Tk] — [0,1] is a continuous, strictly increasing function satisfying
ag(Tk—1) = 0 and oy (T}) = 1. Obviously I' is a continuous, strictly increasing (since
H(-,-) > 0 by construction), and F-adapted process (since I'r, is Fr,_,-measurable)
and can be used for the canonical construction.

It still has to be checked whether the implied dynamics of H match those of H.
Using (21) and (22) we get

1 1
H(t.T) = — 1
1) 01 (EQT2 [e"TmtTm | 7] )

1 1
= = —1

1
Eau, | s )

or, written differently,

1
1+ 51ﬁ(T1, Tl)

1
1+ 6H(@ET)

IEQTQ

7

-1
1+61H(t,T1))0§t§T1
martingale. More generally we have the following result. Recall that H(t,T;) =

~

H(T;,T) for t € [T}, T"].

Consequently, H(-,71) meets its pre-specification if ( is a Q-

l

Lemma 3 H(-,T}) meets its pre-specification if (Hi:l m>
iH(tT) ) o<i<,

s a Q;pl+1—
martingale for alll € {1,... k}.

PrOOF: The result for £ = 1 has been proven above. Using (21), (22) and the
prerequisite we get for k > 1

k—1 1
L[ o [T i )

H(t,T,) = — -1
0 ko1
g EQTk+1 [Hi:o 146, H(T;,T;) ‘Ft}
1 ~ ~
= a((1+5kH(t,Tk))—1) = H(t,Tj). O

Remember that we can still choose the drift coefficients b (-, Tj, Tj41) in (15) in order
to satisfy the prerequisite of the previous lemma. This choice is done in appendix A.
In the subsequent sections, we assume that the drift terms b (-, T, Tkﬂ) are chosen
as described in proposition 13 and do not distinguish between H and H anymore.

4 Defaultable forward measures

It is well known that pricing of derivatives in default-free interest rate models can
often be facilitated considerably by changing numeraires, i.e. changing measures, in a
suitable way. In particular, forward measures prove to be useful in many situations.
Similarly, valuation of contingent claims in our model can be simplified by using two
counterparts to default-free forward measures. The first definition traces back to
Schénbucher (1999):

12



Definition 4 The defaultable forward (martingale) measure or survival measure QTi
for the settlement day T; is defined on (2, Gr,) by

e BT, T,
Qr o)’ T

_ B(0,T3)
B0, T;) T

Equation (19) ensures that the preceding expression is indeed a density. QTZ- corre-
sponds to the choice of BY(-,T;) as a “numeraire”. We use quotation marks since
BY(-,T;) is not a strictly positive process with probability one. Consequently, QTi is
absolutely continuous with respect to Qr;, but the two measures are not mutually
equivalent. In particular, the set A = {7 < t} for ¢t € (0,T;] has a strictly positive
probability under Q7, but zero probability under QTi- The term “survival measure”
is justified by the fact that

Q. (1) QnlAN{r>T)
=T an >y

=Qr,(A{r >Ti})  (A€dn),

i.e. QTi can be regarded as the forward measure Q7, conditioned on survival until 7j.
Once restricted to the o-field G;, the defaultable forward measure becomes

dQTi _ B(O’Tl) E(t’Tl) B(Ole) QTi({T > Tlet)
B

— 1o = = 1, :
4Qr, |, ~ BO,7)BLT) T BO,5) T Qr{r > 41A)

The first equality follows from the fact that %0((_;%)) is a Qr-martingale, the second

equality from (20).

Another very useful tool in the context of derivative pricing is the restricted de-
faultable forward measure, which has already been used in Bielecki and Rutkowski
(2002, Section 15.2). Note that the defaultable forward measure restricted to the
o-field F; is given by

dQr, B(0,T;)

—— ==——"=Qn,({r > T;}|F
dQTi B(O,E) QTz({ 7/}’ t)
Fi
and denote by P, the restriction of Q7, to the o-field Fr,. This notation differs
slightly from the notation in the default-free part of the model where Pr, was defined
on Fr,. However, this should not cause any confusion since Fr; is the trivial extension

of fT¢ .

Definition 5 The restricted defaultable forward (martingale) measure Py, for the
settlement day T; is defined on (0, Fr;) by

L= = : > T HFr,).
P, B(O’Ti)QTZ({T HFT)

We have an explicit expression for this density, namely

(0.7 _r, _ BO,T) Ty 1
(0,T3) B(0,T;) 12 1+ 0k (Th, Tie)

13



Restricted to the the o-field F; this becomes (since H =0 W() is a Pp,-martingale)

- i—1

Pr B(0,T; 1

d T; — 7(01 ) . (24)
dPr, |- B(0,T;) kI:IO 1+ 0pH(t, Ty)

We get the representation (compare Kluge (2005, (A.1)))
= i1
dPT * l T
i e Nyl e (s, 1) aw’
aPr, Ti—1 (/0 £ s—VC ’7(8 l)

+/0-/Rd (le (1 Y (ews,n),w _ 1))71 - 1) . VTi)(d&dm))

yl.— oH (S ) Tl)
5 1—|—51H(8,,Tl>.
Hence, the two predictable processes in Girsanov’s Theorem for semimartingales (see

Jacod and Shiryaev (2003, Theorem II1.3.24)) associated with this change of measure
are

with

B(s) = —Z (YleV(S,Tz)) and
=1
i—1 )
Y(s,z) = 1+Y! (DT g '
[T (e ( )
We can conclude that
ti—1
W =Wl [ YV et s (25)
=1

is a Pp,-standard Brownian motion and the Pr,-compensator of y is given by

i—1
71 (ds,dz) = ][ (1 +Y. (eW(SvTM - 1))_1 vT(ds,dr) = Fy'(dz)ds.  (26)

Similar to the default-free part of the model, we have the following connection between
restricted defaultable forward measures for different settlement days:

Lemma 6 The defaultable Libor rate (L(t,T;))o<¢<t, is a Pr,,, -martingale and

Py,
dﬁTi +

_ B(0,T;41)

50.T) (1+6L(t,T)  (0<t<T).

1-7:15

PRrROOF: From equation (13) we get

(L+6L(t,T3) = (L+6H(t,T;))(1+6L(t, T7))
[ 1—1
= [l +6HE )+ 6L T) ]+ 6uH (8, T) ™"
k=0 k=0

14



Applying equations (8) and (24) yields

B(O7 Ti—l—l) dPTz‘+1
B(()? Ti-l—l) dPTi+1

B(0,T;) dPr, | B(0,T;) dPr,
B(0,T;41) APz, |z B(0,T;) dPr, |4,

Fi
B(0,T;) dPr,
B(0,Ti41) dPrpy,,

Fi

and both statements are established. O

As mentioned above, (restricted) defaultable forward measures can be used to
determine prices of contingent claims. Consider a defaultable claim with a promised
payoff of X at the settlement day 7T; and zero recovery upon default. Then its time-t
value is given by

m = Ly Bt T)Eqy, [X1amylGi] (£ €[0,Ti).

Consider the general case in which X is G7,-measurable and the common case of an
Fr,-measurable promised payoftf X. The following proposition is a typo-corrected
version of Bielecki and Rutkowski (2002, Proposition 15.2.3):

Proposition 7 Assume that the promised payoff X is Gr,-measurable and integrable
with respect to Q.. Then

mX = 100y Bt T)Eq, [XI6) = B T)Eq, X4

Q,
If X is Fr,-measurable, then

1 = sy Bt T)Ep, [X|F] = BY(t, T))Ep,, [X|F].

T; T;

ProOOF: The first statement can be proved along the lines of Bielecki and Rutkowski
(2002, Proposition 15.2.3). For the second statement observe that

T = sy Bt Ti)Eqq [X 113G
Eqy, [X1 (o1 |F]
QTi{T > t’ft}
Eq,, [X1 {1y |F]
QTi{T > Tl’ft}
Ep, [XQr,{T > T;|Fr,}| 7]
Qr {7 > Ti| 7}
= ln Bt T)Es, [X|F].

T;

= ]‘{T>t}B(t7 T’l)

= 1oy Bt T)

= 1{T>t}§(t7 E)

We used Bielecki and Rutkowski (2002, (5.2)) for the second equality, equation (20)
for the third and the abstract Bayes rule for the last equality. O
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5 Recovery rules and bond prices

In the previous sections we specified the evolution of (ratios of pre-default values
of) defaultable zero coupon bonds with zero recovery. In real markets however, de-
faultable bonds usually have a positive recovery. In order to adapt our model to
this fact, we have to incorporate suitable recovery rules for bonds. An overview on
different kinds of recovery rules can be found in Bielecki and Rutkowski (2002) and
Schénbucher (2003).

In default-free interest rate models, a coupon bearing bond can be considered as
a portfolio of zero coupon bonds. For defaultable coupon bonds the situation is not
quite as simple. A coupon bond can still be decomposed into a series of zero coupon
bonds, but it does not make much sense to assume the same recovery rate mw for all.
The claim of a creditor on the defaulted debtor’s assets is only determined by the
outstanding principal and accrued interest payments of the defaulted loan or bond,
any future coupon payments do not enter the consideration. We use the following
recovery scheme for coupon bearing bonds:

Assumption (recovery of par). The recovery of a defaultable coupon bond that
defaults in the time interval (Ty, Tx+1] is given by the recovery rate m € [0,1) times
the sum of the notional and the accrued interest over (T, Txy1]. It is paid at Tjq.

Note that this assumption restricts recovery payments to the tenor dates. This re-
striction is not strong for a number of reasons. We refer to Schénbucher (1999, Section
6.2) for a discussion.

Let us denote by eX (t) the time-t value of receiving an amount of X at Tjq if
and only if a default occurred in the time interval (T}, Tyy1].

Lemma 8 Let X be Fr,-measurable. Then, fort < T},

en (t) = 1{T>t}§(taTk+l)5k]EﬁTk (X H (T, Ty;) | ).

+1

PrROOF: We have
e (Tit1) = X1gromy — Xrom )

Receiving an amount of X171 at Ty is equivalent to receiving an amount of
X1om) B (Tx, Ti11) at T. Combining this fact with proposition 7 yields for ¢t < Ty,

) = 1y (Bl TOBs, [XBO TR~ B, T By, [X17))
= 1y Bt Tiy1)
X <IE?TIC+1 [(1 + (5kZ(Tk, Tk))XB(Tk, Tk+1)’ft] — EﬁTk-&-l [X’f”)
= Yooy B, Ter)0h By, [XH (T}, Th)| 7]

+1

The second equality follows from the abstract Bayes rule, the third follows by using
equation (13). O

With the help of the preceding lemma we can deduce the time-0 price of a de-
faultable coupon bond with m coupons of ¢ that are promised to be paid at the dates
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-1 m—1
nged(o; c, m) = E(OaTm) + C 0 Tk+1 + Z (1l +c ek
k=0

3

>
Il
<)

3

= B0,Tn)+ S B(0,Ty1) (c—|— m(1+ )0 Ep, [H(Tk,Tk)]) :

e
I
o

Similarly, the price of a defaultable floating coupon bond that pays an interest rate

composed of the default-free Libor rate plus a constant spread x can be obtained. In

order to price defaultable fixed coupon bonds we need to evaluate g [H (T}, Tk)]:
k+1

Let us use the abbreviations

ET 1R 6 L(t, Th) L4 S H(ET)

Combining the equations (15), (38), (25), and (26) yields

t
H(t,T) = H(O,Tk)exp(/ 8" (s, T, Thosr) ds+/ ey (s, Tip) AW L4+

//Rd (5,T), —uTkH)(ds,dx)),

—H 1 YSZ_V;’“_
b (5 T Tern) = =5 {v(s, T e (s, Ti) +Z (0, T, €A (s, Ti))

; >
* L

where

(0T —1 — (4(5,Ty), ) ) Fy (da)

(e (s.Tk)@) _ 1) (1 +YE (eW(S’TR)’m> - 1))
y (’ﬁ (142 (bt 1)) - 1> P44 (4r),

=1

Making use of Kallsen and Shiryaev (2002, Lemma 2.6) we get

H(t,Ty) = (27)
t k-1 }/Sl_v'sk’_
H(O,Tk)exp</0 ; T (06, T M5, 1) ds

[ LB e ) e e )
(T0 (vt (e 1)) - 1) Tkﬂ(ds,dm))
</ Vesy(s, Ty) AW Tert 4 / / V(8. Tk).m) _ 1) (u—ka+1)(ds,dx)>.
Rd

17



To obtain an expression for g [H (T}, T);)] we approximate the stochastic terms
k+1

Vi and Y} by their deterministic initial values V{ and Y. Similar approximations
have been used by Brace, Gatarek, and Musiela (1997), Rebonato (1998), and Schlogl
(2002). This yields

Te k=1 v 177k
YoVo
Y

E?Tkﬂ [H(Tk’ Tk)] ~ H(O’ Tk) exXp <A <7(5a Tl)v Cs)‘('S, Tk)> ds

=1

o L) (e e )
R
v (H (1 +y() ( (v(s,T1) ) _ 1)) _ 1) ngﬂLl(ds’(LT)>7

=1

where »7k+1 is an approximation for Z7k+1 given by

( + yl ( (v(s,Th),x) _ 1)>_1 (28)

Ew

Pkt (ds, dx)
=1

X 1:[ (1 + V7 (eQ(s’ﬂ)’x) — 1)) v (ds, dx).

I=k+1

6 Credit default swaps

The market for credit derivatives has increased enormously in volume since the first
of these contracts have been introduced in the early 1990s. Their success is due to the
fact that they allow to transfer credit risk from one party to another and therewith
to manage the risk exposure. There are many publications describing various credit
derivatives in detail, among which are Schénbucher (2003) and Bielecki and Rutkowski
(2002). Information about the size of the credit derivatives’ market as well as on the
market share that different products have can be found in the credit derivatives survey
of Patel (2003).

The aim of this section is to derive valuation formulae, in our model framework,
for the most popular and heavily traded credit derivative: the credit default swaps.
Credit default swaps are natural calibration instruments for the term structure of
forward default intensities. Thus, the availability of an efficient and accurate pricing
formula is of high value for the practical implementation of this model.

In the following section we also provide valuation formulae for the most popular
spread volatility dependent credit derivative: The credit default swaption. While
being much less liquid than the standard credit default swap, the value of this contract
depends directly on the specification of the wvolatility function of the term structure
of forward default intensities. Thus, given the necessary data these results can be
used to calibrate the dynamics of the model to a given set of credit default swaptions.
Alternatively, they serve at least as a case study regarding the pricing of an important
spread volatility-dependent credit derivative.

Clearly, the employed valuation techniques can also be used to price other credit-
sensitive swap contracts (e.g. total rate of return swaps and asset swaps) or other
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credit options (e.g. options on defaultable bonds and credit spread options). For more
details we refer to Kluge (2005).

We use the notational convention that the credit derivative contract is signed
between two parties A (who will usually receive a payment if a default occurs) and B
(who pays in case of a default). The reference entity (e.g. a corporate bond) is issued
by a third party C. If credit derivatives are traded over-the-counter, each party of the
contract is exposed to the risk that the other party cannot fulfill its obligations. In
the following, we assume that this counterparty risk can be neglected, i.e. only the
risk that the reference entity defaults is considered.

Credit default swaps can be used to insure defaultable assets against default. The
protection buyer A agrees to pay a fixed amount to the protection seller B periodically
until a pre-specified credit event (e.g. the default of a bond issued by a reference party
C) occurs or the contract terminates. In turn, B promises to make a specified payment
to A that covers his loss if the credit event happens. There are various types of default
swaps differing in the specification of the credit event as well as in the specification
of the default payment.

Let us consider a standard default swap with maturity date 7}, whose credit event
is the default of a fixed coupon bond issued by C. The default payment is chosen such
that it covers the loss of A. More precisely, A receives an amount of 1 — 7(1 + ¢) at
Tj41 if a default happens in (), Ti41] for k € {0,...,m — 1}. For this protection A
pays a fee s at the dates Tp,...,T},—1 until default.! Our goal is to determine the
default swap rate, i.e. the level of s that makes the initial value of the contract equal
to zero.

The time-0 value of the fee payments is

m
s> B(0,Tp_1).

k=1

The initial value of the default payment equals
m
Z (1—7(1+¢))er_,(0).
k=1

Consequently, the default swap rate is

1—m(l4c¢)

m

3 (F(O,Tk)dk_ﬂEﬁT [H(Tk_l,Tk_l)}).
et ‘
The expectations in the equation can be obtained as in the previous section.

7 Credit default swaptions

The purpose of this section is to price credit default swaptions within our model
framework under the following restriction on the volatility functions:

1CDS with fee payments in arrears, i.e. at the dates Th,...,T},, can be treated similarly by
adjusting indices.
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Assumption (DLR.VOL). The volatility structures factorize in the following way:
forie{l,...,n—1}

A8, T;) = Ao (s) and v(s,T;) = vio(s) (0<s<Ty)

where \; and ~y; are positive constants and where o : [0,T*] — Ri does not depend on
1.

This condition allows us to derive approximate pricing formulae that can numerically
be evaluated fast. As in the previous section we neglect the counterparty risk.

A credit default swaption gives its holder the right to enter a credit default swap
at some pre-specified time and swap rate. These options are often embedded in other
credit derivatives (e.g. as an extension option in a credit default swap). For more
details we refer to Schénbucher (1999).

Let us consider a credit default swaption that is knocked out at default with strike
rate S and maturity 7; on a default swap that terminates at T, (i < m < n) with an
underlying fixed coupon bond. Its time-T; value is

m—1
w5 (8, Ti, Trn) o= 7oy (( (T;; T, Ton) = S)™ > B(T, Ty, )
k=1

where s(T;;T;, T,,) denotes the default swap rate at time 7;. Note that

m—1
Lrsry (T T3, Tn) Y B(T3, Ty) =
k=1

m—1
1{T>T}(1 — 7[' 1 +C Z ( TZ,Tk+1 5kIE Ty [H(TkaTk)’fTi]>‘
k=i
Proposition 7 yields?
m$PS = PSS, T, Th)
m—1
= B(O,Ti)EﬁTi [(( 1 +C kz_: ( TzaTkJrl 6kE Tt [H(TkaTk)’fTi])

As before, we approximate the stochastic terms V! and Y in (27) by their deter-
ministic initial values Vj and Yj and obtain

E=

PTk+1

[H (T, Ty)|Fr,] = C**H(T;, Ty,)

2 Alternatively, Z;’;l B(T;,Tx) can be taken as numeraire for a new probability measure, the
default swap measure (compare Schonbucher (1999)). Whereas this can be useful for driving Brownian
motions, it does not facilitate calculations for general Lévy processes.
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with

. T YV
c"" = ex / $,T7),csA(s, Tk)) ds
Pl /) zz; v (v(8,T1), csA(s, Tk))

) LR e (o (e )
X (H (1 + Y, < (v, 7)) _ 1>> - 1> ﬁTk“(ds,dm))

=1

and v7k+1 given by (28). Consequently,

m—1

7§$PS = B(0,T)Egp, [(1—7rl+ Z( (T}, Tyir)61C" H(TZ,Tk))

k=1
m— +
Z Tz,Tk>
k=1
((1 (1 + €)1 Co™ L H (T}, Tr_1)
[ (L + G L(T, T)) (1 + 6,H (T3, Th))

= (-4 DRCFHT,T) -5 ’
k= Hl =i +5lL(T‘17T'l))(1+5ZH(TzaT‘l))

= B(0,T)Ep,

_l’_

To evaluate the preceding expression we use Laplace transformation methods due
to Raible (2000). For this purpose, we derive a convolution representation of the
swaption price first.

Combining the equations (4), (6), (15), and (38) with (9) — (12) and (25) — (26)
yields for [ € {i,...,n —1}

T; I T; —T:
L(T;,T;) = L(O,Tl)exp</ b (S,TZ,Ti)dS-l—/ /\(S,Tl)dle>,
0 0

TifH Ti *T
HTLT) — H(O,Tz)exp< [ e mmas [ v(s,mdL;)
0 0

with
/ \/adW +/ / )(ds, dx)
Rd
and
B (s, 10, T)) =
l i—1
. 4 1
(Vi) - Zlygv(s,zy-), CA(5,Th)) = 5A(s, Th), A (s, Th)
B j=
n—1
— <>‘(51T)1$> _ j <>‘(57T')1$> _
/Rd[(e : 1>j111(1+vs(e D) 1))
n—1 1 VJ (A(s,Tj),z) _ 1 §
ML —RLhas S e
H ( —|— Y (e(V(SvTJ)ﬂ» — 1) )
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as well as

v (s, 17, 1y) =
[
: - 1
(VLA T) + VI T), (5, T) = 515 T, (s T)
]

-1 J Vl
+, ( (s Tj%CSA(S’Tz)))

12 (1 + V7 (eMsTa) — g
(s, T, = L Ve (P 2 1))
[T (14 Y] (ehGToa —1))

— (e<’Y(S,Tz),x) . 1) H] 1+1 ( + V] ( (A(s,Ty)x) _ 1))
[Toy (1Y (eDGTa —1))

+/Rd Ei{ (€</\(s,Tl)7z> — 1) '7?1:[11 (1 + VSJ_ (6()\(37Tj)7m> B 1))

S— ]:l_;’_

x <1 - ﬁ (14 ¥ (0T 1))_1 )] FT" (dz).

j=1

F"(dx)

Again, we approximate the stochastic terms VF and Y in the drift terms BL(S, T, T;)
and EH(S,TZ,T:L') by their initial values and call the resulting (deterministic) drifts
E(]]L (s,T7,T;) and Eé{ (s,T7,T;) respectively. Then, due to the assumption on the volatil-
ity structure, we get

A
L(T;,,T)) =~ L(o,Tl)exp( ZXTi+BlL),
Osum
H(T;,T)) ~ H(0,T})exp <U% XTZ.+BZH)
sum
with
m—1
Osum = Z()\l"i"}/l)
T; m 1 T T .
X, = / (s,T1) +~(s,T7))dL," :asum/ o(s)dL,’,
0
and

T, Ti _y
BZL::/O by (s, Ty, T;) ds, BZH::/O by (s,T1,T;) ds.

The price of the credit default swaption now depends on the distribution of one
random variable only, namely on the distribution of X7 with respect to Pr,. Assume
that this distribution possesses a Lebesgue-density ¢ (we refer to Eberlein and Kluge
(2006) for a discussion on this assumption). The option price can then be written as
a convolution, namely

P8 = B(0,Ty) /Rg(—w(x) dz = B(0,T;)(g * ¢)(0) (29)
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with g(x) := (v(z))T and

(1 =71+ ¢)0m1C" 1 H(0, Tpo1) exp ( — =Lz 4+ B )

Osum

Pt (L4 600, Th) exp ( — 2a + BF))

sum
1

;1;1 (1 + 0;H(0,T;) exp ( — U:ﬁx + BZH))

v(@)

N m=2 ((1 —7w(1 4 )0 Co*H(0, T}) exp (- sz + Bf) -5
o Hf:z (1 + 0;L(0,T7) exp ( — &x + BZL))

x k : ol H >_S’
[T (1 + 81 H (0, T}) exp ( — ;o-x+ B ))

The next step is to determine for which values the bilateral Laplace transform of
g exists. Note that v is continuous, tends to —S as © — —oo and to —(m — )5 as
x — oo. Consequently, g has compact support and the bilateral Laplace transform of
g exists for all z € C. In a numerical evaluation of v, for large values of m — i, we can
save computational time by applying the multiplication scheme

m—2 k
> [[di = dilci + disa(civr + diga(- . (cm—3 + dm-2m-2)))).
k=i 1=i

Putting pieces together, we obtain the following formula for the price of the credit
default swaption:

Proposition 9 Suppose that the distribution of X1, possesses a Lebesgue-density.
X —
Denote by ]\4TiTZ the Pr,-moment generating function of Xr,. Choose an R € R such

—Xr,
that MTZ_T'L(—R) < oo (e.g. R=0). Then the price of the credit default swaption is
approzimately given by

o$PI(K, Ty, Trn) :B(o,n)l/Ooére<L[g](R+iu)MfﬁTi(—R—iu)> du, (30)
T 0 v

where L[g] denotes the bilateral Laplace transform of g. Furthermore, we have for
z € C with real part Rz = —R

T;
M?Ti(z) A exp (22031%/0 (0(s),cs0(s))ds (31)

T .
+/ / (ewwm@(s):x) — 1 — zogum{o(s), :L'>>5Tl (ds, dx))
0 Jrd

with
(14 Vg (AT — 1))
v

1 (LY (BT 1))

7 (ds, da) == (ds, dz). (32)

PRrOOF: Using the convolution representation (29) and performing Laplace and in-
verse Laplace transformations (compare the proof of Theorem 4.1 in Eberlein and
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Kluge (2006)), we arrive at (30). It remains to derive an expression for the moment
generating function:

— X7 T; —T
My () = Ep,_ [exp <zasum/ o(s)dW,’
: 0

(3

- OTi /R (ols), @) (n — 7" (ds, dw%

with
2 (L V(b)) - 1))

—T; _
7 0) = Ty (ehtme — 1))

v (ds, dz).

We approximate the random compensator 7'* by the non-random compensator given
in (32). Expression (31) then follows (e.g. by using Kluge (2005, Proposition 1.9)). O

A Specification of the drift

We specify the drift recursively starting with b(-, 71, T3). More precisely, we look for a

process b(-,T1,T3) such that ((1 + 51fI(t,T1))_1>O< o becomes a Qr,-martingale.
<t<Th

Next, b(-,T»,T3) is specified such that (((1 + 51ﬁ(t,T1))(1 + (52fI(t,T2)))71)

becomes a Qr,-martingale, and so on. Let us begin with two lemmata:

0<t<Ty

Lemma 10 Let X be a real-valued semimartingale with Xo = 0 and AX > —1. Then

X)) L=¢ <—X + (X%, XY + <1ix g x) ] MX> .

PrOOF: Use Lemma 2.6 in Kallsen and Shiryaev (2002) twice plus the fact that
(exp X) ™1 = exp(—X). O

Lemma 11 Forke{2,...,n} andie {1,...,k—1}

~

H(,T,) = H(O,Ti)é’t(/o a(s,Ti,Tk)ds—&-/o Vesy(s, Ty) dW I

+/ / (e<7(S’T")’$> - 1) (e — I/Tk)(ds,dl‘)>,
0o Jrd

where

1
a(s, T, T) = b (s, T Th) + 5 (7(s, Th), es(s, Th)) (33)
b [ (06T 1= (5,12 ) ) ET (o).
Rd
and b (s,T;, T},) is given by (34).
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PROOF: From the default-free part of the model we know that

t k—1
WtTHl = WtTk _/ Vs ( Z a(s7Tl,Tl+1)> ds
0 I=i+1
and
k—1
yTi41 (dt, da) ( [T sz ﬂ,mu) v (dt, da)
l=i+1

with o and 3 given by (10) and (12). Consequently, equation (15) implies

t
H(t,T;) = H(0, T)exp</ v (s, T;,Ty,) ds+/ Vesy(s, Ty) dW I

// (5,T3), ka)(ds,daz)),

bH(S7E7Tk) = bH(37E7E+1) (34)

k—1
- <’7(57Ti)acs < Z a('S?TlaTl-‘r1)>>
l=i+1

—/Rd< (s,T5), < II 8(s.2. 1, Tir) - 1) FTx(dz).

l=i+1

where

The claim now follows from Kallsen and Shiryaev (2002, Lemma 2.6). O

Proposition 12 ( 1 is a Qr,-martingale if for s € [0,T}]

m) 0<t<T)

61 = (Y- 3 ) s T 1) (39)

e<7(57T1)7x> —1 T d
+ [ 060 — i ey ) F ),

51H (s, 1)
Yl .= S8t
where Y Lo B (= Th)

ProOOF: Lemma 11 gives us

H(t,T,) = H(0, Tl)é’t(/ a(s, Ty, Ty) ds+/ Vesy(s, Ty) dwW 2

# [ (0eme —1) i uty(as,an)

+ 50905, T1), 07 (5, ) (36)

- / <e<7(S’T1)’x> —-1- <’y(S,T1),x>> F2(da).
Rd

with

a(s, Tl, TQ) = bH(S, Tl, TQ)
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Consequently, for X} :=1+ 51ﬁ(t, T1) we have
dX} = & dH(t,Ty)

= thf <Y; a(t,Th,Ts) dt—i—Y; Very(t, Tl)dWT2

_|_/ v, (e<7(t,T1)7x> _ 1) (1 — yTz)(dt,d:U))-
R4

Lemma 10 implies

(xHt = 1gt</ A(s, Ts) ds-/ Y /ey (s, Ty) dW
0
/ /Rd <(1 ¥, ( eI 1))71 - 1) (1 — VTQ)(ds,dx)>,
where
A(s, Ty) = - Y;,CL(S,TMTQ) + (YSI,)ZW(S,Tl), csy(s,T1)) (37)

<V(S,T1),I> — 1
1 (y(s,T1)yx) _ 1 _ € Ty
+ /Rd Y, (e 1 pn YSI_ (6<7(87T1)7$> — 1)>FS (dx).

Thus, (1+51ﬁ(', T1))~!is a Qp,-local martingale if A(-,7%) = 0. In this case it is also
a martingale since it is bounded by 0 and 1 and therefore of class [D] (compare Jacod
and Shiryaev (2003, 1.1.47¢)). Combining A(-,7>) = 0 with (36) and (37) yields (35).

O

More generally, we get the following proposition:
spe k—1 1
Proposition 13 (H ~

i=1 1+§iH(t7Ti)>0§t§Tk,1
ke{2,...,n} if foralli e {l,....k—1} and s € [0,T;]

is a martingale with respect to Qr, for

b (s, T, Tiy1) = (38)

SV (5, Ty exr(s, T} — 510, T2, e (5, T)

_1 j
+3° (}1}1 (v(s,Tj),c (S,E,TiH»)

Do T)a) 1 Tist (gg)

+ [ e me - — | F
R T, (1 + YT (eI — 1))

) [ Bl T~ 1)

x (1 - H1 (14 ¥ (eI 1))_1 )Ff”l(dx),

j=1

where Y7 := _0H(sTy)
ST 146 H(s,Ty)
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PROOF: The proposition can be proved similarly as the previous one. Since this proof
is calculationally intense, we omit it and refer to Kluge (2005, Proposition 4.8) for a
complete proof. O

Note that we cannot just define b (s, T, Ti+1) by (38) since the term on the right
hand side involves Y which depends on H (s, T}) and thus on b (-, T}, Ti1) itself. In

other words, we have to deal with a stochastic differential equation. Suppose that for
every i € {1,...,k — 1} there is a unique solution to the SDE

t t
WOT) = h0.T) + / Fi(s, h(s— T})) ds + / Ve (s, Ty) dWTH
0 0

[ ] Ty a s dn) (3)

with
h(0,T;) == log H(0,T;)
fi(s,x) i= fi(s) + fa(s, ) + f3(s,2) + fi(s, z),
where
i 5 ) T 7)) — L (y(s. T, T
1(8) T Zl 1+5 6 -, ] ( (S ) 087(37 ’L)) - 5(7(87 i)7087(37 ’L))
—/ (6”(5’%)’” —1- <7(s,Ti),y>> FJ (dy),
Rd
fils) = 0 y(s, ), (s, T)
287$ C 1—’—61‘63:/)/87 i)y CsY\S, 14
1 + (5i6$ f 5j6h(s_’Tj)
+ (5,-696 JZ:; <1 +(5j6h(s_’Tj) <’Y(S,7}),CSCM(S,E,E+1)>
fils) = 2 [ (BT L) - ) (40)
3 € Rd
_ h( 77Tj) -1
S SR CTEN SR I Tit1
< U( 1+5e( =l Gl 1)) )F (dy),
and
; 0;e* -1
2 = <’Y(57Ti)vy> — 1 1 — 1 ¢ <’Y(37Ti)7y> — 1
fi(s,x) /Rd (e ) ( ( s (e )
i—1 7. 1
5j€h(8 ,T5) (v(s,T5)9) Tis1
) ]1;11 (1 1 + 6;eM5=T5) (e T 1) > ™ (dy).

Then H(s,T;) := exph(s,T;) satisfies (15) with drift term b (s, T}, Tj41) given by

. .. . k—1 .
(38). In this case Proposition 13 yields that (Hi:l m%ggn,l is a Qr,-

martingale.
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To prove that there is a unique solution to (39) we make use of the following
theorem which is a direct consequence of Protter (1992, Theorem V.7) (see also Protter
(1992, Theorem V.6)):

Theorem 14 Assume a (one-dimensional) semimartingale Z with Zo =0 on a com-
plete stochastic basis (Q, F,F,P) to be given and let f : Ry x @ x R — R be such
that

1. for fixzed x € R, (t,w) — f(t,w,x) is an adapted caglad process, i.e. it has
left-continuous paths that admit right-hand limits.

2. there exists a finite random variable K such that for all t € Ry
\f(t,w,x) - f(t7w7y)’ < K(W)‘.’E - y‘
Then the stochastic differential equation
t
Xt = XO + Zt +/ f(37 ',XS,) dS,
0
where X is a constant, has a unique (strong) solution. This solution is a semimartin-

gale.

Unfortunately, the functions fi and fi in (39) are not globally Lipschitz, i.e. they do
not satisfy condition 2 of the previous theorem. However, for the SDE in consideration
we can weaken this condition by assuming that f is locally Lipschitz and satisfies a
growth condition, as the following proposition shows:

Proposition 15 Assume we are given a d-dimensional special semimartingale S :=
Jo Ves AW+ |5 Jra z(n—v)(ds,dx) on a complete stochastic basis (Q, F,F,P), where
W s a standard Brownian motion, ¢ is deterministic, and p is the random mea-
sure associated with the jumps of S with (possibly non-deterministic) compensator
v(ds,dz) = Fs(dz)ds. Suppose that o : Ry — R? is a bounded caglad function and
let f:Ry x Q2 xR — R be such that

1. for fized x € R, (t,w) — f(t,w,x) is an adapted caglad process.

2. for all v > 0 there is a real number K, such that for all (t,w) and all z,y € R
with [x], [y| <r

|f(t,w,x)—f(t,w,y)| SI(7“|‘,1:_y| and |f(t,w,x)\ SKT

3. there is a constant By such that for all (t,w) and all x € R

zf(t,w,z) < Bi(1+22).
Suppose further that there is a constant B such that for all (t,w)

(othar®) + | (o047 Fdy) < B (a1)
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Then the stochastic differential equation

Xt_Xo+/Otf(s,-,Xs_)ds+/Ota(s)dSS, (42)

where Xg is a constant, has a unique (non-exploding) solution which is a semimartin-
gale.

ProOF: The proof uses ideas of the proofs of Theorems 2.2.3 and 2.3.3 in Reiss (2003),
where a similar statement is established for a deterministic function f and a driving
Brownian motion.

Let us show uniqueness of a solution first. Suppose X' and X? are two solutions.
To show that they are indistinguishable, it is enough to show that they are modifica-
tions of each other since their paths are right continuous. Fix a t € R, and define for
n €N
inf{s > 0: | X! > n}, T2 =

TTIL — ~=1inf{s > 0: |X3|Zn}

Since the usual conditions hold, 7.} and 72 are stopping times. Consequently, 7, =

min(7},72) is a stopping time that converges to infinity almost surely as n — oo.
Hence,
1 2 tATn 1 2
IE [|Xt/\7n - Xt/\m” = E H / f(5> '7Xs—) - f(37 'aXs—) ds ]
0

IN

tATRh

KnIE[/ |X81—X82|ds}
0

- K/ (1501 Xs — X2[] ds

S K / |Xs/\7'n Xs2/\7'n|] dS.

We can apply Gronwall’s Lemma and conclude IE [\X}/\Tn —Xf,wn\] = 0. Thus,
th/\T" = th/\Tn almost surely for all n. Letting n — oo yields X} = X? almost
surely.

To prove the existence statement, we use the previous theorem together with a
suitable cut-off scheme. For any R > 0 define

f(s,w, ) for |[z| <R
o ( %)fsz for r < x < 2R
Jr(sw,2): ( %)f for —2R<z< R
0 for |z| > 2R.

Then fg satisfies the conditions of Theorem 14 with K (w) := max (KR, %) =: Kp.
Denote by X% the (by Theorem 14) unique solution of the SDE

X; = X0+/0t fR(s,-,Xs)ds+/0ta(s)dSS
= Xo+ /Ot fr(s,, Xs_)ds + /Ot Veso(s)dWs + /Ot/Rd(a(s),x>(u —v)(ds, dx).
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Introduce the stopping time 7x := inf{t > 0: |X[{| > R} and define
X2 =Xl for t < 7g.

To check that X is well defined let 0 < R; < Ry and 7 := min(7g,,Tr,), then
(similarly as in the proof of uniqueness)

E| sup |XSRl—X52@ = [sup

0<s<tAT 0<s<tAT

/ le 77 ) fR2( u, 7X5—2)du

tAT
< E[/ |fR1(ua'aX51)_fRQ(uv'aX52)|du:|
0
. tAT
- wun ][ xzva)
0

t
< Kn [ B| s x8-xf]a
0

0<s<uAT

Again, we can apply Gronwall’s Lemma and conclude

]E[ sup | X[ —Xfﬂ] =0 for all ¢.
0<s<tAT

Hence, XtR1 and XtR2 coincide almost surely for ¢t < min(7g,,7r,) and X is well
defined. It remains to show that limgp .o TR = oo almost surely, since in this case
X is a solution to (42) and therefore a semimartingale.

Let h(x,t) := e BY(1 + 22) with B := 2By + By and Y,f* := h(X[!,t), then by Ito’s
formula

Y=Y = TP+ (X)) - (1+ (X0)?)

= /2XR e Praxl - B/ e P 1+ (X1)?) ds
0

+/0te—38< (s),c ds+/ /Rd P o(s), x)*p(ds, dz)

= local martingale
¢
+/ e B (2X§fR(s,-,X§_) - B(1+(XE)?)
0
Ho(s).cols)) + |

R4

(a(s),az)2F5(dx)) ds.

From condition 3 of the prerequisites and (41) we know that there is a localizing
sequence (T},),>1 such that the stopped process (Y )T is a supermartingale for all n.
By the optional stopping theorem, the stopped process (YR) n/\TR i a supermartingale
for all n. Hence,

+ (Xo0)?

Y

E efB(t/\Tn/\TR) (1 + (Xg\Tn/\TR)Q)]
> ¢ P14+ R)P({rr <t} N{rr < Tn}).
Taking the limes inferior (over n) on both sides and using Fatou’s Lemma we obtain

1+ (X0)? > e P'(1+ R)P({rg < t}).
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From limp .00 1 + R? = 0o we get limpr oo P({7r < t}) = 0. Since for Ry < Ry
we have {7r, < t} C {7r, < t}, there exists for P-almost every w and all t > 0 a
constant Ry (which may depend on w and t) such that 7p(w) > ¢ for all R > Ry. This
is equivalent to limpg o TR = 00 almost surely. O

We can use the previous proposition to check that, at least in case the driving
process L is one-dimensional (d=1), the SDE (39) admits a unique non-exploding
solution:

Proposition 16 Assume d = 1. Suppose that the characteristics of LT are chosen
in such a way that fi(-,-,x),..., fi(-,-,x) have caglad paths for each x € R. Then
the stochastic differential equation (39) admits a unique (non-exploding) solution for
eachie€{l,...,n—1}.

Proor: We use Proposition 15 with

(QF,F,P) = QFFPTH)

S, = /\/c:dW RS // p— vlitt)(ds, dz),

and o(s) := ~(s,T;). Assumptions (1), (2), and (DLR.1) imply (41). It remains
to verify the conditions 1-3 of proposition 15 for f!. Condition 1 is satisfied by
assumption. Conditions 2 and 3 can be checked separately for fi, ..., fi. Again, (1),
(2), and (DLR.1) yield that condition 2 holds for fi,..., fi and that condition 3 holds
for fi and fi. It remains to show that condition 3 is also satisfied for fi and fi. For
this purpose, it is sufficient to prove that there are constants Cy, C3 such that for all
(t,w) and all x € R N
ngl:(t7w7x) SC] (j€{273})7

where j?(t,w,x) = 1+5 = fZ(t w,z). The existenci of the upper bound once again
follows from (1), (2), and (DLR.1). Moreover, f3 and fi are nonnegative since
a(-,T;, T;+1) and the integrand in (40) are nonnegative (at this point, the assumption

d =1 is needed). O

REMARK: To prove the existence of a solution to (39) for d > 1 we have to put fur-
ther restrictions on the characteristics of L to meet the growth condition (condition
3) of proposition 15. For example, in the case of a multivariate Gaussian model (i.e.
Fy, = 0 for all s € [0,7%]) assuming that (vy(s,T}), csA(s,T;)) is nonnegative for all
1 <j<i<n—1will do the job (since it implies that E is nonnegative and the proof
of Proposition 16 therefore applies). The easiest way to satisfy this assumption is to
choose all entries in the matrices cs as nonnegative numbers.
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