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Applicationof generalize hyperbolicLévy motionsto finance

ERNST EBERLEIN

ABSTRACT In standardmathematicafinanceBrownian motion plays the dominatingrole as
driving procesdor modelingprice movementsin orderto achiese a betterfit to real-life datait is,
however, preferableto replaceBrownian motion by a Lévy processGeneralizedhyperbolicLévy
motionsareprocessewhich allow analmostperfectfit to financialdata.We discusdn detailwhat
the consequecesfor asseprice modelingandinterestratetheoryare.We alsotouchon aspect®of
multivariateandintradaymodeling.

1 Introduction

Sincethe overwhelmingsucces®f thevaluationtheorydevelopedby Black, ScholesandMer-
ton, stochastianodelsdriven by Brownian motionshave becomepredominanin finance(see
e.g.Bjork (1998)).To a certaindggreethis seemdo be dueto the fact thatthe technologyfor
handlingdiffusionprocessess widely known (seee.g.thebooksby LiptserandShiryae (1977)
or Karatzasand Shreve (1991)),whereasstochastia@nalysisfor wider classef processesn
particularfor semimartingaless still a matterfor specialists.

Lévy processeghe classof processesve considerhere,aresemimartingalebut in orderto
treatthemonedoesnotneedthefull machineryof semimartingaléheory Somesemimartingale
componentslike the continuousmartingalepart, the compensatoof the randommeasureof
jumps,andthedrift part,simplify considerablyNeverthelessl.évy processesonstitutea very
broadclassof stochastiprocesseshey aregeneratedby infinitely divisible distributionsin the
sameway asBrownianmotionis generatedby the normaldistribution. For distributionswhich
have afinite first momentthegenerated évy processesanberepresented theform

XtIO'Bt—FZt—f—OZt, (1)

where(B;);>o is astandardBrownianmotionand(Z;):>o a purely discontinuousnartingale
independenof (B;):>o. For further detailson Lévy processesind an overview of the basic
theory we refer to the paperby K.-I. Sato(2001). It shouldbe emphasizedhat Brownian
motionitself is a Lévy processhut the classof Lévy processesvhich will be studiedin more
detailin the next sectionsjs in a certainsenseat the oppositeend of the spectrumWhereas
Brownian motion hascontinuouspaths,apartfrom the drift term at, generalizechyperbolic
Lévy motionsarepurelydiscontinuous.

The purposeof this essayis to shawv thattheseprocessesaretractablefrom a mathematical
pointof view andleadto attractive modelsfor financialtime series.

2 Empiricalfacts

Financialdatais typically providedin theform of a discretetime seriesS;, S», Ss, . . ., where
S, denoteghe price (e.g.closingprice or settlemenprice) of a certainsecurityat time point
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FIGURE 1. Daily stockprices(Dec.30,1987-May24,1994).

n (seeFigurel). As one of the consequencesf the presentransitionfrom traditionalfloor
tradingto electronicmarkets)arge datasetsareproducedoutinely every day atthe exchanges
onanintradaylevel. Theseintradayrecordscollectprice quotegbid andask)aswell asprices
at which tradesactually took placetogetherwith the correspondindime stamp.Time series
correspondingo equidistanttime points down to a certaingrid size can easily be extracted
from theseintradaydatasets.

In orderto allow for thecomparisorof investmentsn differentsecuritiest is naturalto look
atrelative pricechanges

Y, = (Sn - n—l)/Sn—1~

For a numberof reasonsnostauthorsin the financialliteratureprefera rate of returndefined
by log returnsinstead
Zn = log Sy —log Sp—1 =log(1+ Y,). 2)
Onereasoris thatthereturnover k periods.e.g.k days,is thenthesum
Zn+ -+ Zngr-1 = log Spyk—1 —log Sn_1.

We shallmodelasseipricesby continuoudime price processesS; );>o. Thediscretetime se-

ries consideredhbore correspondso the valuesof the continuoustime processat equidistant
time points. Thus,atime seriesof daily priceswill correspondo the valuesof the continuous
time modelatintegertime points.For continuougime processeseturnswith continuousom-

pounding,i.e. log returns,are the naturalchoice.Therefore,in the languageof discretetime

serieswe shallconsidermodelsof theform

Sn = S, exp (i ZZ-) .
i=1

Usually, real price seriesbehae morein a multiplicative way thanin an additive way. It is
this propertywhichis alsoreflectedn modelsbasedn log returns Numericallythe difference
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FIGURE 2. Log returndensityof Germarzerobonds(1985-95)5 yearsto maturity

betweery,, andZ, in (2) is nggligible sincethefunctionslog « andxz — 1 have almostidentical
valuesnearl.

Looking at empiricaldensitieof log returnsfrom financialdataone obseresthe following
stylizedfeaturescomparedo thenormaldistribution, whichis usedin classicamodelsthereis
moremaseartheorigin, lessin theflanksandconsiderablynoremassn thetails. Thismeans
that tiny price movementsoccur with higher frequeny, small and middle sized movements
with lower frequeng andbig changesare muchmorefrequentthan predictedby the normal
law. Figure 2 shows a typical example.The points representhe kernel-smoothedensity of
log returnsof zerocouponbondswith 5 yearsto maturity The empiricaldataandthe normal
densityhave the samemeanandvariance Giventherathersmallnumericalvaluesin thetails,
thestrongdeviationtherewouldonly bevisible, if onelookedatthesamegraphwith the y-axis
in logarithmicscale.lt is the classof generalizedhyperbolicdistributionswhich allows for an
almostperfectstatisticalfit to theseempiricaldistributions.

3 GeneralizedHyperbolicDistributions

Generalizedhyperbolicdistributionswereintroducedby Barndorf-Nielsen(1977)in connec-
tion with the 'sandproject’, wherein cooperatiorwith geologiststhe physicsof wind-blown
sandwasinvestigatedTheir Lebesguealensitiesaregivenby:

dom(@; o, 8,6,0) = a(Aa,B,8) (0% + (@ —p?) 9 -
X K_1(a/6% + (x — p)? ) exp(B(z — p)),
where
(a2 _52))\/2

A’ 3 ’6 = 1
alh e 5,9) V21 a3 82K \(6y/a? — B2)
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is thenormalizingconstaneand K, denoteghe modifiedBessefunctionof thethird kind with
index v. An integralrepresentationf K, is givenby

. L[, _ 1 _
K,(z) = 5/0 y 1exp<—§z (y—l—y 1)) dy.

Thedensitiesabore dependnfive parametersy > 0 determinesheshapef with0 < |5]| < «
theskevnessandy € IR thelocation.d > 0 isascalingparametecomparabléo ¢ in thenormal
distribution. Finally A € R characterizesertainsub-classedt is essentiallythe heavinessof
thetails which canbe modifiedby changingh. Comparedo the normaldensitywith only two
parameterg ando, theclassdescribedy (3) is very flexible andthereforeenablesisto fit the
empiricaldensitief log returnsin anoptimalway.

If X is arandomvariablewhich is generalizechyperbolicallydistributedwith parameters
(A, @, B, 4, ) thenonecan easilyseethatary affine transformy = ¢X + bwith a # 0 is
againgeneralizechyperbolicallydistributedwith parameters. = A, & = |a| "o, 3 = |a|~13,
5= |ald, andp = ap + b. Fromthis resultone candeducethatthe following two alternatve
parametrizationarescale-andlocation-invariant,i.e. they do notchangaunderaffine transfor
mations:{ = d\/a? — 32, 0 = B/a and¢ = (1 4+ ¢)~1/2, x = €o. Sinced < |x| < € < 1,
thedistributions parametrizedby y andé canbe representedly the pointsof atriangle,theso
calledshapdriangle.

Variousspecialcasesreof interestFor A = 1 onegetsthe sub-clas®f hyperbolicdistribu-
tions.Sincek »(z) = (m/22)'/2e~*, thedensity(3) simplifiesconsiderablyTheamgumentz
nolongerappearsn a Bessefunction. Thedensityis

dpr (z) Jal— B exp (_a, /1 = p)? + Bla— ,L)) . (4)

2
YT Sas Ki(6y/a2— 32)

The name’hyperbolic' is explained by this density Taking the logarithm of dg, insteadof
the parabolawhich resultsfrom the normal distribution, we get a hyperbolafrom the term
/02 + (z — p)?. It is thehyperboliccasewhich wasfirst usedin finance(EberleinandKeller
(1995),seealsoEberlein Keller, and Prausg1998)).Figure 3 shaws the effect of varyingthe
shapeparamete in the caseof thehyperbolicdistribution. All otherparameterarekeptfixed.

Anotherspecialcaseis the normalinverseGaussiardistribution, which resultswhen A =
—1/2. It wasintroducedo financein Barndorf-Nielsen(1998)andhasdensity

K (a(ﬁ/l + (xg—“)2)
(500

ThenormalinverseGaussiardistributionsform the only sub-clas®f generalizedhyperbolic
laws which have thefollowing convolution property

NIG(a:Baéluul) * N]G(a:6:62:)u2) = NIG(a:Baél +62,/£1 —|—M2) (6)

In this sensét is closeto the normaldistribution, wheremeansandvariancef independent
randomvariablesadd up too. (6) simplifiesthe numericsof the option pricing formula, which
will bederivedlaterandspeedsaip simulationsof pathsof processes.

Generalizedhyperbolicdistributionshave a numberof appealinganalytic properties.Their
momentgeneratingunctionis givenby

o R/ T
a? — (B +u)? Kx(6y/a% = p7)

dvig@) = Zexp(§v/a? = 7+ Ba — n)) )

MGH(U) = e,uu < (7)
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FIGURE 3. Hyperbolicdensitieswvith constantariance.

for |3 4+ u| < «. Fromthis formulamomentsof ary integer ordercanbe derived. Using the
paramete¢ definedabose we derive thefollowing expressiondor thefirst moment

0% Kx41(Q)
FIGH = p+ —/— —/——~ 8
(GH] = p ¢ Ka(¢) ®)
andfor thevariance
3 Kx41(Q) | oo
3 ” + ﬁ 2 .~ - ~2
¢ Kx(Q) ¢\ E(Q) K5(0)
Notethattheseexpressionsimplify considerablyn the caseof symmetryi.e.for 5 = 0. Also
thecharacteristiéunction ¢ is easilyobtainedoy exploiting therelation
We shall needthe Lévy-Khintchinerepresentationf the characteristidunction of general
izedhyperbolicdistributions.It is givenby

(9)

Var[GH] = a <K>\+2(C) K§+1(C)) .

+oo
In(¢pgm(u)) = iu E[GH] + / (e“” —1- zu;) g(z)dx (11)
wherethedensityg(z) of theLévy measures

e [ e exp (—\/2y+azlfvl)
0 =T\ |, m v e

||

dy + el if A>0 12
))y )l_ (12)

and

e o exp (=T a¥|e|) dy  ifA<0 (13)
o= y ifA<0.
1O =TT Sy Ty, 6V 7 Y5, (0vEg))

HereJ, andY, arethe Bessefunctionsof thefirstandsecondkind, respectiely.
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FIGUREA4. Empiricalvolatilitiesfitted by a generalizednverseGaussiamensity
4 GeneralizednverseGaussiarmistributions

Thereis anintuitive way for deriving the densitiesintroducedabove. Generalizechyperbolic
distributions arevariance-meamixturesof normaldistributions.Let dr¢ denotethe density
of ageneralizednverseGaussiaristributionwith parameters, dJ, and~, i.e.

. G L S VU G €SS .
dara(z; X, 0,7) = (5) 2I(>\(57)‘l exp< 5\ +v°z forz > 0. (14)

The parametespacds givenby

6>0, v>0 if A>0,
d>0, v>0 if A=0,
d>0, v>0 if A< 0.

Thenif N (u+ By, y) denotegshenormaldistributionwith meanu + 3y andvariancey onecan
easilyverify that

danlzid .05, = [ dvussy (@) dora(i\ 6, VaT—F)dy.  (19)
0

As aconsequencenegetsthefollowing relationfor momentgeneratingunctions

Megu(u) = e* Marc <%u2 + ﬁu>; (16)

wherethegeneralizednverseGaussiardistribution on theright-handsidehasparameters, 4,
andy = \/a?— /2.

The pointsin Figure 4 shav the empirical density of daily squaredvolatilities given by
the Germanvolatility index VDAX. By constructiorthe VDAX measuresn averageimplied
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volatility wherethe time to maturity is roughly 45 days.The datacoversthe periodfrom Jan.
2,1992to Decembef30, 1997 .Figure4 shovsthatthe empiricaldistribution canbefitted by a
generalizednverseGaussiardistribution.

SinceGammadistributionsareoften usedin finance,in particularin the context of models
for creditrisk, let us point out that they representhe specialcasewhereX > 0,4 = 0, and
~ > 0. Thecorrespondinglensityreducedo

oo (Y L (L, ,
dr(z) = 5 F(/\)J: exp | —57°2 forz > 0. a7)

If oneconsidersthe parameters\ < 0, d > 0, andy = 0, one getsthe inverseGamma
distributionwith density

2\ 1, 142
For A = —1/2 we getthefollowing density
9\ 1/2 9 ¢ \2
dig(z) = (6—) 3% exp (—l <;7: — g) ) forz > 0. (19)
2w 2z vy

Thisis the densityof theinverseGaussiardistribution. It leadsto the normalinverseGaussian
distributionintroducedn (5).

5 GeneralizedHyperbolicLévy Motions

Barndorf-Nielsenand Halgreen(1977) shaved that generalizechyperbolicdistributions are
infinitely divisible by proving infinite divisibility of the generalizednverseGaussiardistribu-
tion, whichis usedn therepresentatio(il5) asmixtureof normals.Thereforesvery memberof

thisfamily with parameter$), o, 3, d, ) generateaLévy procesg X ):>o, i.e. aprocessith

stationaryindependenincrementssuchthat X, = 0 and £(X3), the distribution of X, has
densityds g . We canchoosea cadlagversionandcall this procesghe generalizedhyperbolic
Lévy motion(with parameters,, «, 3, d, w).

Accordingto theconstructionincrement®f lengthl have ageneralizedhyperbolicdistribu-
tion, but in generahoneof theincrement®of lengthdifferentfrom 1 hasadistributionfrom the
sameclass.This followsimmediatelyfrom the explicit form of the characteristidunction (see
(7) and(10)) andthefactthatthe characteristiéunction ¢, of adistributionof anincrementof
lengtht is givenby (¢cw)t.

Theexceptionis thenormalinverseGaussiarévy motion,i.e.thecase\ = —1/2, since

N
eé«/az—(,@+iu)2 '

Thepowert of thisfunction producegparametersd andty for incrementof lengtht.

The Lévy-Khintchinerepresentatiofil1) — (13) hasonly a drift anda jump term, therefore
(Xt)¢>0 doesnothave a continuousGaussiarcomponent.

Analyzingthebehaior of thedensitiegy; of the Lévy measur€12)— (13) morecarefullyfor
z — 0 revealsthatthe Lévy measuresiave infinite massin every neighborhooaf the origin.

onic(u) = e (20)
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This meanghatthe procesg X );>o hasaninfinite numberof smalljumpsin every finite time
interval.

Let us considerthe representatiom (1) in moredetail. By (7), £(X;) hasmomentsf ary
order in particularE[X;] < co. By stationarityE[X;] = t E[X], thereforewe have thetrivial
decomposition

As mentionedabove the martingale(X; — £[X;]);>o doesnot have a continuouscomponent.
Wewrite X for therandommeasuref jumpsassociateavith the procesg X ):>o

(.d dt dl‘ ZH{AX 750}6 (5,AX(w) )(dt,d$),
s>0

wheres(; ax,()) denoteghe Dirac measuret (s, A X (w)). Thecompensatoof therandom
measureof j Jump5|s deterministicand of the form du v(dzx), since(X;);>o hasindependent
incrementsThe measure/(dz) appearinghereis the Lévy measureof the generalizedyper
bolic distribution with Lebesguealensityg asgivenin (12) — (13). With this notation(21) can
bewrittenin theform

X = // - du, dz) — duv(de)) + tE[X4]. (22)
R\{O}

Comparingthis with the canonicalrepresentatiomf semimartingaleén generalasgiven on
p.84in JacodandShiryae (1987)(seealso Theoreml.42 in Protter(1990))we canseewhat
particularcasegeneralizechyperbolicLévy motionsare.First, sincewe have finite moments,
we do nothave to split off the big jumps.Secondthe continuousmartingalecomponentyhich
wouldbeaBrownianmotionfor Lévy processess zero.Third, thedrift termis alinearprocess
andfinally the compensatoof x* is of thesimpleproductform du v (dz).

For completenesket usmentionthatthe generalizedyperbolicLévy motioncanalsobein-
troducedvia subordinationThis meanghatwe useoperationatime or businesgime. General-
izedinverseGaussiamlistributionsasintroducedn Sectiord areinfinitely divisible. Therefore
they generatea Lévy procesgr(t));>o suchthat~(0) = 0 andL(7(1)) is givenby dg;¢ (see
(14)).

Sincedg ¢ hasonly masonR ., theincrementf () arepositive. Consequently (¢) has
increasingpathsandis a subordinatarFor a standardBrownian motion (5;); >0, independent
of 7(t), we considertheprocess

X¢ = pt + Br(t) + Brr)- (23)

If the parametersf the generalizednverseGaussiardistribution definingr(¢) arethosefrom
the mixture representatiofl5), namelyé andy = /a%— 32, (X;):>o is thegeneralizedy-
perbolic Lévy motion with parameterg\, «, 5, 4, ). This can be proved as follows. Write
Corg(z fo e *dgrg(z)dz (z € C, Rez > 0) for the Laplacetransformof the general-
ized |nverseGaussmrmIlstnbutmn. Then

E[eiuXt] — eiuutE[eiuﬁ‘r(t)E[eiuBT(t)|T(t)]]
eiuutE[e—(u2/2—iuﬁ)'r(t)]
= (ei““Cng(uz/Q — zuﬁ))t
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FIGURES. Pathwisesimulationof anassepricedrivenby a GH Lévy motion.

On the otherhandif we write (16) not for the momentgeneratingout for the characteristic
function,we gettherelation

dan(u) = e Cara (u’/2 — iup) . (24)

This provesour statementFor a discussiorof the subordinatiorapproachn financeseee.g.
Hurst,PlatenandRache (1997).

6 TheAssetPriceModel

Giventhe empiricalfactson log returndistributions our goalis to modelassepricesin sucha
way thatlog returnsof the modelproduceexactly a generalizechyperbolicdistribution along
time intervalsof a certainlength,sayonetradingday This canbe achieredby setting

Sy = Spexp(Xz) (25)

where(X;);>0 is ageneralizedyperbolicLévy motion.Of coursethe generalizedhyperbolic
distributionwith parameterg\, «, 3, 4, i) which entershereis the onewe estimatedrom the
datasetwe wantto model.Estimationis doneby the maximumlikelihood method Let usnote
that if our dataconsistsof price quotesof a particularstock (suchas BMW) the estimated
parameterg, o, 3,6, u) area labelfor this stockandthe derived assefprice procesy.S; ):>o
is a specificprocesdor this stock.Datafrom a differentstockor anindex, like the DAX, will
yield differentparameterandthe correspondingnodelwill bedifferent.

It is necessaryo emphasizehatwe discusonly the basicmodelhere.This modelassumes
asthe classicalBlack-Scholesnodelthatlog returnshave independenincrementsput there
is a substantialiteratureobservingthat someof the featuresof the dataare dueto volatility
clustering.More sophisticatedrersionsof our modelwill have to takethis into accountAny
approacho stochastiovolatility which hasbeeninvestigatedor modelsdriven by Brownian
motionscanbeimplementechereaswell.
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By It6'sformula, (S;):>0 is thesolutionof the following stochastidlifferentialequation
dS; = S,- (dX, + 2% — 1 — AX,). (26)

HereAX; = X; — X,- denoteghe jump attime ¢ and X,- theleft handlimit of the path
attime ¢. Of coursethe path propertiesof (X;);>o carryoverto (S;):>o. Thus(S;):>o also
changests valuesby jumpsonly. Figure5 shovs a simulationfor the casewhere(X;);>q is a
normalinverseGaussiarLévy motion. Comparingthis simulationwith the evolution of stock
priceson anintradaytime scale(seeFigure6) oneseeghatour model(25) is ableto catchto
a certaindegreethe microstructureof price fluctuations(25) is anincompletemodel,i.e. there
is a large setof equivalentmartingalemeasuresin otherwordsthereare mary candidate®f
measurefor risk-neutralvaluation.For ananalysisandcharacterizatioof the setof equivalent
martingalemeasureseeEberleinandJacod(1997).

As far asthe valuationof derivativesis concernedve choosehe Esscheequivalentmartin-
galemeasurelt is from a mathematicapointof view the simplestcandidate.

Remembethat My (u) denoteghe momentgeneratingunction.If » denotegheinterest
rate,thereis a uniquesolutioné of theequation

r = log Mgy (0+1) — log Mgu (0). (27)
For this uniqued considetthe probabilitymeasureP? definedoy the Radon-Nikodyndensity
dP® = exp (0X; — tlog Mg (6)) dP. (28)

(27) is a differentway of writing the martingalecondition Sy = e~ E?[S;] (seeEberlein
andKeller (1995)).Now if H (Sr) is the payof functionof aderivative dependingn the price
(St)¢>0 of theunderlyingattime 7', thenthevalueof thedervativeis thediscountedxpectation
of H(Sr) with respecto P’ i.e.

=T B [H (Sr)). (29)
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For aEuropearcall optionwith strike K thepayof is H(Sr) = (Sr — K)*1 andwe obtainfor
the expectationunderP? thefollowing explicit expressionwhich hasthe samestructureasthe
Black-Scholesormula

50/ d;}},(m;aﬂ)dx—e—fﬁ(/ dghy (x;0)dz, (30)
8 8
wherey = In(K/Sp) and
Oz gxt
Ay (w:0) = —o—demZ)
[ ety

is the density of the distribution of X; underthe risk-neutralmeasureThe density dg/;, of
thet-fold corvolution of the generalizedhyperbolicdistribution canbe computedoy applying
the Fourierinversionformulato the characteristidunction.As pointedout in Section5 thisis
simplein particularfor normalinverseGaussiardistributions.Figure7 shavs the differenceof
the classicalBlack-Scholegrice andthe generalizechyperbolicprice in the caseA = 1 for
variousmaturities.We seethe typical W-shape At the mong/, wheremostof the volumeis
tradedtheBlack-Scholegriceis too high. Onthecontrary in themone andoutof themonsy,
theBlack-Scholegriceis toolow. Thisis clearif oneis awareof thefactthatthe Black-Scholes
modeldoesnot seetherisk of larger price movements Note thatvery deepin the mone/ and
verydeepoutof themoney the optionpriceis essentiallymodelindependentThisfollowsfrom
thefactthatin thesecasegheintegralsin (30) arecloseto 0 or 1.

Therearevariouswaysof lookingattheperformancef this new optionpricing formula(30).
An inconsisteng of the classicalBlack-Scholesaluationis the so-calledsmile effect. This is
thedependencef implicit volatilitiesonthemone/nessj.e.thestockprice—strikeratio S / K,
of the option. For a fixed time to maturity the resultingcurve looks like a smiling mouth.As
shavn in Eberlein,Keller, and Prause(1998) for the hyperbolicmodeland in Eberleinand
Praus€1998)for the generalizedhyperbolicmodel,(30) leadsto a reductionof thesmile. The
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reductionis strongeffor thegeneralizedyperbolicmodelthanfor thehyperbolicor thenormal
inverseGaussiammodel.

Anotherapproachto pricing performances to comparetheoreticaland obsered pricesdi-
rectly. Comparingimplicit volatilities only would not give a completepicture,sincethe same
changein volatility hasa larger effect on the price for an option with a longertime to matu-
rity. This analysiswasalsodonein the two paperamentionedabove. Mispricing is somevhat
reducedy (30).

As mentionedeforethereis alarge setof equivalentmartingalemeasuref theincomplete
caseln particularit is shavn in EberleinandJacod(1997)thatthe price rangeresultingfrom
this setis the entirenon-arbitragenterval. Althoughthe questionof whichtheoreticaprinciple
shouldbe usedto determinethe martingalemeasurés discussedn a numberof papersthere
is still somearbitrarinesgor ary particularchoice.Consequentlyinsteadof usingsomemathe-
maticalprinciplelike minimizingthe L*- or L?-distance®r consideringentropyonecouldask
the marketfor the right measureThis is the idea of the so-calledstatisticalmartingalemea-
sure(seee.g.Keller (1997),Eberlein KellerandPrausg1998)).Denoteby C' = C(S, K, T, r)
the price of an option asobsered at the exchange Here S is the price of the underlying, K
the strike, " the time to maturity and r the interestrate. For generalizechyperbolicparame-
tersé = (A, «, 3, 6, u) computethe pricesC(#) accordingto formula (30) andcompareC' and
C'(0). For alarge numberof prices@, suchasN = 40 000 quotesfrom the secondarynarket,
we considetthefunctional

N o 2
min )" (c - ci(a)) (31)
i=1

undertherestrictionthatthe parameterg describea martingalemeasureThis is anumerically
demandingptimizationproblem butit canbesolvedin reasonabléme. Thestatisticaimartin-
galemeasure”? derivedasthesolutionof this problemis optimalin the sensethatit minimizes
thedistanceof hyperbolicpricesderived from (30) to thereal marketprices.

7 Multivariae Modeling

In portfolio managemenbne doesnot look at a singleassetput at a large universeof instru-
ments.The problemis to selectfrom this universea dynamicportfolio suchthatthe capitalto
beinvestedis usedin anoptimalway. Optimal meanghateithertherisk is minimizedgivena
certainreturnor the returnmaximizedgiven a predeterminedisk level. Variousmeasures$or
risk andreturncanbe usedhere.Sincetheinstrumentsn the marketsuchasstock,bonds for-
eigncurrencier derivativesarenot independenthut typically highly correlatedijt is natural
to usemultivariatedistributions.

A straightforwardvayfor introducingmultivariategeneralizedhyperbolicdistributionsis via
the mixture representatiofl5). Givenn instrumentslet A be a positive definite, symmetric
(n x n)-matrix. A canbe chosento have determinantl. Now considerthe multidimensional
normaldistributionwith meanvector¢ € R” andcovariancematrix o2 A for someo? > 0. It
hasthe density

1 1 1
dne,o2a)(z) = [@n)772 (At o20)17 - exp <—§(I — & (?A) Hx — E)) for z € R™.
(32)
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ThelLebesgualensityof the multivariategeneralizedhyperbolicdistributionis thenobtained
by theformula

dGH,n(:L‘)Z/ AN (utya)sya) () dera(y)dy. (33)
0

The parameter®f the generalizednverseGaussiardistribution hereare A € Ik, J > 0, and
v =+/a? — B'ABfora € R,andavectors € R™ As aresultof theintegrationin (33) we get
thefollowing density

dona(e) = a0V F @A —p) (34)

X Kx-n (a\/52 + (2 —p)A-1(x - ,u)) exp((z — p)'B) for z € R”

wherethe normalizingconstants

_ (e*—pap™”
T 22K (0o — BAR)

In additionto the positive definite,symmetric(n x n)-matrix A with determinant the param-
etersarel € R,§ > 0,a > 0, andy, # € R™ suchthata? > 3’AB. For A = (n + 1)/2 one
obtainsthemultivariatehyperbolicandfor A = —1/2 themultivariatenormalinverseGaussian
distribution.

Basedon the density(34) the multivariategeneralizechyperbolicLévy motionis now con-
structedn the sameway asthe univariateoneis constructedn Section5.

8 IntradayModeling

Thedatasetswe useto calibrategeneralizedyperbolicmodelstypically consistof daily price
guotesOntheotherhandasindicatedn Section2, for somefinancialinstrumentgime-stamped
intradaydatasetsareavailable.Thusit is notaproblemto analyzepricechangeslongdifferent
time grids,e.g.onecanconsidenehourreturns A naturalquestions then,how theempirical
distributionwhich oneobtainsfrom analyzingonehourreturnscompareso the corresponding
incremendistributionin the price processvhich wasfitted to daily data.Traditionalfloor ses-
sionslastthreehours,namelyfrom 10.30a.m.to 1.30 p.m. Our modelwould reflectintraday
behaior in a perfectway, if the empiricalonehour returndistribution would be well approx-
imatedby the log returnsfrom the model correspondingo time length 0.33.1t is necessary
to remembetthat onetrading day correspondgo a time incrementof length1 in our model.
Figure8 shows the distanceof the empiricalonehourdistribution to the log incrementof the
modelcorrespondingp timelengthsbetweerD andl. In otherwordswe compareheempirical
onehourreturnswith theelementsx;)o<: <1 of thecorvolution semigroupwhichis generated
by the generalizedhyperbolicdistribution estimatedrom daily data. The distancds measured
hereas the Kolmogoros distance lf one took the x2-distanceinstead the picture would be
roughly the same.The minimumin Figure8 is reachedsomavherebelowv ¢ = 0.3 andnot at
t = 0.33. Thereasorfor thisis thefollowing. The price changdrom onedayto the next is not
only thesumof thethreeonehourchangedetweenl0.30a.m.and1.30p.m. In additionthere
is the overnightjump, i.e. the changefrom the closing price of one day to the openingprice
of the next day The distribution of the overnightjumps can be fitted aswell by generalized
hyperbolicdistributions.
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FIGURES8. Distanceof empiricalonehourreturnsto the corvolutionsemigroup.

Takingthis overnighteffectinto accountFigure8 shawvs thatour modelis highly consistent.
Theinvestigationof the microstructureof pricefluctuationsalongatime grid correspondingo
60 minutesis somevhatarbitrary Similar resultsare obtaindfor even densettime grids such
as 30 minutesor 10 minutesreturns.The latter grid makesonly sensefor instrumentswvhich
aretradedat a high frequeng. Fitting a modelon the basisof daily dataandlooking into the
derived microstructurecould be called a fold-down approachWe investigatedalso a fold-up
approachwherethe modelis fitted basedon hourly price datafor example.The distributions
derived from this modelare comparedo empiricaldaily returns.The resultsof this intraday
investigatiorwill be publishedn ajoint paperwith FehmiOzkan.

9 InterestRateTheory

The shapeof the distribution of returnsis a key assumptiorin modelingfinancialtime series.
In thecaseof stockreturnsthedeviation from normalityis widely known, althoughthevarious
modificationsandgeneralizationsf classicaimodelsdo not really takethis into accountThe
deviation is muchlessknown for returnsfrom the bond market.lt is for this reasonthatwe
choseinterestratedatafor Figure2. Generalizedhyperbolicdistributionsprovide anexcellent
fit to thesereturnsasshown in Figure9. Thetheorywe shallsketchin thefollowingis for Lévy
processem general We only requirethe existenceof the momentgeneratingunction.
Historically it wasalwaysthe shortrate which wasmodelledasthe basicprocessMost of

themodelsin theliterature(seee.g.Bjork (1998))areso-calledi-root models

dry = (0(t) — ary)dt + orldB;, (35)
where(B; ;> is againastandardrownianmotion.As Figurel0shaws, interestratesfluctuate

arounda long termmeané(t). This behaior canbe modeledthrougha properchoiceof the
drift term.Theterm{(t) —ar, hasamearnrevertingeffect.
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FIGUREDO9. FittedLog returndensityof Germarzerobonds(1985-95)5 yearsto maturity.

The exponents in the randomterm forcesthe solutionr; to stay positiveif § > 1/2. The
case) = 1/2 is thewidely usedCox-Ingersoll-Rossnodell (Cox, Ingersoll,andRoss(1985)).

However, interestratesare not a onedimensionabbject.On the US bond marketthereare
bondswith maturitiesbetween0 and 30 years.The interestreceied dependson the time to
maturity. Undernormalconditionsthe interestpaid for a bondwith mary yearsto maturityis
higherthanthatfor a bondwhich is closeto maturity Thuswe have to considera vector or
function-valuedprocessOne assumeshatthereis a completesetof bondswith maturities?’
in thefull timeinterval [0, 7*]. 7™ canbe30 yearsfor example.Mathematicallyit is simplerto
considerzerocouponbonds.Thesearebondswhich do not payinterestperiodically but given
acertainfacevaluewhichwill be paidatmaturity, theinterestearnedn thisbondappearsisa
discountof thefacevalueatthe beginning.

Let P(¢,T) denotethe price attime ¢ € [0, 7] of azerocouponbondwith maturity 7' €
[0, T*]. We define

F(t,T) = _8%1np(t,T). (36)

f(t, T correspondso theratethatonecancontractfor attimet onarisklessloanthatbeginsat
time 7" andis returnedaninstantlater. f(¢, T') is calledthe (instantaneoudprwardrate.Since

P(t,T) = exp (—/t f(t, s)ds) (37)

zerocouponbondpricesandforwardratesrepresenequivalentinformation.Notethattheshort
rater; is containedn the forward ratestructuresincer(t) = f(¢,t). In 1992,Heath,Jarrav,
andMortonintroduceda modelfor the forwardratedynamics

df(t,T) = a(t, T)dt + v(t, T)dB. (38)
As explainedbeforethisis equivalentto modelingzerocouponbondpricesin theform
dP(t,T)= P(t,T)(m(t,T)dt + o(t,T)dB:). (39)
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FIGURE10. Interestratefluctuations.

Undera risk-neutralmeasurethe drift coeficient m(t, T) is replacedby r(t). Thereforethe
startingpointfor our generalizations the Heath-Jarra-Morton modelin theform

dP(t,T) = P(t,T)(r(t)dt + o(t, T)dB;). (40)

As in thecaseof stockpriceswe do notreplacethedriving Brownianmotionby aLévy process
in the stochastidifferentialequation.This would leadto a Doléans-Dadexponentialassolu-

tion andthusto price processesvhich could have nggative valuesaswell. Insteadwe replace
(B¢)¢>0 in thesolutionof (40), which canbewrittenin theform

o ( f t ol )5, )
oo ( ta(s,T)st>] |

LetL = (L:):>0 bealLévy processinddenotedy I theLévy measuref theinfinitely divisible
distribution £(L+). In orderto guarantedinitenesf theexpectationn thedenominatoabove
in the caseof general évy processesye assumehat

P(t,T) = P(0,T) exp </0tr(5)ds> (41)

/ exp(va)F(dz) < oo for |v| < (14 ¢)M, (42)
{le>1}

where M is suchthat0 < o(s,7) < M for0 < s < T < T*. Furthermorewe assume
that P(0,T) aswell asthe (non-random)olatility o(s,T") aresufiiciently smooth,namelyat
leastC?, ando (s, s) = 0. Notethatcontraryto the caseof stockprice modelsin (39) it would
not makeary senseo considera constantvolatility . Whena default-freebond approaches
its maturity, the spanof possibleprice fluctuationsnarrons. This is clearsinceat maturity the
owner of the bondwill getthe facevaluewith certainty A volatility structurewhich is often
usedis the Vasiék structuregivenby

o~

o(t, 1) = = (1= exp(—a(T' ~ 1)) (43)

for parameter$ anda. (43) definesa stationaryvolatility structurej.e. o(¢,7") dependonly
onthedifferencel"—t.
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¢ = 0.01; Vasttékvolatility structurewith ¢ = 0.015, a = 0.5; flatinitial forwardratewith f = 0.05;
currentdate= 1 year

The stochastidntegral processX; = fot o(s,T)dB; is a processwith independenincre-
mentsaslong aswe considera non-randonvolatility structures (s, 7"), althoughit is nolonger
stationary It can easily be seenthat for processes.X;);>o having independenincrements,
(exp(X¢)/ Elexp(Xt)] )e>o is amartingaleprovided Elexp(X;)] is finite. This fact explains
why we wrote P (¢, T') in theform (41). Thediscountedondprice process

(e (- [ l(s)ds) P(t,T))OStST

is amartingale This is still trueif we replacethe Brownianmotion (B;);>¢ in (41) by aLévy
procesg L;):>o satisfying(42).

Goingthroughthe analysisasgivenin EberleinandRaible(1999)onederivesthefollowing
forwardrateprocess

t t

f¢,T) = f(O,T)+/ HI(O'(S,T))O'Q(S,T)CZS—/ oa(s, T)dLs. (44)
0 0

Heref(u) = log(E[exp(uL4)]) denoteghe logarithmof the momentgeneratingunction of

L(L1), 0" its dervative and o2 (s, T') = Z=o(s,T) aswell as f(0,7) = —2log P(0,T)

the correspondingpartial derivatives.Figure 11 shows the forwardratesin the casewherethe

driving procesg L; ); > is a hyperbolicLévy motion.Finally the bondprice processtself can
beobtainedn theform

P(t,T) = P(0,T) exp [/Otr(s)ds—/Oté(a(s,T))ds+/Ota(s,T)dLs]. (45)

TheclassicalGaussiamodelfollowsfrom (45)if onechoose#(u) = u*/2 andL, = B,. The
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stochastidifferentialequationwith solution(45)is
_ C 5
dP(t,T) = P(~,T) (r(t)dt + (50 (t,T) - H(U(t,T))) dt (46)
+o(t, T)dL, + (eo(t’T)AL’ 1ot T)ALt)) .

Accordingto the constructiondiscountedoond pricesare martingalesn this term structure
model.lt is shavn in Raible (1999)thatthe martingalemeasuréds unique.As a consequence
arbitrage-fregricesof interest-ratelerivativesareuniquelydeterminedncethe parametersf
the driving Lévy processandthe volatility structurearefixed, sincethesepricesaregivenas
expectationsinderanequivalentmartingaleneasureAs anexamplelet usconsidea European
call optionon a bondmaturingat time 7' with exercisedatet andstrike price K. Thetime 0

priceof this optionis C(0,t,7, K) = E [exp (— fot r(s)ds) (P(t,T) — K)*|.Itisshavnin
EberleinandRaible(1999)how onecanevaluatethis formulanumerically
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