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Applicationof generalized hyperbolicLévy motionsto finance

ERNST EBERLEIN

ABSTRACT In standardmathematicalfinanceBrownian motion plays the dominatingrole as
driving processfor modelingpricemovements.In orderto achievea betterfit to real-lifedatait is,
however, preferableto replaceBrownianmotionby a Lévy process.GeneralizedhyperbolicLévy
motionsareprocesseswhichallow analmostperfectfit to financialdata.We discussin detailwhat
theconsequencesfor assetpricemodelingandinterestratetheoryare.We alsotouchon aspectsof
multivariateandintradaymodeling.

1 Introduction

Sincetheoverwhelmingsuccessof thevaluationtheorydevelopedby Black,ScholesandMer-
ton, stochasticmodelsdrivenby Brownianmotionshave becomepredominantin finance(see
e.g.Björk (1998)).To a certaindegreethis seemsto bedueto the fact that the technologyfor
handlingdiffusionprocessesis widelyknown(seee.g.thebooksby LiptserandShiryaev (1977)
or KaratzasandShreve (1991)),whereasstochasticanalysisfor wider classesof processes,in
particularfor semimartingales,is still a matterfor specialists.

Lévy processes,theclassof processesweconsiderhere,aresemimartingalesbut in orderto
treatthemonedoesnotneedthefull machineryof semimartingaletheory. Somesemimartingale
components,like the continuousmartingalepart, the compensatorof the randommeasureof
jumps,andthedrift part,simplify considerably. Nevertheless,Lévy processesconstitutea very
broadclassof stochasticprocesses.They aregeneratedby infinitely divisibledistributionsin the
samewayasBrownianmotionis generatedby thenormaldistribution. For distributionswhich
have a finite first moment,thegeneratedLévy processescanberepresentedin theform���������	��
����
�����

(1)

where � �	��������� is a standardBrownianmotionand � ����������� a purelydiscontinuousmartingale
independentof � �	��������� . For further detailson Lévy processesandan overview of the basic
theory, we refer to the paperby K.-I. Sato(2001). It shouldbe emphasizedthat Brownian
motionitself is a Lévy process,but theclassof Lévy processeswhich will bestudiedin more
detail in the next sections,is in a certainsenseat the oppositeendof the spectrum.Whereas
Brownian motion hascontinuouspaths,apartfrom the drift term

���
, generalizedhyperbolic

Lévy motionsarepurelydiscontinuous.
Thepurposeof this essayis to show that theseprocessesaretractablefrom a mathematical

pointof view andleadto attractivemodelsfor financialtime series.

2 Empiricalfacts

Financialdatais typically providedin theform of a discretetime series��� � �� � �"! ��#$#�#�� where�"% denotestheprice (e.g.closingpriceor settlementprice) of a certainsecurityat time point
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FIGURE1. Daily stockprices(Dec.30,1987–May24,1994).* (seeFigure1). As oneof the consequencesof the presenttransitionfrom traditionalfloor
tradingto electronicmarkets,largedatasetsareproducedroutinelyevery dayat theexchanges
onanintradaylevel. Theseintradayrecordscollectpricequotes(bid andask)aswell asprices
at which tradesactually took placetogetherwith the correspondingtime stamp.Time series
correspondingto equidistanttime points down to a certaingrid size can easily be extracted
from theseintradaydatasets.

In orderto allow for thecomparisonof investmentsin differentsecuritiesit is naturalto look
at relativepricechanges + % � �,� %�- � %/.�� ��0 � %1.�� #
For a numberof reasonsmostauthorsin thefinancialliteratureprefera rateof returndefined
by log returnsinstead � % �325476 � %�- 25476 � %/.�� �825476 ��9 
 + % �:# (2)

Onereasonis thatthereturnover ; periods,e.g. ; days,is thenthesum� % 
=<$<$<>
� %@?"A7.�� �325476 � %@?"A7.��B- 25476 � %/.�� #
We shallmodelassetpricesby continuoustime priceprocesses�,� ��������� . Thediscretetime se-
ries consideredabove correspondsto the valuesof thecontinuoustime processat equidistant
time points.Thus,a time seriesof daily priceswill correspondto thevaluesof thecontinuous
timemodelat integertime points.For continuoustimeprocessesreturnswith continuouscom-
pounding,i.e. log returns,are the naturalchoice.Therefore,in the languageof discretetime
seriesweshallconsidermodelsof theform�"% � ��C�D>E@F G %H IKJ � �

I,L #
Usually, real price seriesbehave more in a multiplicative way than in an additive way. It is
thispropertywhichis alsoreflectedin modelsbasedon log returns.Numericallythedifference
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FIGURE2. Log returndensityof Germanzerobonds(1985–95),5 yearsto maturity.

between
+ % and

� % in (2) is negligible sincethefunctions
25476QP

and
P - 9 have almostidentical

valuesnear1.
Looking at empiricaldensitiesof log returnsfrom financialdataoneobservesthefollowing

stylizedfeatures:comparedto thenormaldistribution,whichis usedin classicalmodels,thereis
moremassneartheorigin, lessin theflanksandconsiderablymoremassin thetails.Thismeans
that tiny price movementsoccur with higher frequency, small and middle sizedmovements
with lower frequency andbig changesaremuchmorefrequentthanpredictedby the normal
law. Figure 2 shows a typical example.The points representthe kernel-smootheddensityof
log returnsof zerocouponbondswith 5 yearsto maturity. Theempiricaldataandthenormal
densityhave thesamemeanandvariance.Giventherathersmallnumericalvaluesin thetails,
thestrongdeviationtherewouldonly bevisible,if onelookedat thesamegraphwith the R -axis
in logarithmicscale.It is theclassof generalizedhyperbolicdistributionswhich allows for an
almostperfectstatisticalfit to theseempiricaldistributions.

3 GeneralizedHyperbolicDistributions

Generalizedhyperbolicdistributionswereintroducedby Barndorff-Nielsen(1977)in connec-
tion with the 'sandproject', wherein cooperationwith geologiststhe physicsof wind-blown
sandwasinvestigated.TheirLebesguedensitiesaregivenby:S@T�U � P�V�W����X��YB�[Z\��]��^� _ � W����Q�[YB�[Z7��`,Z  
 � P - ]��  :acbed .gfh$iKj  (3)kml d .gfh `n�Xo Z  
 � P - ]��  a D>E@Fp� Y � P - ]����:�
where _ � W����X��YB�[Z7��� � �  - Y  � d j  q r7s � d . fh Z d l d ` Z o �  - Y  a
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is thenormalizingconstantand l�t denotesthemodifiedBesselfunctionof thethird kind with
index u . An integral representationof l�t is givenbyl t �,v �B� 9rxw8y� R t .�� D>E@Fgz - 9r v ` R 
 R .�� a${ S R #
Thedensitiesabovedependonfiveparameters:

�}|8~
determinestheshape,

Y
with

~���� YQ�c���
theskewnessand

]����
thelocation.

Z�|3~
isascalingparametercomparableto

�
in thenormal

distribution. Finally
W���

characterizescertainsub-classes.It is essentiallythe heavinessof
thetails whichcanbemodifiedby changing

W
. Comparedto thenormaldensitywith only two

parameters
]

and
�

, theclassdescribedby (3) is veryflexible andthereforeenablesusto fit the
empiricaldensitiesof log returnsin anoptimalway.

If
�

is a randomvariablewhich is generalizedhyperbolicallydistributedwith parameters� W����X�7YB�1Z��[]�� thenonecaneasilyseethatany affine transform
+ ��_c��
=�

with
_3���~

is
againgeneralizedhyperbolicallydistributedwith parameters� W���W , ������ _�� .�� � , �Y���� _�� .�� Y ,� Zm��� _�� Z

, and �]���_c]�
3�
. Fromthis resultonecandeducethat the following two alternative

parametrizationsarescale-andlocation-invariant,i.e. they donotchangeunderaffine transfor-
mations:� ��Z o �  - Y  , � ��Y�0c� and � � ��9 
 � � .�� j  , � � �/� . Since

~���� � �"� � � 9 ,
thedistributionsparametrizedby � and � canberepresentedby thepointsof a triangle,theso
calledshapetriangle.

Variousspecialcasesareof interest.For
W�� 9 onegetsthesub-classof hyperbolicdistribu-

tions.Since l � j  �,v ��� � s 0 r v � � j  >� .¢¡ , thedensity(3) simplifiesconsiderably. Theargument
P

no longerappearsin a Besselfunction.ThedensityisScU � P"�p� o �  - Y  r ��Z l � ` Z/o �  - Y  a D>E@F�£ - � o Z  
 � P - ]��  
�Y � P - ]�� ¤m# (4)

The name'hyperbolic' is explainedby this density. Taking the logarithmof
S U

, insteadof
the parabola,which resultsfrom the normal distribution, we get a hyperbolafrom the termo Z  
 � P - ]��  . It is thehyperboliccasewhich wasfirst usedin finance(EberleinandKeller
(1995),seealsoEberlein,Keller, andPrause(1998)).Figure3 shows theeffect of varyingthe
shapeparameter� in thecaseof thehyperbolicdistribution.All otherparametersarekeptfixed.

Anotherspecialcaseis the normal inverseGaussiandistribution, which resultswhen
W8�- 9 0 r . It wasintroducedto financein Barndorff-Nielsen(1998)andhasdensity

S7¥X¦ T � P"�^� � s D>E@F £ Z o �  - Y  
�Y � P - ]�� ¤ l � z ��Z/§ 9 
 `$¨ .�©ª a  {§ 9 
 `�¨ .�©ª a  #
(5)

ThenormalinverseGaussiandistributionsform theonly sub-classof generalizedhyperbolic
lawswhichhave thefollowingconvolution property«¬7® � �X��YB�[Z � �[] � ��¯Q«¬7® � �X��YB�[Z  �[]  �B��«¬7® � �X��YB�[Z � 
°Z  ��] � 
°]  �:# (6)

In this senseit is closeto the normaldistribution,wheremeansandvariancesof independent
randomvariablesaddup too. (6) simplifiesthenumericsof theoptionpricing formula,which
will bederivedlaterandspeedsupsimulationsof pathsof processes.

Generalizedhyperbolicdistributionshave a numberof appealinganalyticproperties.Their
momentgeneratingfunctionis givenby± T�U �³² ��� � ©$´ z �  - Y  �  - � Y�
 ² �  { d j  l d `,Z o �  - � Y�
 ² �  al d `³Z o �  - Y  a (7)
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FIGURE3. Hyperbolicdensitieswith constantvariance.

for
� Y
 ² ���¸�X#

From this formulamomentsof any integerordercanbederived.Using the
parameter� definedabove wederive thefollowing expressionsfor thefirst moment¹mº»®½¼�¾��8]�
 Y�Z  � l d ?��\�K� �l d �¿� � (8)

andfor thevarianceÀXÁ\Â º»®½¼�¾�� Z  � l d ?�� �K� �l d �¿� � 
}Y  Z\Ã�  z l d ?� �K� �l d �¿� � - l  d ?�� �K� �l  d �¿� � { # (9)

Notethattheseexpressionssimplify considerablyin thecaseof symmetry, i.e. for
Y���~

. Also
thecharacteristicfunction Ä T�U is easilyobtainedby exploiting therelationÄ T�U �³² ����± T�U �,Å³² �># (10)

We shallneedtheLévy-Khintchinerepresentationof thecharacteristicfunctionof general-
izedhyperbolicdistributions.It is givenby2eÆ �³Ä T�U �,² ���B� Å³² ¹Çº ®�¼�¾È
 w ? y. y ` � I ´ ¨ - 9 - Å³² P a"É � P"� S P (11)

wherethedensity
É � P"� of theLévy measureisÉ � P"�B� �:Ê ¨� P���ËÌ w y� D>E@F £\- o r R 
�  � P�� ¤s  R `�Í  d ` Z q r R a 
 +  d ` Z q r R a$a S R 
8W � .�Î/Ï ¨ Ï»ÐÑ if

W�Ò3~
(12)

and É � P¢�B� �>Ê ¨� P�� wy� D>E@F £\- o r R 
�  � P�� ¤s  R `�Í  . d ` Z q r R a 
 +  . d ` Z q r R a\a S R if
W���~1#

(13)

Here
Í d and

+ d aretheBesselfunctionsof thefirst andsecondkind, respectively.
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FIGURE4. Empiricalvolatilitiesfittedby ageneralizedinverseGaussiandensity.

4 GeneralizedInverseGaussianDistributions

Thereis an intuitive way for deriving the densitiesintroducedabove. Generalizedhyperbolic
distributionsarevariance-meanmixturesof normaldistributions.Let

S T ¦ T
denotethedensity

of ageneralizedinverseGaussiandistributionwith parameters
W
,
Z
, and Õ , i.e.S T ¦ T � P�V�W��[Z\� Õ ��� £ Õ Z ¤ d 9r l d � Z Õ � P d .�� D>E@F z - 9r z Z  P 
 Õ  P {	{ for

P�|�~1#
(14)

Theparameterspaceis givenby Z½Ò3~/� Õ |3~ if
W�|3~/�Z½|3~/� Õ |3~ if
Wm��~/�Z½|3~/� Õ Ò3~ if
W��3~/#

Thenif
« � ]x
�Y R � R � denotesthenormaldistributionwith mean

]Ö
�Y R andvarianceR onecan
easilyverify thatS@T�U � P�V�W��×�X�[YB��Z\�[]���� w y� S ¥ b ©\?"Ê\Ø\Ù Ø i � P¢� SÈT ¦ T �,R V×W���Z\� o �  - Y  � S R # (15)

As aconsequenceonegetsthefollowing relationfor momentgeneratingfunctions± T�U �,² �B� � ©$´ ± T ¦ T z 9r ²  
°Y ² { � (16)

wherethegeneralizedinverseGaussiandistributionon theright-handsidehasparameters
W
,
Z
,

and Õ � o �  - Y  .
The points in Figure 4 show the empirical densityof daily squaredvolatilities given by

theGermanvolatility index VDAX. By constructiontheVDAX measuresanaverageimplied
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volatility wherethe time to maturity is roughly45 days.Thedatacoverstheperiodfrom Jan.
2, 1992to December30,1997.Figure4 showsthattheempiricaldistributioncanbefittedby a
generalizedinverseGaussiandistribution.

SinceGammadistributionsareoftenusedin finance,in particularin thecontext of models
for credit risk, let us point out that they representthe specialcasewhere

W3|�~
,
Z��~

, andÕ |3~ . ThecorrespondingdensityreducestoScÚ � P"�B� z Õ  r { d 9Û � W"� P d .�� D>E@F z - 9r Õ  P { for
P�|3~/#

(17)

If one considersthe parameters
WÜ�Ý~

,
ZÞ|Ý~

, and Õ �ß~
, one gets the inverseGamma

distributionwith densitySc¦×Ú � P¢�B� z rZ  { d 9Û � - W¢� P d .�� D>E@Fz - 9r Z  P { for
P�|�~1#

(18)

For
W�� - 9 0 r wegetthefollowingdensitySc¦ T � P"�B� z Z  rcs { � j  P .¢! j  D>E@F G - Õ  r P z P - ZÕ {  L for

P�|3~/#
(19)

This is thedensityof theinverseGaussiandistribution.It leadsto thenormalinverseGaussian
distributionintroducedin (5).

5 GeneralizedHyperbolicLévy Motions

Barndorff-NielsenandHalgreen(1977)showed that generalizedhyperbolicdistributionsare
infinitely divisible by proving infinite divisibility of thegeneralizedinverseGaussiandistribu-
tion,whichis usedin therepresentation(15)asmixtureof normals.Thereforeeverymemberof
thisfamily with parameters� W����Q�[YB�[Z��[]�� generatesaLévy process� �à��������� , i.e.aprocesswith
stationaryindependentincrementssuchthat

�á���â~
and ãÖ� � � � , the distribution of

� � , has
density

S T�U
. We canchoosea càdlàgversionandcall this processthegeneralizedhyperbolic

Lévy motion(with parameters
W����X��YB�[Z\��]

).
Accordingto theconstruction,incrementsof length1 haveageneralizedhyperbolicdistribu-

tion,but in generalnoneof theincrementsof lengthdifferentfrom 1 hasadistributionfrom the
sameclass.This followsimmediatelyfrom theexplicit form of thecharacteristicfunction(see
(7) and(10)) andthefact thatthecharacteristicfunction Ä � of a distributionof anincrementof
length

�
is givenby �³Ä T�U � � .

Theexceptionis thenormalinverseGaussianLévy motion,i.e. thecase
W�� - 9 0 r , since

Ä ¥X¦ T �,² �B� � I ©$´ � ª q Î h ."Ê h� ª q Î h . b Ê7? I ´ i h # (20)

Thepower
�

of this functionproducesparameters
��Z

and
��]

for incrementsof length
�
.

TheLévy-Khintchinerepresentation(11) – (13) hasonly a drift anda jump term,therefore� � � � ����� doesnothave acontinuousGaussiancomponent.
Analyzingthebehavior of thedensities

É
of theLévy measure(12)– (13) morecarefullyforPäß~

revealsthat theLévy measureshave infinite massin every neighborhoodof theorigin.
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Thismeansthattheprocess� ����������� hasaninfinite numberof small jumpsin every finite time
interval.

Let usconsidertherepresentationin (1) in moredetail.By (7), ãÖ� � � � hasmomentsof any
order, in particular

¹mº � � ¾p�3å . By stationarity
¹Çº ���¿¾����×¹mº � � ¾ , thereforewehave thetrivial

decomposition � � ��� � - ¹Çº � � ¾æ
��×¹mº � � ¾�# (21)

As mentionedabove themartingale� ��� - ¹mº �à�³¾,������� doesnot have a continuouscomponent.
Wewrite

]�ç
for therandommeasureof jumpsassociatedwith theprocess� �����������] ç �éè � S ��� S P"��� H ê�ë � 9 25ì×í çXî b»ï i�ðJ ��ñ>ò b ê Ù í çXî b»ï iKi � S ��� S P"�>�

where
ò b ê Ù í ç î b»ï iKi denotestheDiracmeasureat �³ó ��ô�� ê �5è ��� . Thecompensatorof therandom

measureof jumps is deterministicandof the form
S ²gu�� S P"� , since � �à��������� hasindependent

increments.Themeasureu�� S P"� appearinghereis theLévy measureof thegeneralizedhyper-
bolic distributionwith Lebesguedensity

É
asgivenin (12) – (13).With this notation(21) can

bewritten in theform���p� w �� wcõ�ö ì ��ñ P ` ] ç � <5� S ² � S P"� - S ²÷u�� S P¢� a 
°�×¹mº � � ¾�# (22)

Comparingthis with the canonicalrepresentationof semimartingalesin generalasgiven on
p.84 in JacodandShiryaev (1987)(seealsoTheoremI.42 in Protter(1990))we canseewhat
particularcasegeneralizedhyperbolicLévy motionsare.First, sincewe have finite moments,
wedonothave to split off thebig jumps.Second,thecontinuousmartingalecomponent,which
wouldbeaBrownianmotionfor Lévy processes,is zero.Third, thedrift termis a linearprocess
andfinally thecompensatorof

] ç
is of thesimpleproductform

S ²gu�� S P"� .
For completenesslet usmentionthatthegeneralizedhyperbolicLévy motioncanalsobein-

troducedvia subordination.Thismeansthatweuseoperationaltimeor businesstime.General-
izedinverseGaussiandistributionsasintroducedin Section4 areinfinitely divisible.Therefore
they generatea Lévy process�³ø�� �×�[������� suchthat ø�� ~c�Q�Þ~ and ãx�,ø���9 �[� is givenby

S T ¦ T
(see

(14)).
Since

S T ¦ T
hasonly masson

� ? , theincrementsof ø�� �×� arepositive.Consequentlyø�� �×� has
increasingpathsandis a subordinator. For a standardBrownianmotion � � � � ����� , independent
of ø�� �×� , weconsidertheprocess ���B�3]"��
}Y ø�� �×��
8�gù b � i # (23)

If theparametersof thegeneralizedinverseGaussiandistributiondefining ø�� �×� arethosefrom
themixturerepresentation(15), namely

Z
and Õ � o �  - Y  , � ���×������� is thegeneralizedhy-

perbolic Lévy motion with parameters� W����Q�[YB�[Z��[]�� . This can be proved as follows. Write� T ¦ T �,v �	�ûú y� � .¢¡ ¨ S T ¦ T � P¢� S P ( v � ü , Re v |Þ~ ) for theLaplacetransformof thegeneral-
izedinverseGaussiandistribution. Then¹mº � I ´ çBý ¾ß� � I ´7© � ¹mº � I ´\Ê ù b � i ¹mº � I ´\þ�ÿ�� ý�� � ø�� �×�³¾5¾� � I ´7© � ¹mº � . b ´ h j  :. I ´\Ê i ù b � i ¾� � � I ´7© � T ¦ T �³²  0 r - Å,² Y���� � #
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FIGURE5. Pathwisesimulationof anassetpricedrivenby aGH Lévy motion.

On the otherhandif we write (16) not for the momentgeneratingbut for the characteristic
function,wegettherelation Ä T�U �,² �B� � I ´7© � T ¦ T�` ²  0 r - Å,² Y a # (24)

This provesour statement.For a discussionof the subordinationapproachin financeseee.g.
Hurst,Platen,andRachev (1997).

6 TheAssetPriceModel

Giventheempiricalfactson log returndistributionsourgoal is to modelassetpricesin sucha
way that log returnsof themodelproduceexactly a generalizedhyperbolicdistributionalong
time intervalsof a certainlength,sayonetradingday. Thiscanbeachievedby setting� �p� � � D:EÈF�� ���×� (25)

where � � � � ����� is a generalizedhyperbolicLévy motion.Of coursethegeneralizedhyperbolic
distributionwith parameters� W����Q�[YB�[Z��[]�� which entershereis theonewe estimatedfrom the
datasetwewantto model.Estimationis doneby themaximumlikelihoodmethod.Let usnote
that if our dataconsistsof price quotesof a particularstock (suchas BMW) the estimated
parameters� W��×�X�[YB��Z\�[]�� area label for this stockandthederivedassetpriceprocess�³� ���������
is a specificprocessfor this stock.Datafrom a differentstockor anindex, like theDAX, will
yield differentparametersandthecorrespondingmodelwill bedifferent.

It is necessaryto emphasizethatwe discussonly thebasicmodelhere.This modelassumes
asthe classicalBlack-Scholesmodel that log returnshave independentincrements,but there
is a substantialliteratureobservingthat someof the featuresof the dataaredueto volatility
clustering.More sophisticatedversionsof our modelwill have to takethis into account.Any
approachto stochasticvolatility which hasbeeninvestigatedfor modelsdrivenby Brownian
motionscanbeimplementedhereaswell.
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FIGURE6. Intradayprices,DeutscheBank,December09,1998.

By Itô'sformula, �,� � � ����� is thesolutionof thefollowingstochasticdifferentialequationS � ��� � ��� � S �à��
 � í ç ý - 9 - ô������># (26)

Here
ô�� � ��� � - � � � denotesthe jump at time

�
and

� � �
the left handlimit of the path

at time
�
. Of coursethe pathpropertiesof � ����������� carry over to �,� ��������� . Thus �,� ��������� also

changesits valuesby jumpsonly. Figure5 shows a simulationfor thecasewhere � �à��������� is a
normalinverseGaussianLévy motion.Comparingthis simulationwith theevolution of stock
priceson anintradaytime scale(seeFigure6) oneseesthatour model(25) is ableto catchto
a certaindegreethemicrostructureof pricefluctuations.(25) is anincompletemodel,i.e. there
is a largesetof equivalentmartingalemeasures.In otherwordstherearemany candidatesof
measuresfor risk-neutralvaluation.For ananalysisandcharacterizationof thesetof equivalent
martingalemeasuresseeEberleinandJacod(1997).

As far asthevaluationof derivativesis concernedwechoosetheEsscherequivalentmartin-
galemeasure.It is from a mathematicalpointof view thesimplestcandidate.

Rememberthat
± T�U �³² � denotesthe momentgeneratingfunction.If � denotesthe interest

rate,thereis a uniquesolution
�

of theequation

� ��25476B± T�U � � 
 9 � - 254c6Q± T�U � � �># (27)

For thisunique
�

considertheprobabilitymeasure�
	 definedby theRadon-NikodymdensityS � 	 � D>E@Fà� � �à� - �æ254c6Q± T�U � � ��� S � # (28)

(27) is a differentway of writing the martingalecondition � � � �\.�� � ¹ 	 º � � ¾ (seeEberlein
andKeller (1995)).Now if

¼ �,�� � is thepayoff functionof aderivativedependingon theprice�³� � � ����� of theunderlyingattime � , thenthevalueof thederivativeis thediscountedexpectation
of
¼ �³�� � with respectto � 	 , i.e. � .��� ¹ 	 º»¼ �,�� �³¾�# (29)
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FIGURE7. Differenceof Black-Scholesminushyperbolicoptionprices.

For aEuropeancall optionwith strike l thepayoff is
¼ �³�� �B� �,�� - l � ? andweobtainfor

theexpectationunder��	 thefollowing explicit expressionwhichhasthesamestructureasthe
Black-Scholesformula� � w8y� S�� T�U � P�V � 
 9 � S P - � .��� l w8y� S�� T�U � P�V � � S P�� (30)

whereÕ ��2eÆ � l 0 � � � and S � �T�U � P�V � �B� � 	 ¨ S � �T�U � P"�wy. y � 	 Ø S��
�T�U �,R � S R

is the densityof the distribution of
���

underthe risk-neutralmeasure.The density
S � �T�U

of
the

�
-fold convolution of thegeneralizedhyperbolicdistributioncanbecomputedby applying

theFourier inversionformulato thecharacteristicfunction.As pointedout in Section5 this is
simplein particularfor normalinverseGaussiandistributions.Figure7 showsthedifferenceof
the classicalBlack-Scholesprice andthe generalizedhyperbolicprice in the case

W8� 9 for
variousmaturities.We seethe typical W-shape.At the money, wheremostof the volumeis
traded,theBlack-Scholespriceis toohigh.Onthecontrary, in themoney andoutof themoney,
theBlack-Scholespriceis toolow. Thisis clearif oneis awareof thefactthattheBlack-Scholes
modeldoesnot seethe risk of largerpricemovements.Note thatvery deepin themoney and
verydeepoutof themoney theoptionpriceis essentiallymodelindependent.Thisfollowsfrom
thefact thatin thesecasestheintegralsin (30) arecloseto

~
or 9 .

Therearevariouswaysof lookingattheperformanceof thisnew optionpricingformula(30).
An inconsistency of theclassicalBlack-Scholesvaluationis theso-calledsmileeffect. This is
thedependenceof implicit volatiliti esonthemoneyness,i.e.thestockprice– strikeratio � � 0 l ,
of the option.For a fixed time to maturity the resultingcurve looks like a smiling mouth.As
shown in Eberlein,Keller, and Prause(1998) for the hyperbolicmodeland in Eberleinand
Prause(1998)for thegeneralizedhyperbolicmodel,(30) leadsto a reductionof thesmile.The
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reductionis strongerfor thegeneralizedhyperbolicmodelthanfor thehyperbolicor thenormal
inverseGaussianmodel.

Anotherapproachto pricing performanceis to comparetheoreticalandobservedpricesdi-
rectly. Comparingimplicit volatilities only would not give a completepicture,sincethesame
changein volatility hasa largereffect on the price for anoption with a longertime to matu-
rity. This analysiswasalsodonein the two papersmentionedabove. Mispricing is somewhat
reducedby (30).

As mentionedbeforethereis a largesetof equivalentmartingalemeasuresin theincomplete
case.In particularit is shown in EberleinandJacod(1997)that thepricerangeresultingfrom
thissetis theentirenon-arbitrageinterval.Althoughthequestionof whichtheoreticalprinciple
shouldbeusedto determinethemartingalemeasureis discussedin a numberof papers,there
is still somearbitrarinessfor any particularchoice.Consequently, insteadof usingsomemathe-
maticalprinciplelike minimizing the � � - or �  -distancesor consideringentropyonecouldask
the marketfor the right measure.This is the ideaof the so-calledstatisticalmartingalemea-
sure(seee.g.Keller(1997),Eberlein,KellerandPrause(1998)).Denoteby

�� � �� �³� � l � � � � �
the price of an option asobserved at the exchange.Here � is the price of the underlying, l
the strike, � the time to maturity and � the interestrate.For generalizedhyperbolicparame-
ters

� � � W����X��YB�[Z\��]�� computetheprices
� � � � accordingto formula(30) andcompare

��
and� � � � . For a largenumberof prices

�� I
, suchas

«����@~B~7~c~
quotesfrom thesecondarymarket,

weconsiderthefunctional

��� Æ	
¥H IKJ � £ ��

I - � I � � � ¤  (31)

undertherestrictionthattheparameters
�

describea martingalemeasure.This is anumerically
demandingoptimizationproblem,but it canbesolvedin reasonabletime.Thestatisticalmartin-
galemeasure�
	 derivedasthesolutionof thisproblemis optimalin thesensethatit minimizes
thedistanceof hyperbolicpricesderivedfrom (30) to therealmarketprices.

7 MultivariateModeling

In portfolio managementonedoesnot look at a singleasset,but at a largeuniverseof instru-
ments.Theproblemis to selectfrom this universea dynamicportfolio suchthat thecapitalto
beinvestedis usedin anoptimalway. Optimalmeansthateithertherisk is minimizedgivena
certainreturnor thereturnmaximizedgivena predeterminedrisk level. Variousmeasuresfor
risk andreturncanbeusedhere.Sincetheinstrumentsin themarketsuchasstock,bonds,for-
eigncurrenciesor derivativesarenot independent,but typically highly correlated,it is natural
to usemultivariatedistributions.

A straightforwardwayfor introducingmultivariategeneralizedhyperbolicdistributionsis via
the mixture representation(15). Given * instruments,let

ô
be a positive definite,symmetric� * k * � -matrix.

ô
canbechosento have determinant1. Now considerthe multidimensional

normaldistributionwith meanvector � �� % andcovariancematrix
�  ô for some

�  |�~ . It
hasthedensityS ¥ b! Ù " h í i � P"�B� 9� r7s � % j  9�$#1D&% �  ôm� � j  < D>E@FÖz - 9r � P - � ��' � �  ôm� .�� � P - � � { for

P���� % #
(32)
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TheLebesguedensityof themultivariategeneralizedhyperbolicdistributionis thenobtained
by theformula S@T�U Ù %�� P"�p� w8y� S ¥ b ©\? b Ø í i Ê@Ù Ø í i � P"� S@T ¦ T �,R � S R # (33)

The parametersof the generalizedinverseGaussiandistribution hereare
W8���

,
Z�|�~

, andÕ � o �  - Y ' ô�Y for
�����

, andavector
Y���� % . As aresultof theintegrationin (33)weget

thefollowing densityS T�U Ù % � P"�3� _ %	£ � .�� o Z  
 � P - ]�� ' ô .�� � P - ]�� ¤ d .)( h (34)k�l d . ( h £ �Xo Z  
 � P - ]�� ' ô .�� � P - ]��@¤ D>E@F���� P - ]���'5Y�� for
P���� %

wherethenormalizingconstantis_ % � `��  - Y ' ô�Y a7d j  � rcs � % j  Z d l d � Z o �  - Y ' ô�Y½� #
In additionto thepositivedefinite,symmetric� * k * � -matrix

ô
with determinant1 theparam-

etersare
W�������Z�|�~/����| ~

, and
]B��Y8� � % suchthat

�  |=Y ' ô�Y . For
W�� � * 
 9 ��0 r one

obtainsthemultivariatehyperbolicandfor
W�� - 9 0 r themultivariatenormalinverseGaussian

distribution.
Basedon thedensity(34) themultivariategeneralizedhyperbolicLévy motionis now con-

structedin thesamewayastheunivariateoneis constructedin Section5.

8 IntradayModeling

Thedatasetsweuseto calibrategeneralizedhyperbolicmodelstypically consistof daily price
quotes.Ontheotherhandasindicatedin Section2, for somefinancialinstrumentstime-stamped
intradaydatasetsareavailable.Thusit is notaproblemto analyzepricechangesalongdifferent
timegrids,e.g.onecanconsideronehourreturns.A naturalquestionis then,how theempirical
distributionwhichoneobtainsfrom analyzingonehourreturnscomparesto thecorresponding
incrementdistribution in thepriceprocesswhichwasfitted to daily data.Traditionalfloor ses-
sionslast threehours,namelyfrom 10.30a.m.to 1.30p.m.Our modelwould reflectintraday
behavior in a perfectway, if the empiricalonehour returndistributionwould bewell approx-
imatedby the log returnsfrom the modelcorrespondingto time length0.33. It is necessary
to rememberthat onetradingday correspondsto a time incrementof length1 in our model.
Figure8 shows thedistanceof theempiricalonehourdistribution to the log incrementsof the
modelcorrespondingto timelengthsbetween0 and1. In otherwordswecomparetheempirical
onehourreturnswith theelements� ]��n�[�&*"��* � of theconvolutionsemigroupwhichis generated
by thegeneralizedhyperbolicdistributionestimatedfrom daily data.Thedistanceis measured
hereas the Kolmogorov distance.If one took the �  -distanceinstead,the picturewould be
roughly thesame.Theminimumin Figure8 is reachedsomewherebelow

� ��~1# +
andnot at�B�=~1# +,+

. Thereasonfor this is thefollowing.Thepricechangefrom onedayto thenext is not
only thesumof thethreeonehourchangesbetween10.30a.m.and1.30p.m.In additionthere
is the overnightjump, i.e. the changefrom the closingpriceof oneday to the openingprice
of the next day. The distribution of the overnight jumpscanbe fitted aswell by generalized
hyperbolicdistributions.
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FIGURE8. Distanceof empiricalonehourreturnsto theconvolutionsemigroup.

Takingthisovernighteffect into account,Figure8 showsthatourmodelis highly consistent.
Theinvestigationof themicrostructureof pricefluctuationsalonga time grid correspondingto
60 minutesis somewhat arbitrary. Similar resultsareobtaindfor even densertime grids such
as30 minutesor 10 minutesreturns.The latter grid makesonly sensefor instrumentswhich
aretradedat a high frequency. Fitting a modelon thebasisof daily dataandlooking into the
derivedmicrostructurecould be calleda fold-down approach.We investigatedalsoa fold-up
approachwherethe modelis fitted basedon hourly pricedatafor example.The distributions
derived from this modelarecomparedto empiricaldaily returns.The resultsof this intraday
investigationwill bepublishedin a joint paperwith FehmiÖzkan.

9 InterestRateTheory

Theshapeof thedistributionof returnsis a key assumptionin modelingfinancialtime series.
In thecaseof stockreturns,thedeviationfrom normalityis widely known,althoughthevarious
modificationsandgeneralizationsof classicalmodelsdo not really takethis into account.The
deviation is much lessknown for returnsfrom the bondmarket.It is for this reasonthat we
choseinterestratedatafor Figure2. Generalizedhyperbolicdistributionsprovide anexcellent
fit to thesereturnsasshown in Figure9. Thetheoryweshallsketchin thefollowing is for Lévy
processesin general.Weonly requiretheexistenceof themomentgeneratingfunction.

Historically it wasalwaystheshortratewhich wasmodelledasthe basicprocess.Most of
themodelsin theliterature(seee.g.Björk (1998))areso-called

Z
-rootmodelsS � �p� � � � �×� - _ � ��� S ��
�� � ª� S � �×� (35)

where � � � � ����� is againastandardBrownianmotion.As Figure10shows,interestratesfluctuate
arounda long termmean

� � �×� . This behavior canbemodeledthrougha properchoiceof the
drift term.Theterm

� � �×� - _ � � hasa meanrevertingeffect.
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FIGURE9. FittedLog returndensityof Germanzerobonds(1985–95),5 yearsto maturity.

The exponent
Z

in the randomterm forcesthe solution � � to staypositive if
Z�Ò 9 0 r . The

case
Z � 9 0 r is thewidely usedCox-Ingersoll-Rossmodell(Cox,Ingersoll,andRoss(1985)).

However, interestratesarenot a onedimensionalobject.On the US bondmarketthereare
bondswith maturitiesbetween

~
and

+c~
years.The interestreceived dependson the time to

maturity. Undernormalconditionsthe interestpaid for a bondwith many yearsto maturity is
higherthanthat for a bondwhich is closeto maturity. Thuswe have to considera vector- or
function-valuedprocess.Oneassumesthat thereis a completesetof bondswith maturities�
in thefull timeinterval

º»~/� � � ¾ . � � canbe30yearsfor example.Mathematicallyit is simplerto
considerzerocouponbonds.Thesearebondswhich donot payinterestperiodically, but given
acertainfacevaluewhichwill bepaidatmaturity, theinterestearnedon thisbondappearsasa
discountof thefacevalueat thebeginning.

Let �m� ��� � � denotethe price at time
���ûº»~/� � ¾ of a zerocouponbondwith maturity � �º»~/� � � ¾ . Wedefine - � ��� � �B� - .. � 2eÆ �Ç� ��� � �># (36)- � ��� � � correspondsto theratethatonecancontractfor at time

�
onarisklessloanthatbeginsat

time � andis returnedaninstantlater.
- � ��� � � is calledthe(instantaneous)forwardrate.Since

�m� ��� � ��� D>E@F G - w � - � ��� ó � S ó L (37)

zerocouponbondpricesandforwardratesrepresentequivalentinformation.Notethattheshort
rate � � is containedin the forwardratestructuresince �@� �×�x� - � �����×� . In 1992,Heath,Jarrow,
andMorton introduceda modelfor theforwardratedynamicsS�- � ��� � ����� � ��� � � S ��
0/ � ��� � � S � �># (38)

As explainedbeforethis is equivalentto modelingzerocouponbondpricesin theformS �m� ��� � ��� �m� ��� � � �21 � ��� � � S ��
� � ��� � � S � � �># (39)
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Undera risk-neutralmeasurethe drift coefficient 1� ��� � � is replacedby �@� �×� . Thereforethe
startingpoint for ourgeneralizationis theHeath-Jarrow-Mortonmodelin theformS �m� ��� � ��� �m� ��� � � �2�@� �×� S ��
8� � ��� � � S � � �:# (40)

As in thecaseof stockpriceswedonotreplacethedrivingBrownianmotionby aLévy process
in thestochasticdifferentialequation.This would leadto a Doléans-Dadeexponentialassolu-
tion andthusto priceprocesseswhich couldhave negative valuesaswell. Insteadwe replace� � � � ����� in thesolutionof (40),whichcanbewritten in theform

�m� ��� � ��� �Ç� ~/� � � D>E@F z w �� �@�³ó � S ó { D>E@F z w �� � �,ó � � � S � ê {¹43 D>E@F�z w �� � �,ó � � � S � ê {65 # (41)

Let � � �2� � � ����� beaLévy processanddenoteby 7 theLévy measureof theinfinitely divisible
distribution ãx�2�X� � . In orderto guaranteefinitenessof theexpectationin thedenominatorabove
in thecaseof generalLévy processes,weassumethatw ì Ï ¨ Ï ë � ñ D>E@Fp� /7P"� 7m� S P¢���3å for

� /"�c� �[9 
 ò �[±=� (42)

where
±

is suchthat
~��â� �,ó � � � �â±

for
~�� ó � � � � � . Furthermorewe assume

that �m� ~1� � � aswell asthe (non-random)volatility
� �,ó � � � aresufficiently smooth,namelyat

least
�  , and

� �³ó � ó �X�Þ~ . Notethatcontraryto thecaseof stockpricemodelsin (39) it would
not makeany senseto considera constantvolatility

�
. Whena default-freebondapproaches

its maturity, thespanof possiblepricefluctuationsnarrows.This is clearsinceat maturity the
ownerof the bondwill get the facevaluewith certainty. A volatility structurewhich is often
usedis theVasicekstructuregivenby� � ��� � ��� � � _ ��9 - D>E@F�� - _ �8� - �×�[��� (43)

for parameters
� �

and
_
. (43) definesa stationaryvolatility structure,i.e.

� � ��� � � dependsonly
on thedifference� - � .
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FIGURE 11. Forwardratesdriven by a centeredand symmetrichyperbolicLévy motion. Parameters:?A@CB,D B,E
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The stochasticintegral process
� � � ú �� � �,ó � � � S � ê is a processwith independentincre-

mentsaslongasweconsidera non-randomvolatility structure
� �,ó � � � , althoughit is no longer

stationary. It can easily be seenthat for processes� � � � ����� having independentincrements,�¿D>E@F�� � � ��0c¹mº D>E@F�� � � �³¾B� ����� is a martingaleprovided
¹Çº D:EÈF�� � � �³¾ is finite. This fact explains

why wewrote �m� ��� � � in theform (41).Thediscountedbondpriceprocessz D>E@F z�- w �� �@�,ó � S ó { �m� ��� � � { �L*"��* 
is a martingale.This is still trueif we replacetheBrownianmotion � � � � ����� in (41) by a Lévy
process�M� � � ����� satisfying(42).

Goingthroughtheanalysisasgivenin EberleinandRaible(1999)onederivesthefollowing
forwardrateprocess

- � ��� � �B� - � ~/� � ��
 w �� � ' � � �,ó � � �[���  7�³ó � � � S ó - w �� �  \�³ó � � � S � ê # (44)

Here
� �,² �à�Ü25476 � ¹mº D>E@F��³²N�X� �³¾,� denotesthe logarithmof the momentgeneratingfunction ofãx�2�X� � , � ' its derivative and

�   �,ó � � ��� OO  � �,ó � � � as well as
- � ~/� � ��� - OO  25476 �m� ~1� � �

thecorrespondingpartialderivatives.Figure11 shows the forwardratesin thecasewherethe
driving process�2� ��������� is a hyperbolicLévy motion.Finally thebondpriceprocessitself can
beobtainedin theform

�m� ��� � ��� �m� ~1� � � D>E@F 3 w �� �@�³ó � S ó - w �� � � � �³ó � � ��� S ó 
 w �� � �³ó � � � S � ê 5 # (45)

TheclassicalGaussianmodelfollowsfrom (45) if onechooses
� �³² �B� ²  0 r and �

ê ��� ê
. The
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stochasticdifferentialequationwith solution(45) isS �m� ��� � �^� �m� � . � � � £P�@� �×� S ��
 £RQr �  � ��� � � - � � � � ��� � ����¤ S � (46)
�� � ��� � � S � � 
 £ � " b � Ù  i íTS ý - 9 - � � ��� � ��ô � � ¤�¤à#
According to the constructiondiscountedbond pricesare martingalesin this term structure
model.It is shown in Raible(1999)that themartingalemeasureis unique.As a consequence
arbitrage-freepricesof interest-ratederivativesareuniquelydeterminedoncetheparametersof
the driving Lévy processandthe volatility structurearefixed,sincethesepricesaregivenas
expectationsunderanequivalentmartingalemeasure.As anexamplelet usconsideraEuropean
call optionon a bondmaturingat time � with exercisedate

�
andstrikeprice l . The time

~
priceof this optionis

� � ~/����� � � l ���Þ¹VU D>E@F�£ - ú �� �@�,ó � S ó ¤ �2�Ç� ��� � � - l � ?XW . It is shown in

EberleinandRaible(1999)how onecanevaluatethis formulanumerically.
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