Albert N. Shiryaev

Steklov Mathematical Institute

On sharp maximal inequalities for
stochastic processes

joint work with Yaroslav Lyulko,

Higher School of Economics

email: albertsh@mi.ras.ru



TOPIC I: Sharp maximal inequalities for continuous
time processes

TOPIC II: Sharp maximal inequalities for discrete
time processes



TOPIC I: Sharp maximal inequalities for continuous

time processes

81. Introduction. The main method for obtaining a sharp maximal

82.

§3.

§4.

§5.

inequalities

Maximal inequalities for standard Brownian motion and it’s modulus.
Martingale and «Stefan problem» approaches

Maximal inequalities for skew Brownian motion. Solution to the
corresponding Stefan problem

Maximal inequalities for Bessel processes. Solution to the
corresponding Stefan problem

Doob maximal inequalities



TOPIC II: Sharp maximal inequalities for discrete
time processes

81. Maximal inequalities for modulus of simple symmetric Random
walk

82. Maximal inequalities for simple symmetric Random walk



TOPIC I: Sharp maximal inequalities for continuous
time processes

81. Introduction. The main method for obtaining a sharp maximal
iInequalities

Let X = (X¢)t>0 be a process on (£2,F,P) with natural filtration
F = (Ft)t>0, Ft = 0(Xs,s < t). For any Markov time 7 w.r.t. (F¢)¢>0
the inequalities

o<t<r

are called maximal inequalities for X. Here Cyx is a constant, f(-)
and ¢g(-) are some functions.

Markov times = 7(w) usually belong to the set

M = {r — Markov time w.r.t. (F;)¢>0, ET < co}.



The inequality (*) is called sharp maximal inequality if there exist a

non-trivial Markov time 7 € M such that E ( sup Xt> = Cx-f(Eg(7)).
0<t<T

Examples of maximal inequalities for some well-known processes
include (Graversen, Peskir, Shiryaev 1998—2001):

e for geometric Brownian motion X; = exp(o¢B; + (u — 02/2)t)
with p < 0, o > 0:
2

2 2 _9,,)2
E(maxXt)gl—a——l—a—exp —(J #) Er—1]);
0<t<r 20 2u 202

e for Ornstein-Uhlenbeck process (X;):>q with dX; = —8Xdt +
dBy, 8 > 0:

%E\/In(l +87)<E ( max |th> < 3—%5\/'”(1 +B7),

ot r
where C1,C5 > 0 are some universal constants;



e for “bang-bang process” (X;):>0 wWith dX; = —pusgn(X;)dt +
dBy, u > 0:

E ( max \Xﬂ) < Gu(Er),

o<t<r

where G, (x) = inf +iln(1—|—ﬁ)
pAE >0 “ 2u c/)



Assume that X = (X;)+>0 is the Markov process. For given measurable
functions L = L(x) and K = K(x) we define

t
— s > 0.
I /O L(Xs)ds,  Sp= max K(Xs), >0

S S =X
e
(X, 8)

7

0 T
Consider the following optimal stopping problem:
Vi(c) = Slip E(F(Ir, Xr,S7) — ¢ G-, X7, 57)), (1)

where F, G are given measurable functions, = € 9, ¢ > 0 is a
parameter.



Suppose we solved the problem (1) and found the function Vi(c).
Then for any 7 and ¢ we have

EF(I-, X+, Sr) < Vi(e) + cEGU+, X+, S7))

Taking the infimum on both sides by ¢ > 0 we obtain the inequality

EF(IT,XT,ST) < H(EG‘(IT,XT,ST>) = |QB (V*(C) _I_ CEG’(IT, X’T)ST))
C
(2)
which is true for any Markov time = € 9t. If infimum is minimum
and it is achieved on some c« > 0 then inequality (2) is sharp.

The corresponding solution 7«(c¢) of problem (1) when ¢ = ¢4« is a
stopping time on which (2) becomes an equality.



Consider the particular case F(z,y,z) = z, G(z,y,z) = x, L(x) =
c(x), K(x) = x. The function ¢ = ¢(x) is assumed to be positive and
continuous and it is called cost for observations. We obtain the

following optimal stopping problem:

T
V*(.CU, S) = Sup Ex’s (S'T — fC(Xt)dt) ,
T 0

(3)

where

o Es 4, s > x is expectation under the measure
Paj,g — I_aW(X, S | P,Xo — X, SO — S)

-
e 7 is the optimal stopping time such that Ez s <f c(Xt)dt> < 00
0
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In addition we assume that X = (X;)>0 is a diffusion process and
it is a solution of stochastic differential equation

dX: = b(Xt)dt + o(X¢)dBy, Xo =0,

where B = (Bt)+>0 is the Brownian motion on (€2, F,P). Diffusion
coefficient o = o(x) > 0 and drift coefficient b = b(x) are continuous.

We need to know a scale function R = R(x) and a speed measure
m = m(x) in order to obtain a solution of the problem (3). It is well
known that in the case of diffusion process X we have

R(z) = 7 exp (- /y 2b(u) du> dy, z€R,

o2 (u)

2dx
R'(z)o?(x)

m(dxr) =

11



From the general optimal stopping theory we may decompose the
state space £ = {(z,5) € R?2 : = < s,s > 0} of the process
(X,S5), St = (mngu) Vs by

Ux

E:C*UD*,

where

o Cy ={(z,s) € E: Vi(x,s) > s} is a continuation set. If (x,s) €
Cx we need to continue our observations;

e Dy, ={(z,s) € E: Vi(x,s) = s} is a stopping set. If (z,s) € D«
we need to stop our observations

T herefore if we start in Cx we need to stop at the first time when the
process (X, S) reaches Dy. In other words, 7« = inf{t > 0: (X, St) €
Dy}

Proposition 1. The diagonal {(z,s) € E : x = s} does not belong
to the continuation set C\.

12



~

Reduce the problem Vi(z,s) = sup Ez s (ST - fc(Xt)dt> to the optimal
T 0

stopping problem in standard formulation. Consider the process

t
At=a—|-/oc(Xu)du, a>0

and observe that Zy = (A, Xy, S¢), t > 0, Zg = (a,x,s) is a Markov
process. Define the function G(a,z,s) = s — a and observe that the
initial problem takes the form

V*(a, X,8) = SL;D Ea,x,sa(ZT)a

where times 7 are such that EA; < co. However since Vi(a,z,s) =
Vi(x,s) — a it is sufficient to find the function Vi(x,s) i.e. to solve
2-dimensional optimal stopping problem for (X, S).

The infinitesimal operator of the process Z = (Z;)¢>0 eduals

o2(z) 62

> B2 if x <s.
T

o 0, o
Ly = C(fb‘)% +Lx = C(w)% + b(w)% +

13



Since the cost for observations c¢(x) is positive we should not allow
the process X to decrease too fast when s is fixed. It means that
for given s there exist a point ¢(s) such that we should stop the
observations when (X, S) achieves a point (g(s),s). In other words

v = INf{t >0 : Xt < g(S)}

The unknown function g g(s) is called the boundary of the

stopping set D..
The function Vi(x,s), g(s) < x < s is a solution of the system

(LxV)(x,s) =c(z) if g(s) <z <s, (4)
%—‘S/(x,s) . = 0 (normal reflection), (5)
V(x, s)|$:g(s)_|_ — s (instanteneous stopping), (6)
a—v(a;, S) =0 (smooth fit), (7)
0 lemg(s)+

which is called a Stefan problem with moving boundary g = ¢g(s).
14



Explain the meaning of each equation (4)-(7).

e According to the general optimal stopping theory, LV (x,s) =0
when (z,s) € C«. Thus we get the equation (4);

e The instanteneous stopping condition (6) follows from the
fact that V(x,s) = s when (z,s) € Dx;

e The smooth fit condition (7) means that the derivative of the
function V(z, s) is contintinuous on the boundary of Cx and Dky;

e Clarify the normal reflection condition.
Applying the Ito formula for semimartingales

/ / 1 !
df(Xta St) — fx(Xta St)dXt + fs(Xt7 St)dst + Efajx(Xta St)d<X7 X>t

to the process (f(Xi, St))+>0., taking the expectation Ess on both
sides and multiplying on t—1 we get
15



t
ES,Sf(Xta St) — f(s,s) _ 1
P = Es,s (tO/LXf(XuaSu)du> +

ES,S(St — s)>

tl0 t

Ess (t /af(Xu,Su)dSu) Ly f(s, s) —|——(s s) (
0

as t | 0. Since the diffusion coefficient ¢ >0 as t | O we have

1
zEs,s(St —8) — o0

Therefore the condition f;(s, s) = 0 assures us that the limit Ly f(s,s)+

(s s) ( m Ses(5t = S>> is finite.
tl0 t
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Find the functions V(z, s) and g(s) — the solutions of system (4)-(7).
Denote

g =Inf{t > 0: Xy <g(S)}, 7y =INF{t >0: Xy & (g(s),s)}

and consider the function
Tg
Vy(z,8) = Eas | Sry — / c(Xp)dt
0
Using the strong Markov property of X w.r.t. time Ty(s),s when
x € (g(s),s) we have

Vg(fB, S) i < Pm’S(XTg(S),S = g(S)) ‘I_ Vg(s, S)Pm’S(XTg(S),S et S) _
Tg(s),s

Egj,s / C(Xt)dt —
0

17



_ __R(s)—R()
R(s) = R(9(s))

| Gyoysl@meImldy),
g9(s)
where G, p(x,y) is the Green function of X on the segment [a, b]:

((R(b) — R(z))(R(y) — R(a))

R(z) — R(g(s))
R(s) — R(g(s))

_|_ Vg(87 S)

ORI iIf a <y<uz,
Gap(z,y) =4

(R() = RG)(R@) ~R(@)) o

\ R(b) — R(a) U

Rewrite the expression for Vy(x,s) in the following form:

R(s) — R(g(s))
R(z) — R(g(s))

Vo(a,s) = s+ | Gyioyslam)eyIm(dy)
g(s)

Vyg(s,s) —s =

18



Suppose that Vy(z,s) satisfies the smooth fit condition. Then
im Vg(x,8) —s 1 oVy

oty B) — R(g(s)) — Blg(s)) ow =)

— O,
r=g(s)+

L R(s) = R(g(5))

zlg(s) R(x) — R(g(s)) / GQ(S),S(xay)C(y)m(dy) —

g(s)

| (R(s) = Ry)ewIm(dy).
g9(s)
Therefore we have

Vo(s,8) = s+ [ (R(s) = R(y))e(y)m(dy).
g(s)

19



Finally we obtain

Vo(z,s) =s+ | (R(z) — R(y))e(y)m(dy),

g(s) (8)

for all g(s) < x < s.

Now suppose that the function Vy(z,s) is given by (8). Then it is
easy to show that Vy(zx,s) is a solution of Stefan problem (4)-(7)
if and only if the boundary g = g(s) belongs to C! and satisfies the
equation

IR C QML CIO)
2c(g(s)) (R(s) — R(g(s)).

(9)

20



Observe that the equation (9) has a whole family of solutions. We
need to specify the criteria which enables us to choose the solution
gx = g«(s) — a boundary of the stopping set D..

We call the solution g(s) of the equation (9) an admissible solution
if g(s) < s for all s > 0.

Theorem [maximality principle]. The boundary g« = g«(s) of the
stopping set Dy« in the problem

T

Vi(z,s) =SupEgzs | Sr — /C(Xt)dt (%)
T
0

is a maximal admissible solution of the differential equation (9).

21



Theorem. Consider the stopping problem (*) for diffusion process
X = (Xt)e>0 such that dX; = b(Xy)dt+o(Xy)dBi. Supremum is taken
by all Markov times T such that

_
Eas /c(Xt)dt < oo. (10)
0]

Assume that there exist the maximal admissible solution g«(s) of
(9). Then

1) The value function Vi(x,s) in problem (*) is finite and can be

determined on E by
fS: if:cég*(s),

V8 =054 | (R@) — R@)e@I)mldy),  if gu(s) <z < 5.

L g«(s)

2) The Markov time 7. = inf{t > 0: X; < g«(S¢)} is optimal in
problem (*) if it satisfies the condition (10),

22



3) If there exist an optimal stopping time o in problem (*) such

o2
that Ez s (f c(Xt)dt> < oo then Py s(m« <o) =1 for all (z,s) and
0
time 7« is also optimal in problem (*).
If the equation (9) doesn’t have a maximal admissible solution then
Vi(x,s) = +oco for all (x,s) and there is no optimal stopping time
in problem (*).

Theorem [verification theorem]. Assume that for the solution
V= V(a: s) of Stefan problem (4)-(7) the following statements are
true:

() V(z,s) =s, (z,9)€E;

(i) V(z,s) = Ea;S(STg fo? c(Xt)dt), (x,8) € E for some Markov
time 7y = inf{t > 0: Xy < g(S)} satisfying (10);
(i) V(z,s) > Ex,SV(XT,ST) for any Markov time 7 satisfying (10).

Then V(x,s) coincides with the value function Vi(z,s) in problem
(*) and 14 is optimal.
23



§2. Maximal inequalities for standard Brownian motion and it’s
modulus. Martingale and «Stefan problem>» approaches

Consider the standard Brownian motion B = (B;);>0, Bo = 0.
This was the first process for which sharp maximal inequalities were
established.

e ‘‘'square root inequality”

£ ( max Bt> < VEr

o<t r

(11)
e ‘‘square root of two inequality”
E (Orgta<x |Bt|> < V2ET

Inequalities (11) and (12) are also called Dubins-Jacka-Schwarz-
Shiryaev inequalities.
24



Denote S;(B) = max B, and S;(|B|) = max |Byl.
((B) = max By and Sy(|B|) = max |Bu|

Martingale approach. First proof the inequality (11). Consider a
stochastic process

Zi=o((Su(B) = B)? ~ 1)+ 1, 1> 0
C

when ¢ > 0. Due to Levy theorem Law(S(B)—B) = Law(|B]) and the
process Btz—t iSs @ martingale. Therefore (Z;),>¢ is also martingale
w.r.t. natural filtration of B.

It is easy to see that (y/cx — 1/(2/c))2 > 0. From this inequality it
follows that = — ct < e(z? —t) + 1/(4c) for all z € R. Thus for any
T € 9 we get

1
E(ST/\t(B) — CT A\ t) — E(ST/\t(B) - BT/\t —cT N\ t) < EZT/\t = EZO = 4—C

Taking the limit as ¢t — oo from Doob’s optional sampling theorem
we have ES;-(B) < cEr+1/(4c). Taking an infimum on ¢ > 0 on both
sides we obtain (11).

25



Prove that inequality ES-(B) < VE7T is sharp. For each a > 0 consider
the time

To = IiNf{t > 0: St(B) — By = a}

We see that ES;,(B) = E(S,(B) — Br,) = a. Since Law(ry)
Law(inf{t > 0: |By| = a}) from Wald identities we get a? = EB2
Erg.

Corollary. For any continuous local martingale M = (My)¢>0, Mo =
O we have

E{ max M| </ E(M)p, 13
(O«XT t> (M)r (13)

for any T > 0. Here ({M)t)+>0 iS a quadratic characteristic of M.

This inequality follows from (11) and Dambis-Dubins-Schwarz theorem.
Indeed, E(max;cr M) = E(max,<r B<M>t) = E(maxt<<M>T By) < JE(M)p.

26



Prove the inequality ES-(|B|) < v2Er. Consider a continuous martingale
U = E(|Br| — E|Br| | FiAr), t 2 O

Applying (13) to max,<r U and taking T" — 400 we get E(max;~o U;) <

\/E(|BT] — E|B;])2. Using this inequality we estimate ES-(|B|) by

B
— — /_- <
. (o@?é |Bt|) : (rp}a()x |Bt/\T|) - (rp}a()x (B | tm)') h

e (maxE(IB | 7)) = € (maxUi) + ElB.| < VE(B| —EIB.)? +

E|Br| = \/Er — (E|B7|)2 + E|Br| < V2Er.

In order to g last inequality in this series we used a simple
inequality /A — 22 4+ 2 < +v2A when 0 < z < VA.

Now show that inequality ES;(|B|) < v2E7 is sharp. Consider the
time

Ta = inf{t > 0: S¢(|B|) — |Bt| = a}

It turns out that E7, = 2a? and E(max,cz |B:|) = 2a.
27



« Stefan problem>» approach. Basically the proof of (11) and (12)
IS the application of the main theorem of §1 to the problem

~
Vi(x,s) =supkgs | St — /C(Xt)dt
T
0
in the case when ¢(X;) =c¢ > 0, Xy = By or X; = |By|.

First, prove the inequality ES-(B) < vVEr. In the case of Brownian
motion R(z) = z, m(dx) = 2dz, x € R. According to the theorem
the equation for boundary is

1

(s)
g\s)—
2¢(s —g(s))
The maximal admissible solution of this equation is g«(s) = s —

1/(2c).

28



Therefore the value function Vi(z,s) = supi<; Ez s(S7(B)—ct) when
0<s—x<1/(2c) equals
Xz
Vi(x,s) = s+ 2c¢ / (gr:—y)aly=c(:1:—5)2—|—:1:—|—4i
o(s) ’
Since we need the value V4(0,0) for any 7 € 9t we get

ES,(B) < (ijgg{v*(o, 0) 4 cEr} = Cigg{l/(4c) + cEr} = VET

However we cannot apply directly the method from §1 in the case
of X; = |B;| and obtain the inequality ES;(|B|) < v2Er. The reason
is that we cannot represent X; = |By| in the form dX; = b(X;)dt +
o(X¢)dB; with continuous b and o. But we can consider the problem

Wi(x,s) = Sup Ez. s (8 V max |x + Bt| — CT)
o<t<r

and reduce it to the Stefan problem.
29



Infinitesimal operator of |B| equals L = %%—22, x > 0 with endpoint
x = 0. Thus Stefan problem in our case is

(92W
Ox2

< a—W(O—I—,s) =0, s:9(s)<0;
Ox

(r,8) =2¢, x#0,g(s) <z <s,

oW oW
—(x, s = 0; W(x,s)|,.— =s;, —(x,s = 0.
\ Os ( ) e ( )lx g(s)-l- or ( )ng(8)+
The solution of this system is the function
( 1
S, Ss—x = —,
1 2c
W*(:U,s):<c(:n—s)2—|—w—|—4—, s>1/(2¢c), s—x <1/(2c),
C
1 1
2
— 0<s< —
\Cm —I_ 2c > 2c

Since Wx(0,0) = 1/(2¢) for each = € M we have ES-(|B]) <
inf.~0{1/(2¢c) + cET} = Vv 2Er.

30



8§3. Maximal inequalities for skew Brownian motion. Solution
to the corresponding Stefan problem

The process X* = (X§{)¢>0 defined on probability space (€2, F,P)
is called a skew Browhnian motion if it satisfies the stochastic

equation
Xf=X§+ B+ (2a — 1)L?(Xa),| (14

where LY = (LY(X%))i>0 ¢ LY(XY) = 0 is the local time of X< in
Z€Eero.

The skew Brownian motion with parameter « = 1/2 has the same
distribution as standard Brownian motion, with parameter a =1
— as the modulus of standard Brownian motion.

Denote by W = (W{*)+>0 the unique strong solution of (14) such
that W§ = 0.

31



Consider the optimal stopping problem

Vi(z,s) =supEg s (s vV max (xz + W) — CT) (15)
T o<t<r

with constant cost for observations ¢ > 0. We cannot directly apply

the methods from §1 since X; = =z + W cannot be represented in
the form dX; = b(X;)dt + o(X¢)dB; with continuous b(-) and o(-).
However we can write the analogue of Stefan problem (4)-(7) in
the case of optimal stopping problem.

The infinitesimal operator for X equals L = 1d? and defined for

2 dx2
functions

{f: f exists on R\ {0}, f (0+) = f (0-), lim f(z) =0
and of (0+) = (1 —a)f (0-)}

32



T herefore we get the Stefan problem for value function

(02V
W(ar;,s) =2c¢, z#0,9(s) <z<s,
x

N\

aa—V(O—I-,S) = (1 - a)a—V(O—,s), s: g(s) <O0;
Ox ox

oV oV
—(x, s = 0; V(x,s)|,.— =3, —(x,s =0
| Os ( ) T=8— ( )|:B 9(s)+ 8:1:( ) r=g(s)+

T he solution of this system is given in the following

Theorem 1. The optimal stopping time 1. in the problem (15) exists
and equals

v = inf{t > 0: X; < g(S;)}

33



The mapping g = g(s), s > 0 is given by

(g+1/(20), if g >0,
S:<62_1 2c 1

P = 2By 4 9 if g<0

\ 2C/82 6 —I_/B_I_QCBQ’ g )

parameter = (1 —«a)/a.

—0.7 0 g
The boundary s = s(g) of the stopping set when
c=1and a=0.1,0.2,...,0.9.

34



If we consider the sets Dy = {(x,s) € E .z < g(s)}, Cx = E\ D« then
the value function equals

Vilz,s) = <

’

\

1
s+ c(z —g(s))?, (2,5) €Cx, 220,52 -
1

or xr <0, s < —,
C

st ez~ g()2+2e(1~ Bag(s),  (2,5) € Cryw>0,5<
C
Sy (ZC7S) < D*

The proof of the theorem is based on finding the solution to Stefan
problem. Particularly the equation for boundary g = g(s) is

( 1
J(s) = 266 — g’

(2¢(Bs — g(s))’

s: g(s) =20,

s:g(s) <O

The general solution of this equation is s(g) = age2%9 + g + 1/(2¢)
when ¢ > 0 and s(g) = bge2P9 4 g/8 + 1/(2¢B2) when g < O.
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In order to prove that the solution of Stefan problem V (x, s) coincides
with the value function Vi(z,s) = sup; Ez s (s V maxgci<r(z + W) —c7)
we use the following analogue of Ito formula:

t t
V(Xtast) — V(XOaSO) + /V;(Xuysu)dBu + /%(Xmsu)dsu +

20 — 1

t
/(V (0+, Su) + Vi(0—, Su))dLO + / ’(0+, Su)
0

t
_‘7:1;(0_7 Su))dLO %/ 2 (Xu, Su)I(Xy 7 0)du
0
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Once we know the value V4 (0,0) it is possible to obtain the maximal
inequalities.

Theorem 2 (Lyulko’2012). For any Markov time T € 9 and for
any a € (0,1) the following inequality holds:

E ( max Wf‘) < MqoVET,
o<t r
(16)

where My = a(l+ An) /(1 —a) and Ay is the unique solution of the
equation

1 — 2«

2

Aa@Aa—l_l —

Y

such that A, > —1.

The inequality (16) is sharp i.e. for any T > 0 there exist a Markov
time © with Er =T such that

E ( max Wta) = MaVET.

o<t

37



The inequalities like (16) can be obtained not only for maximum

On;n?<x W&, Thus in [Zhitlukhin’2012] there were stated the following
~X \T

inequalities for range of skew Brownian motion:

E ( max W& — min Wta) <V EKqET,

O<t<r oO<t<T
where Ko = Cq + C1_,,

D2 0 —1
c,=_* (¢ O‘—2Da—2a/ ar + a daz
l—al\l -« Do (2o — 1)e* — «
and D, is the unique negative solution of the equation

Ma A
V2 [T | 3

1

(2a — 1)a"2ePe — 1 = D,

l o 0] 1/2 1&
05 1 / 38



8§4. Maximal inequalities for Bessel processes. Solution to the
corresponding Stefan problem

A continuous nonnegative Markov process X = (Xi(x))t>0, x = 0 is
called a Bessel process of dimension v € R (X € Bes7(x)) if it's
infinitesimal operator equals

1(v—1d = d?
Ly = —
X 2( T da:+dx2>

The endpoint « = 0 is called trap if v < 0, instantaneously
reflecting if v € (0,2) and entrance if v > 2.

39



In the case o = n € N the Bessel process can be realized as a radial
part of n-dimensional Brownian motion

, 1/2
Xi(x) = (Z (B; + ai)2> ,
i=1

where a = (aq,as,...,an) is a vector in R™ with norm z = \/a% + ...+ a2
Bl B2 ... B"areindependent Brownian motions starting from zero.
The Bessel process of dimension v = 1 is a modulus of standard
Brownian motion x 4 |By|.

Consider the optimal stopping problem
where Markov times 7 € 9.
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Theorem 3. Let X € Bes?(x) where the dimension v € R and ¢ > 0.
The optimal stopping time 7« in problem (*) exists and equals

= inf{t > 0: (X, St) € Dy}

with X; = X¢(x), St = Si(z,s) = sV Ongatiu and stopping set
u

= {(x,s): sx < s, x < g«(s)} where g« = g«(s) is the unique
nonnegative solution of the equation

()

such that g(s) < s when s > 0 and

jim 95(8)
S— 00 S
and sx is the root of the equation g.(s) = 0. When v = 2 the
/
equation (17) has the form 2cg (s)g(s)In(s/g) = 1.

(17)

:]_,
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Moreover if we denote
Cl = {(z,s) € Ry xRyt s> sy, g*(s) < x < s},
02—{(:1: s) ERE xRy :0< < Sx )

and define a continuation set by Cyx = Cf} U Cf then depending on
the value of parameter v the value function Vi(x,s) equals

if a >0
rS’ (x,S)ED*,
2cg2(s) ((g+(s)\""? )
V) = 104 £62 - 2o + 2 (( ¢ ) 1>, (2,5) € C1,
‘|‘S>|<, (z,s) EC ;
i
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ifa=20

{87 (x,8) € Dx,

V*(CU,S) — S E 2 S) — ;UQ cxz ZC I, S C*,

2R —aD) +ertin T () €

if « <O
{S, (z,8) € Dx,

— C 2 S xS 72

V*(CE,S) == S + E(QZ‘Q . QE(S)) _I_ 2 g*( ) <g ( )) _1 ’ (sz) c C*

B (v —2) z
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Using this theorem we can obtain the maximal inequalities for Bessel
Processes.

o |f ~ < 0 then the point x = 0 is a trap. Therefore X;(x) =0 if
> 0 and maximal inequalities do not make sense

e if v > 0 then from theorem it follows that Vi(0,0) = s«. Denote
V*(.CC,S) — C,y(st)) Sx — SC(’Y>

Since Bessel processes are self-similar

Law(Xy(z), t > 0) = Law(c Y2X (1 22))

the value function V. (z, s) is also self-similar, i.e. ¢V (z, s) = V;'(cz, cs).
Hence sc(v) = s1(7v)/c. Therefore we get the inequalties

E ( max Xt(O)) < mB{V*(O, 0) + cEr} =

o<t<r

inf {s1(7)/c + cEr} = \/4s1(7)Er
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Theorem 4 (Dubins-Shepp-Shiryaev’1993). Let X € Bes’(0),
~v > 0. Then for any Markov time T € 9 the following sharp maximal
inequality holds:

<
E (Orggng Xt(0)> < \/481(7)ET,

where s1(v) is the root of equation g«(s) = 0 such that
51(7) 1

\
4

Y 4

as v 1 oo.

Observe that in the case v = 1 we have s1(1) = 1/2 and therefore
we get the maximal inequality for modulus of standard Brownian

motion E < max |Bt\> < Vv 2ET.

o<t<r
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8§5. Doob maximal inequalities

Theorem 5. Let M = (M;)+~0 be a local martingale on a filtered
probability space (<2, (Ft)t=0,P). Then for any p > 0 there exist a
universal constants cp n Cp such that

E(MY?) < € max |Myr) < GE(MIY),
o<t<r (18)

where ([M]:)+>0 is called a quadratic variation of M.

The inequalities (18) are called Burkholder-Davis-Gundy inequalities.
In the case when M; = B; Is standard Brownian motion we get

cpErP/2 < E ( max |Bt|p/2) < CE7P/2,
o<t r (19)

Note that if p = 2 the exact values of the constants ¢, and Cj
when inequalities (19) become sharp are still not known.
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Some particular cases of Burkholder-Davis-Gundy inequalities:

e Davis inequalities (p = 1):

c1Ev/T <E ( max \Bﬂ) < CLEV/T

o<«

e Doob inequalities (p = 2):

2
coET < E maXB)<CET
250 S <O<t<7 t )= ¥2

Consider the case p = 1. One of the possible ways to obtain the
exact values of c¢q, C'1 is to solve the optimal stopping problem

Viec) = sup E ( max |Bg| — cﬁ) : (20)

o<t<r

where ¢ > 0, 7 is the Markov time such that E\/7 < oc.
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The problem (20) can be formulated in a standard way for 3-
dimensional Markov process

Zy = (t, X¢,St), Xt = |B|, St = T35<|Bu|

But this problem is nonlinear and we cannot decrease it's dimensionality.
The same situation happens when p £+ 2.

In the case p = 2 the corresponding optimal stopping problem
sup E(max BtQ —cT)
T t<T
IS linear and we can get the solution explicitly. As a consequence
we obtain the Doob maximal inequalities

Er <E (O@&x Bt?) < 4Er,
where 7 is the Markov time such that ET < oo.
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Prove the inequality (21) and show that it is sharp. Denote S;(B?) =

max, B2. The lower bound for ES;(B?2) follows from the Wald identity:
\u\

ES-(B?) > EB? = Er
To show that this inequality is sharp it is enough to consider the

time 7. (T) = inf{t > 0: |B;| = /T}. Then En(T) = EBE*(T) =T and

In order to prove the upper bound E (Ongf<x Btz) < 4E7r consider the
X \T

sequence of stopping times

= inf{t¢ . maxX |Bg| — A B¢| = e},
ore =inf{t>0: max |By| = Ay > e}

where A\;e > 0. It is known that E(a)\,g)p/2 < oo if and only if

A<p/(p—1).
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Therefore if A € (0,2) we have
E ( max BE) = \%E|Bo, _|° + 2X¢E| By, .| + 2 < KE|Bo, |°  (22)
Ogtgo-)\’s ) ’ )

for some constant K > 0. Divide the both sides of (22) on E|Bg, _|?
and take XA 1 2. Since E|Bo, |2 = Eoy . — oo and E|By, .|/E|Bg, .|? <

1/,/Eoy. — O if X1 2 then from (22) we get

E’Bg)\,s‘ _I_ 62
EB|,, |2 ' E|Bo, |2

K > A2+ 2)e

Therefore K = 4 is the best possible constant in the upper bound
for ES-(B2).
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TOPIC II: Sharp maximal inequalities for discrete
time processes

81. Maximal inequalities for modulus of simple symmetric
Random walk

In this section time t will take discrete valuesi.e.t=n=20,1,2,...
Consider the simple symmetric Random walk

Xn=5S, =& + ...+ &, Xg=5Sg =0, where &1,...,&n,... are i.i.d.
random variables, P(§1 =1) =P =-1) =1/2

Denote the current maximums of X and | X| by M,(S) = max S.

0<k<n
and M,(|S|) = max |S.|.
n(‘|) O<k<n| k
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In order to obtain the maximal inequalities for (Sh),>0 and (|Sh|)n>0
consider the following optimal stopping problems:

‘/ p— E m — CT k
alld
‘/‘/ pu— E m — CT sk >k

For any nonnegative integer [ define the stopping times

_Jinf{k >n: Mp(|S|) =[Skl =1}, ifm—s<l,
e n, ifm—s>1
n, ifm—s>1

o {inf{k>n Sk 0, Mi(IS]) — |Sel =1},  ifm—s<l,
l_
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and a function Q; = Q;(n,s,m,c) such that

Qi(n,s,m,c) = sup Esm (M-(|S]) —c1),
TEM;

where the set of stopping times equals M; = {7, o7 : 1 € Z4 }.

If the conditions
1) Ql(na S, M, C) > m — cn,
2) Qi(n,s,m,c) =2 EQ;(n+1,s+&,41, max{m, s+&,41},c) (excessivity)

are satisfied then Q;(n,s,m,c) = sup;>, Es.m (M-(|S|) —c7) i.e. the
supremum on all stopping times is achieved on the stopping times
of the special form 7, and o;. Namely if [ € [1/(2¢) — 1/2,1/(2c¢)]
then supremum is achieved on 7. If [ € [1/(2¢) — 1,1/(2¢) — 1/2]
then supremum is achieved on oj.
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Take an arbitrary [ € N and compute Er; and EM,(|S]). Represent
as a sum 7, = 7(1) 4+ 7(2) where

7@ =inf{k>0: max (S -y = S.) = Sy = S) =1

Due to Wald identities for Random walk we have Er(1) = ESf(l) —

[2. Also note that the distribution law of 7(2) coincides with distribution
law of the time inf{k > 0 : M,(S) — S = [}. This Markov time can
be represented as a sum of M_(2)(S)+1 i.i.d. random variables with
distribution of 7_; 1 =inf{k > 0: S5, = -l or S, = 1}.

Therefore since EM_(5)(S) = E(M_(2)(S) —S_(2)) =1 we get

Er(?) = (EM_¢»y + 1)Er_; 1 = I(l + 1)

Here we used Wald identities ES; ,; = 0, ESZ . = Er_; in order
to prove that Er_;; = 1. |
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Finally we have Er; = Er(1) 4+ E7(2) = 12 11+ 1) = 1(21 + 1) and
EM7(|S]) =E( max_ |Sg|) +E( max Sp) =2li.e.
0<k<r(1) 0<k<r(2)
Er, =121+ 1),
EM,(]S]) = 2

From this system we find that EM,(|S|) = (/8E;+1—-1)/2.
Theorem 6 (Dubins-Schwarz’'1988). For any Markov time T € I
the following sharp maximal inequality holds:

)g\/8ET—2|—1—1

E ( max |Sy|
O<n<r

(23)
If we consider the Markov time

= inf{n >0: max |Si.| —|Sp| =N
me=inf{n>0: max |Si| — [Sa| = N}

for any N € N then (23) becomes an equality.
55



8§2. Maximal inequalities for simple symmetric Random walk

Consider the optimal stopping problem

— E _
) = supe  ops s r) e

Theorem 7. The optimal stopping time t«(c) and value function
Vi(c) in problem (%) equal

. . 1 (1 1 1 - 1 1 1
o) — inf{k>0:|S, -3 =|%x+3| -3} if |=+3|>%,
) nf{k>0:|s, 3= |1+ +4, ir|i+3<i
= 2 2c 2 21 2c 2 2c
(11 1 1 1 1\2 1 1 1
— + — —c<—+— ——) +5—1, if | —+—-| > —,
Vi(c) = ¢ | 2¢ 2] 2c 2] 2 4 2c 2] Z2c
1+1 (1 1+1>2+c i 1+1<1
- P _C T~ T~ P _7 T~ T~ _7
\ L2¢ 2 | 2c 2 2 4 | 2c 2 2c

where |xz| is the integer part of .
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Proof. According to the discrete version of Levy theorem [Fujita,
Mischenko]

1 1
Law (max S — S, maxS) = Law (‘S — 5‘ 5 L(S)) :
where L(S) = (Ln(S))n>0., Ln(S) is the number of crossings of the
level 1/2 by Random walk on [0, n].

Rewriting the problem (x) and using Wald identities we have
E(M7(S) — er) = E(M7(S) — S7) — cESZ =E(|Sr — 1/2| - 1/2 — ¢S7 — 1/2)

Since S2 = (S; —1/2)2+4 S —1/4 we can rewrite the last expression

E(|Sr —1/2] — ¢S7 = 1/2) =E(|Sr — 1/2| — c|Sr — 1/2]?) +¢/4 — 1/2
(24)
Observe that the resulting expression does not depend on 7 explicitly,

there is only dependence on |S; — 1/2|. That's why the method we
use is called the method of space change.
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Consider the function f(z) = = — cz?, z > 0. It attains a maximum
at the point cg = 1/(2¢) and therefore z — cz? < f(4) = 1/(4c).
Hence from (24) we get

1
SupE(max Sn—cr><——|—
4c

& 1

1
However this inequality can be not sharp if > does not belong to
C
the values set £ = {k+ 1/2},.4 of the process |S —1/2|.

f(z)
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Nevertheless it is clear that the maximum of |S:—1/2|—¢|Sr—1/2|2 is
attained at the closest point to 1/(2¢) i.e. at the point ig = g + QLCJ
The values of optimal stopping time m(c¢) and value function Vi(c)
depend on the relation between 2 distances A1 = 1/(2¢) —ig+ 1/2

and A, =g+ 1/2 — 1/(26)I

ey [Tk Sk =3 =io— 3}, if A1 <Ay,
* - .
inf{k>0:|S,— 3| =ig+ 3}, if A1> A,
1 1
f(’bo——)-I-E = if A < Ao,
*\C 1 c 1
o+ )+ — = ifA>A
\f(’to+2)-|-4 5 1 2
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Theorem 8. For any Markov time T € 9t the following inequality
holds:

E( max Sy
o<n<r

)g\/4ET—|—1—1

= (25)

If for any N € N we consider the Markov time

7« = iNf{n >0: max S, — S, = N}
0<k<n

then (25) becomes an equality.

Proof. Use the inequality (24) which we already proved:

| 1IN 1 1) JVAEFFI-1
E Sn ) < inf E h — ==
(o@f@ ”> 20 {C( T+4>+4c 2} >

which gives us exactly (25).
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Now show that (25) is sharp. Due to the discrete version of Levy

theorem the time 7. = inf{n > 0 : 0T13<X S, — Sn, = N} coincides by
IRXMN

distribution with

infin >0:|S, —1/2|-1/2=N} =
mf{n >0:5,=-NorlS,=N + 1} = T_N,N+1

Using Wald identities we can check that
ET* — ET—N,N—i—l — N(N—|— 1)

On the other hand

VAN(N +1)+1-1
2

EM, =E(M., —S;.) =N =
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