
Stochastische Prozesse WS 15/16

Vorlesung: Prof. Dr. Thorsten Schmidt
Exercise: Dr. Tolulope Fadina
http://www.stochastik.uni-freiburg.de/lehre/2015WiSe/inhalte/2015WiSeStochProz

Exercise 9

Submission: 15-12-2015

For a semimartingale X, X0 = 0, the stochastic exponential of X, E(X), is the unique semi-

martingale Z that is the solution of

Zt = 1 +

∫ t

0
Zs−dXs, t ≥ 0. (1)

Problem 1 (4 Points). (a) Let X and Y be two semimartingales with X0 = Y0 = 0.
Show that

E(X)E(Y ) = E(X + Y + [X,Y ]).

(b) Let X be a continuous semimartingale, X0 = 0.
Show that

E(X)−1 = E(−X + [X,X]).

Problem 2 (4 Points). Assume that P ′
loc
� P and Z = E(X) is the density process. Let

Yt =

Nt∑
i=1

ξi ((ξi)i≥1 are i.i.d random variables and Y0 = 0)

be a compound Poisson process where N is a Poisson process with intensity λ. We denote

X = H ·M , where H is a constant and M given M = Y − 〈Y 〉 is a local P -martingale.

If E|ξ1| <∞;

Compute

M ′′ = M − 1

Z−
· 〈M,Z〉 .

Problem 3 (4 Points). If E|ξ1| <∞ (see Problem 2 for other conditions):

(a) Solves (1) with

Xt =

Nt∑
i=1

ξi − λtE(ξ1).

(b) Show that

Zt =

Nt∏
i=1

(1 + ξi) exp(−λtE(ξ1))

is a martingale.

Problem 4 (4 Points). Let (Ω,F , P ) be a probability space and W = {Wt,Ft; 0 ≤ t < ∞} is
a Brownian motion de�ned on it. Let X = {Xt,Ft; 0 ≤ t < ∞} be a measurable and adapted

process satisfying

P

(∫ T

0
X2

t dt <∞
)

= 1, 0 ≤ T <∞.

We set

Zt = exp

(∫ t

0
XsdWs −

1

2

∫ t

0
X2

sds

)
.

Note: The stochastic integral with respect to W is well de�ned and belongs toMc
loc.



(a) Assume that Zt is a martingale. We de�ne a process W ′ = {W ′t ,Ft; 0 ≤ t <∞} by

W ′t = Wt −
∫ t

0
Xsds, 0 ≤ t <∞.

For each �xed T , show that W ′ is a Brownian motion on (Ω,F , P ′T ) .

(b) Recall

dS(t) = µS(t)dt+ σS(t)dW (t).

is the Black-Scholes stochastic di�erential equation under P .
Compute the new Black-Scholes stochastic di�erential equation under the change of mea-

sure.

Hint: Assuming Zt is a martingale. If M ∈Mc
loc, then the process

M ′t = Mt −
∫ t

0
Xsd 〈M,W 〉s , 0 ≤ t ≤ T

which is Ft-measurable is inM′cloc. If G ∈Mc
loc and

G′t = Gt −
∫ t

0
Xsd 〈G,W 〉s , 0 ≤ t ≤ T,

then 〈M ′, G′〉t = 〈M,G〉t; 0 ≤ t ≤ T , a.s P and P ′T . Finally, use the Lévy 's characterization
for Brownian motion: Let W be a local martingale, W0 = 0. W is a Brownian motion

implies 〈W 〉t = t.


