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Problem 1 (4 Points). Let X = (Xt)t≥0 be a Poisson process with parameter λ > 0.

(a) Show that Yt = Xt − λt is a martingale with respect to the �ltration (Ft)t≥0 generated by

the family of random variables {Xs : s ∈ [0, t]}.
(Hint: Yt is a martingale implies (i) Yt ∈ L1, for all t ≥ 0. (ii) E[Yt|Fs] = Ys, for 0 ≤ s ≤ t.

(b) Show that

lim
t→∞

Xt

t
= λ a.s.

Problem 2 (4 Points). (a) Let X = (Xt)t≥0 and Y = (Yt)t≥0 be two independent Poisson

processes with parameters λ > 0 and µ > 0. Show that (Xt + Yt)t≥0 is a Poisson process

with parameter λ+ µ.

(b) Let X = (Xt)t≥0 and Y = (Yt)t≥0 be two independent standard Brownian motions. Show

that
Xt + Yt√

2

is also a standard Brownian motion.

Problem 3 (4 Points). Let (ξn)n≥0 be a martingale with a τ stopping time with respect to the

�ltration (Fn)n≥0 such that the following conditions holds:

(i) τ <∞ a.s.

(ii) ξτ is integrable

(iii) E[ξn1τ>n]→ 0 as n→∞.
Then

E[ξτ ] = E[ξ1]

.

Problem 4 (4 Points). A real-valued stochastic process X = (Xt)t≥0 is measurable if the

mapping [0,∞)× Ω→ Rd; (t, ω) 7→ Xt(ω) is B([0,∞])⊗F − B(Rd) measurable.

(a) Give an example of a predictable process.

(b) Give an example of an optional process which is not predictable

(c) Give an example of an adapted stochastic process X that is not measurable.

(d) Show that every progressively measurable stochastic process X = (Xt)t≥0 with respect to

the �ltration (Ft)t≥0 is also measurable.


