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A Parking Problem

A So = —Q Parking Problem

n
Sh=> X—-Q
i=1
X; i.i.d. geometric (p)
p: probability of empty spot
Park as near as possible at 0"!
-2+ Find a stopping time T*of S;,i > 0 with
=S | E|Sr|=mnE|Sr]|.
Solution: T*=min{n >1| S, > —s}
Q! with s = min{s e N| 1 —-2(1 — p)°* > 0}

Chow, Robbins, Siegmund (1971): Great Expectations, p. 45



Generalized Parking Problem (GPP)

Let g be a convex nonnegative function with a unique minimum at x* > 0.
Assume X; i.i.d. with EX; > 0,

Sn - Z)(Ia SO =
i=1

GPP

Find a stopping time T with
Eg(Sr-) = mTin Eg(Sr).

Solution (Woodroofe, Lerche, Keener '94):
T"=min{n>0|S, > a}

with @ = sup{x | H"g(x) < g(x)} where H" is the ladder-height

distribution of Sp; n > 1 and H' g( /g (x + y)H(dy).



Lorden’s Result on the SPRT

Let R(T) = Po(T < o0) + ClIE4 T,
where | = E; log gL (X).

GPP

dPy
Py

Let Sh = log
Then by Wald’ identity

R(T) = / 9(Sr) P,

with g(x) = e + cx.

g is a nonnegative convex function with a unique minimum at log 15
Then T*=min{n > 1|S, > log(%)}
where k = lim Ej exp(—(S-, — a))

a—oo

and 7, = min{n > 1|S, > a}. Lorden(AS 1977)



The Repeated Significance Test
as Bayes Test (RST)

Wt, t > 0 Brownian motion with drift 6

Testing sequentially: Hy : 9 < Oversus H; : 6 >0
Prior: G = N(u, r™")

0
R(T,8) = / (Po1s rejects Ho} + S6°E,T) G(do)

+ / (Po{o reiects i} + Z6°EqT) G(db)
0

Find (T7,6%) with R(T™,6%) = (r;li?) R(T,9).
O 5?: 1{W—,—+ru>0} T" =7

PNAS, 83 (1986)

RST



Representation of the risk:

R(T, %) = /g (W) dQ

with g(x) = ®(—vx) +¢cx/2, Q= [Py G(dd), G=N(0,r"). RST

g is convex with unique minimum x*and

2
A(T.57) = [ g(%jﬁ’“)d@ > g(x)

Let T*=min{t >0 | W2/(t+r) = x*}.

Since Q{T* < oo} = 1 itfollows R(T* 63.) = g(x*) if ru?® < x*.



Let ru? > x* We show that for any stopping time T such that
Q(T < o0) =1, itholds R(T,5%) > g(ru?).

Consider the Q-Martingale

t+r (We+ru)?  ru? -
=,/ AR TR
. r exp( 2(t+r) 2 )’
t

where P, is the measure of B.M. without drift.

_ dR
Ne=3q

Since h(x) = 2log(1/x) is convex

_ (Wit rp)?

h(Ny) and Zi = Ty

is a Q-submartingale.

Since g is convex on [0, co) and increasing on [x*, co) for any bounded

stopping time T it holds,

R(T,0") = Eag(Zr) > 9(EaZ:) > 9(Z) = g(rus®).



Disruption Problem
Shiryaev (1961) studied the following problem.

Observations:  W; = B; + 6(t — )" with
B:, t>0 standard Brownian motion,
0 >0 fixed

Filtration: Fi=o0(W; 0<s<t)

Change-point: 7 random time, independent of B
with distribution = = pdo + (1 — p)F,
where F(t) =1 — g™

Risk: R(T)=P(T<7)+CEL(T—1)*"
Find T*with R(T") = min A(T).

Disruption
Problem



Let Tt —

Then

where

with

P(r < t| F).

Pt

mn = ——————
T e + pt

t
pP Ly —As
= L — e 7ds
©t T-p t+/o L.

Ly = exp(OW;: — 6°t/2).

Disruption
Problem



7t is a diffusion with dm; = A(1 — m;)dt + 0m:(1 — ) dW; with W, is a

standard Brownian motion. 1té's formula yields:

dG(?’l’r)

/ 1
G (71’:)0’71’1 + EG (71'1)(0’71’:)2

G (m) [/\(1 — m)at + Om(1 — m)th}
+ %G”(m)e%?u — )Pt
If G satisfies the equation

2
%x2(1 ~X2G"(x) + A1 — x)G(x) = cx
and behaves well at 0, then

t

t
G(m) — G(mo) = c/ ﬂsds+c/ Oms(1 — 75) Wi
0 0

— E[G(rr) — G(mo)] = cE/OTwsds

Disruption
Problem



Then one obtains
R(T) = P(T<7)+cE(T-7)"

=E {(1 —7mr)+cfy wsds}
with g(x) = (1 — x) + G(x)
R(T) = [ g(xr)dP — g(p) Provlem.

g is convex with a uniqgue minimum at p*.

Theorem

T*=min{t >0 |7 > p*} withm; = P(r < t| F)

Here p*is the unique solution in (0, 1) of G'(p) = 1, where G is the
(finite at 0) solution of

¢

2x2(1 —x3)G"(x) + \(1 — x)G(x) = cx.



The Basic Idea: OS as GPP

Let (Z, Fi; t > 0) denote a continuous stochastic process on a
probability space (€2, F, P).
Find a stopping time T* with

Ep (ZT* 1 {T*<o<>}) = mgx Ep (Z‘r1 {T<oo}) .
Idea:
Find a process (X;, Fi; t > 0), a nonnegative martingale (M;, 7, t > 0)
with EM, = 1 and a function g with unigue maximum at x* such that
Zr = g(Xy)M[

Then EZr (<o) = E (9(Xr)Mr1{7<ocy)
I(XVEMT (100}
< g(x")

With T*=min{t > 0 | X; = x"} the inequalities become equalities, if

IN

EMT* 1 {T*<oo} == 1

Basic Idea



Perpetual American Put Option

Samuelson (1965), McKean (1965)
X; = 0By + pt , t > 0 Brownian Motion with drift 1 and variance o2.
Find a stopping time T*which maximizes

Epe (K — &) 1 1ren.

Put Option

Idea:
Find M and g with Ep e~ (K — €)™ 1700y = Ep 9(X7) M7 1 (1< 00},
where g has a unique maximum at x™.

Then
T =min{t > 0| X; = x"} if Ep My« = 1.

x* logK



Let f(x) = (K — €*)*. How to find M; ?
It holds for all « € R

f(Xr)e ™ = f(Xr)(e*T) (") e .

Choose g(x) = f(x)e~** and « such that M; = e**te~" is a martingale.

This holds when
M; = exp[a(oB;) + t(ap —r)]

exp [(aa)Bt — Hao)? /2] .
M; is a positive marginale with My = 1 iff (a0)?/2 4+ au —r =0

2 .
ot = -2 + /8 + 20 are the two possible values.
g o o

Put Option



Then we have
+
Epe T (K - eXT) 170y = Eo9(XT) 1{T< o0}

f(X) and @ = M.

with g(x) = o aP, —

Let K <1+ (—a~)~". Then g has a unique maximum at

x*=log 2 < 0. Under Q@ X is Brownian motion with drift
a_02+,u:702 g—i+2—g<0.
This yields Q(T* < oco0) = 1for T*=inf{t > 0| X; = x™}.

Then
sup Ep (e*’T(K — gyt 1{T<x}> = Eqg(Xr-) = C”
T

Put Option



Put Options with strike max X;
0<s<t

Xi = exp (0Bt + (u—0%/2) t), t > 0 geometric Brownian motion with
oc>0,peR, S = max X,.

o<u<t
Find a stopping time T*which maximizes

E (e*’T(ST - XT)) , whenp<randr>0.

2 _ 1/(v2—1)
Letyie == (% —3) 7/ %+ (5 -3 anda= (F2) 0

Let h(X) = 5o (r2(ax)”! = yi(ax)™?).
Then My = e 'S h (%) is a nonnegative local martingale and

1—XT/ST <1—X*

Ee " (Sr=Xn) = E s ™ < ey

where x™ = argmax{(1 — x)/h(x) | x € (0,1)}.

Then T*=inf{t > 0| X;/S; < x*} is optimal.

Put Option



Optimality of Parabolic Boundaries

Let X = B: + X, t > 0 with B; standard Brownian motion. For a
measurable function g find a stopping time T that maximizes

E ((T +1)"g (\/%» . (Moerbeke (1974))

Let H(x) = / e 12 PP g with B> 0
0
and assume that there exists a unique point x* with

900 _ g0x) _

ieﬂg HO) ~ HOo) and 0<C" <0

Let xo < x*. Then

SL;DE{(TH)"‘*Q(\/%)} = E{(T*H)”Bg( X

= H(XO)C*

where T* = inf{t >0 M= x}

T+ 1

Parabolic
Boundaries



et ALY < oot
0

is a positive martingale with starting value H(xo).

u25’1> du

Thus M; = (t+ 1)’ﬁH( X )/H(xo) is a positive martingale with

Vit
EM, =1.

Then

EP<(T+1)*BQ( Xr )):H(XO)EPQ

()
H (=)

IA

H(x)C™
But for Ep M7« = 1

T*:inf{z‘>0| Xt :x*}.

Vi+1

>
3

x
3

—

+

Parabolic
Boundaries



Special case:

1
g(X):Xa X0:oa/B:§

E(Xr/(T 4+ 1)) = max with

T*:min{t>0\ \/1‘)171:)(*}

x*is solution of  x = (1 — x?) / e /2 gy, (Shepp 1969)
0

Parabolic
Boundaries



Two-Sided Boundaries

Let g be measurable, X; = 0B; + pt Brownian motion with drift 1 and

variance 2. X, = 0 find a stopping time T*which maximizes
Ee_’Tg(XT)1 {T<oo}-

112

u 2r
Letahg——;i F—F? (a2 < 0 < ay).

Then M) = e~"e, j = 1,2 are positive martingales.
Two-Sided
Boundaries

We consider boundaries of the type
1) g(x) = x*
2) g(x) = max{(L - &)*, (" — K)'}
Letp € [0,1]. Let My = pM") + (1 — p)M®. Then

9(X7)
pexXT + (1 — p)eceXr’

Ee "g(X:) = EMr



Let g(x) be nonnegative and measurable with

a) sup(e” “"*g(x)) > sup(e” “"*g(x)) > 0
x<0 x>0

b) sup(e “#*g(x)) > sup(e”*2*g(x)) > 0.
x>0 x<0
Lemma
If a) and b) holds, there exists a p*c (0, 1) with sup Gp+(x) = sup Go+(X),
x>0 x<0
where (x)
_ gx i
Gp(x) = pecix + (1 — p)eaex’ gvgﬁﬁsdlgﬁ:s
Theorem

Let C* = sup, g Gp(x). If there exists points x; > 0 and xo < 0 with
Gp(x1) = C" = Gp+(x2).

Then sup Ee ""g(Xr) = C*
T

and T =inf{t >0 Xi =x1 or X; = X2}.



Stopping of Diffusions with
Random Exponential Discounting

X diffusion with Xo = x and dX; = u(X;)dt + o(X;)dB:
and B standard Brownian motion,

g : R — R, a continuous function.
Find a stopping time T* of X with
Ex(e’A(T)g(XT)1 {T<oo}) = max.

A(s): additive continuous stochastic process adapted to FX gfgﬁg:gg:f

A(s+t) = A(S) + A(t) o 05

;
Ex (exp {—/ B? dt} (BF)" 1{T<Oo}> = max
0

Example:



How to choose the martingales?

Ex (e*A(TXo)1{TXO<w}) for x < xo

Yi(x) = [Exo (efA(TXH{TX@o})T1 for x > xo
) [Exo (e_A(TX)1{Tx<OO})]71 for x < xo
P-(x) = E, (e‘A(TX°)1{TXO<oo}) for x > xo.

M;H) = e "y, (X)

are u.i. martingales with
M) = A0y (X;)

E, (M(T:H{Tb@o}) = (x) forb>xon0<t<T,

Ex (M(T;H{Ta@o}) =1¢_(x) forx >aon0<t< T,

Note:

If A(t) = fO’ r(Xs)ds with r(x) > 0, then 14 (x) are the solutions of

Dip = r - 1 with
g 1 d?

Stopping of
Diffusions



Example 1:

r(x) = rx® with r > 0, x = 0.

> 25/4 [eS) 5 1
Lety(t) = e ¥ /2 / et ___qt
v F(1/2) Jo Vi

Then ¢, (x) =9 (\/B/rx) is a solution of

%1///()() =nPyY(x)  with 4(0) = 1.

t
Then exp (—r/ X§ds> ¥4 (X;) is a local martingale and
0

sup [(x")° /14 ()] =sup [(x*)* 1+ ()] <oc.

X€eR

T*=inf{t > 0 | X, = x} with x* = arg max [(x") /41 (x)] >0

Stopping of
Diffusions



Distinguish the following cases for state space / :

1) sup (9(x)/1+(x)) = o0
x>xg,x€l
2) sup (g(x)/¢-(x)) = o0
x<xg,x€l
3) 0< C=sup-2¥ = sup -9
) ey 900 = SAP %60
4) 0 < C*=sup wg(x()x) = sup g(X()X)
xel 7T x<xg,xel "~
5) 0< sup (9(x)/v+(x)) < oo
x>xg,xel
0< sup (9(x)/v—(x)) < oo
x<xg,xel
and
sup 2% sup #% and  sup A > sup A
XSXOFX’E, V00 XZXOFX’E, V00 xszge/ Y XSXOge, D- (0
In case 5) there exists a p* € (0, 1) such that
9(x) 9(x)

sup

sup

X>xg,XEl P*¢+(X) + (1 - p*)T/"— (X) B x<xg,xel P*¢+(X) =+ (1 - p*)v,b_ (X)

Stopping of
Diffusions



Case 5)

Theorem “5”:
Let xo be such, that ¢, (x0) =1 = ¥ (X0)

1) Let p*be such that

sup 9(x)

0< sup ; P00 (P9

9(x) —
K> xoxel P () +(1=p% P — () s

Then sup; Ex, (€ *79(X7)1(r<00}) = C"

2) If there exist points x; > xo and x2 < xp such that

g(X1) ES g(Xz) = Stopping of
prb (%) + (1 = pYY—(x) P (X)) + (1 — pHY—(x2) ’ Diffusions

then the supremum is attained for T*= inf{{>0 | X; = x1 or X; = x2}.

3) Let x; < x < xo. Then

sup £x e g(Xr) = Ex€"T"g(Xr:) = C" (0¥ (x) + (1 = p)y—-(x))



Case r(x)=r

Remarks:

1)

When g is twice continuously differentiable up to a finite number of
points and when T* = inf{t > 0 | X; ¢ (x{, xz)} is optimal. Then the
FB-approach and the BL-approach yield the same value-function in
the continuation set.

A complete characterization for all points of the stopping set has

been given by Christensen in his dissertation (2010). He showed by Stopping of

Diffusions

using a Choquet-representation result for r-harmonic funtions that

the optimal stopping set S* can be characterized as

S = {x | 3 f r-harmonic with x = arg max 9v) } .
y 1)



Multiplicative Minimax Characterization

Let (Z, Fi; t > 0) denote a right-continuous process of class D.

Theorem (Jamshidian (2007))

1) Letm>0and Z, > 0 a.s. Then

sup EZr = inf E<Mm sup Zt)
MeM,

T<m 0<t<m Mt
M denotes the class of positive F-adapted martingales with
Mo = 1. If Z, > 0 a.s. then the infimum is attained.

2) Let Zo := lim Z > 0. Then
t—o0

_ Z
sup EZT7M|6n£+E (Moo sup )

0<T<oo 0<t<oo Mt

C. denotes the subclass of M_. consisting of the uniformly

integrable martingales M with strictly positive limit.

Minimax
Characterization



Relation to the BL-approach

Let Z; = g(X;) - My, with g a continuous function and X a continuous
stochastic process and M a continuous positive martingale. Assume g
has a uniqgue maximum at x*.

Then
sup Z
0<t<oo M;

< g(x?).

Let T*=inf{t>0| X; = x™} < co and EMr« = 1. Then

(E1) EZr = EMr« g(X7+) = g(x").

But Mr-x:, t > 0 is not necessary a minimizing martingale in the sense
of Jamshidian, namely:

Z

sup EZr = g(x™) < EMr« sup .
T 0<t<o0o MT*/\I

Minimax
Characterization



Note that for many examples of option pricing M is not uniformly

integrable and

P (sup (g(Xe)My) > g(x*)Mr*) >0

t>T*
holds.

Nevertheless Mnua: will approach the infimum in many cases when

m — oo.

Minimax
Characterization



A Modified Minimax Duality

Theorem (Lerche-Urusov(2010))

Let the equation (E1) hold and let the process (Z.,,) belong to class
D. Then it holds

(E2) SUp EZr = g(x*) = inf E (NT* sup ZT*“)
T NecC+t

>0 Nreat

Furthermore the sequence N = My + 1 € C* is a minimizing
sequence of (E2). If Mr- > 0 a.s., then (Mr«nt, t > 0) € CT and itis a
minimizing martingale. Finally (g(x*)Mr«x:, t > 0) is the Snell-envelope Minimax

Characterization

of Zon{T*> 0}.



Sequential Test for Change Point

Let B be standard Brownian motion.

Observations:
a) Wt = Bt Vt>0

or
+1 with probability 3
b) Wi=B+D1y.,;  withD=
—1 with probability 3
7 has distribution o.

B, D,  are independent.
P.: measure of W = B,

Q: measure of W for case b)
Sequential Test
for Change Point

Consider
Re(T) = Poo(T < 00) + cEo(T —1)".

Find a stopping time T, which minimizes R¢(T) for ¢ > 0.



Then
Ro(T) = Eq (9e(L7) + ¢/1(0) Vr) with ge(x) = e + ¢/1(0) x,

1(0) = 6°/2 and L; = log :?Q , with 7t = o(Ws; 0 < s < t) and
o0 ]:[

(V4 t > 0) is a nonnegative increasing process.

This is a non-Markovian stopping problem since
L= / exp (~0%/2(t — 5)") cosh(B(W; — Win)) o(ds)
0

ge has a minimum at x* = /() /c.

Remark:

1 t 92
Forr=0: Vi=_ ——————ds

2 Jo cosh?(0Ws)

Sequential Test

TheOI’em for Change Point
Let Sy, =inf{t > 0| L; > b}.
Then

inf Re(T) = Re (Sieysc) +0(c) ifc— 0.



Appendix

© Lerche, Uni. Freiburg, 34 <& » DA



Generalized Parking Problem:
Discrete Case, Details
X, X, .. iid. with EX, >0, Sa=3X, So=0.
i=1
Find a stopping time T*with Eg(St+) = mTin Eg(Sr), where g is
nonnegative convex with a uniqgue minimum at b.
Solution:

T*=min{n>0| S, > a} with a = sup{x | H" g(x) < g(x)}.

Hg( /g (x +y)H"(dy)
H'(y) = P(Sy, < )
n:=min{n>0]| S, > 0}

. . . . . Appendix
H*: the distribution of the first ladder height S,,.



z Mt
Let K(2) = / 1=HW dy
0 g

with v; = / y' dH™(y), i e Nand vy = E (X;)exp (Z’L P[Sn < O]) .

i=1

Theorem
If Kg(x) < oo forall 0 < x < oo, then Kg(x) is minimized at x = a.

Example 1:
Ifg(x)=|x—b| for xeR = a=b-—med(K)
Example 2:

fglx)=(x—bZ for xeR = a=b—2
v Appendix



Example 3:

lfg(x)=e *+cxfor xeR, with0<c<1 = b=log (%)
If /x2H+(dx) < ooandif k1= / e *K(dx)
0
— ke ¥ e
= Kg(x) = ke +c(x+ 21/1)
and is minimized when a = log (%) =b-—log (1 )

K

Kge(b) = ¢ {(1 + log %) +logx + 21/721]

Appendix



Nonlinear Parking Problem:
Discrete Case

21,25, ... aperturbed random walk, say
Zn=8,+¢& forn=0,1,2,...,
where

n
Si=> X, n>1
i=1

with
X1, Xz, ... i.i.d. with EX; > 0,
having a non-arithmetic distribution.

&n are slowly changing in the sense of “Woodroofe, SIAM, 1982”.
Let g¢, 0 < ¢ < 1 denote convex functions. Find T; with

Egc (ZTC*) = m_’iﬂ Eg:(Z7). Appendix



For each 0 < ¢ < 1 let g¢ be a convex function with a unique minimum

at b= b; > 0. Assume Ii?g b: = oo and there exists a convex function
C.

ho : R — R with minimum at zero and with

9c(b + X) — 9c(b)

— ho(x) < 0.

he(x) ==
/ 1- dx for Sp;n>1and H
as in the Generalized Parking Problem.
Theorem

Let y=argminKh(—x) and Tp—,=min{n>1|2Z,>b—~}.

Thenasc — 0
inf Ege(Z7) = EQge(Z7, ) + 0(C)

Appendix

= go(b) + cKho(—) + o(c).



Repeated Significance Test Again

T)—/gc(T+r> :

with  G¢(z) = ®(—2z)+cz/2,
Q- /PgG(dG) with G = N(0, r ),
be = arg mzin 9e(2).

Then

inf Ro(T) > ge(be) + (/ inf Eoh(Zr — be) G(db) + 0(1)> ,

— OO

SZ
where Z, = and h(z)=z+e % —1.
T ) (2) +

Appendix



Then by the Theorem above
inf Eyh(Zr — be) > K®h(—~(0)) + o(1)
v2(0)

= log(x(6)) + 52 2} +o(1).
Note that Z, = (93,7 — %02) +&n
Finally:

inf Re(T) > gel(be) + c/j; (Iog(n(ﬁ)) + 2”;%) G(df) + o1).

Appendix
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